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PREFACE 

TO    THE    REVISED    EDITION. 


Thc  Tolume  containing  the  questions  themselves,  entitled  '  Cambridg^e 
Pjroblems,  or  a  Collection  of  the  Questions,  Ac*  which  comprised  the 
enunciatioiiB  of  the  problems  solved  in  this  work,  having  long  been  out 
of  print  and  being  very  scarce,  it  was  considered  essential  to  the  further 
utility  of  these  pages  that  they  should  go  again  forth  to  the  public 
aooompanied  by  a  reprint  of.  those  enunciations.  Accordingly  the 
qnestioiis  that  are  actually  here  solved,  omitting  all  such  as  are  termed 
*  book-work,'  and  not  problems,  are  made  to  precede  the  solutions,  with 
a  reference  at  each  to  the  number  of  its  solution  in  either  volume. 
For  the  convenience  also  of  those  who  may  already  possess  the  solu- 
tions vrithont  the  questions,  this  reprint  of  the  enunciations  is  published 
separately. 

The  work  has  been  carefully  revised  throughout  its  entire  extent,  and 
many  of  the  solutions,  where  any  doubt  existed  in  the  author*s  mind 
as  to  their  accuracy,  re- wrought  by  two  of  his  pupils ;  but  although 
some  errors  have  been  found  to  have  escaped  him  at  first,  the  result 
bas  been  such  as  to  convince  him  that  the  work  was  originally  com- 
posed with  more  than  usual  care  and  assiduity.     Indeed,  besides  the 
'  Corrigenda  and  Addenda '  appended  to  the  last  edition,  it  has  been 
found  necessary  to  make  but  two  alterations  of  any  importance,  which 
are  to  be  found  in  articles  502  and  611  of  Vol.  I.,  in  the  former  of  which 
the  arbitrary  constants  had  been  omitted,  and  in  the  latter  the  question 
ftself,  being  imperfectly  stated,  had  led  to  errors  in  the  reasoning. 
New  solutions  are  given  in  both  instances.     But  whatever  defects  may 
still  be  found  in  a  work  of  such  extraordinary  magnitude  and  variety  of 
research,  the  reader  will  easily  discover  that  no  labour  or  expense  has 
been  spared  to  render  it  as  immaculate  and  as  useful,  which  is  a  far 
more  important  consideration,  as  the  nature  and  extent  of  the  subjects 
which  it  treats,  and  tlie  fallibility  of  all  things  human,  will  admit. 

It  may  not  be  quite  irrelevant  to  a  work  of  this  nature,  considering 
tlat  it  is  honoured  by  the  perusal  of  many  persons  not  educated  there, 
to  contain  a  slight  sketch  of  the  system  pursued  at  the  University  of 
Cambridge ;  and  the  less  so  from  the  attacks  that  have  recently  been 
perpetrated  against  that  institution,  not  only  by  persons  who  are  totally 
ignorant  of  the  nature  of  its  workings,  but  by  those  who  have  had 
every  opportunity  of  noticing  and  appreciating  them — but  whose 
merited  disappointments  have  rendered  them  malignant. 

An  Undergraduate  commences  his  course  as  a  *  Freshman,'  or  *  First- 
Tear-Man/  with  Euclid,  which  occupies  the  lectures  during  the  First 
Term.     Al^^ebra  is  given  to  the  Second  Term  ;  and  the  Third  Term  is 
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employed  in  Trigononwlry.  These  subjects  occupy,  in  the  daily  lec- 
tures, the  whole  of  thy*  Freshman's  Year/  att  the  termination  of  which 
a  general  examinat\^  takes  place  at  eac^  of  the  seventeen  colleges, 
lasting'  several. hoiys  for  three  or  four  day^.  The  examination  consists 
of  questions  bein#proposed,  vz'va  vocCy  to  each  student,  which  are.  taken 
from  the. 'El^aratary  Treatises  in  which  he  has  been*lectu'*ed;  and., 
*'ihen  follows/R  printed  paper. of  some  fifteen  or  five-and-twenty  pro- 
bliems  relaU^g  to  the  same  subjects,  specimens  of  which  are  given  at  the 
eud  of 'VoR  II.  of  this  work.  Efch  examinee  is  furnished  with  one  of 
these  papers ;  and  no  books  or  reJferences  being  permitted  in  the  Hall 
/^  o^  the  College  wheu  the  examination  Ik  carried  on,  he  must  rely  entirely 

upouhiV^own  acquirements  for  solution.     Each  question  has  been  pri- 
1  ^Jlftj^^^*!^'*^  ^y  ^®  examiners  to  be  worth  a  certain  number  of 

*  ra&rks;'  a^d  it  is  the  sum  total  of  such  marks,  tis  estimated  at  the 
close  of  thie  examination,  that  determines  the  place  of  each  student  in 
the  dasses.  Thus,  one  question  of  but  little  difficulty  being  deemed 
-worth  ten  marks^  another  will  be  counted  twenty  marks,  atf^  so  on» 
according  4o  the  time  or  talent  it  may  require  for  solution.  ID^ose  that 
attain  a  place  in  the  first  class  are  rewarded  by  prizes  of  booKs  hearing^ 
the  college  arms,  k% ;  and  it  is  this  equitable  method  of  adjusting^ 
claims  by  the  numbctr'of  marks  that  inspires  a  degree  of  competition 
in  the  students  *hf\jbr^rtl^  be  incredible  to  all  who  have  not  felt  it 

During  the  First  Tign  of  the  second  year  the  subject  is  ilsually 
Mechanics ;  the  Secoi^  is  devoted  to  Hydrostatics,  Hydrodynamics, 
and  Pneumatics ;  and  the  Third  to  Plain  Astronomy,  and  th?. first  three 
sections  of  Newton's  *  Principia;'  but  the  *  Junior  Sfphs'-aie  not  le&f 
tured  in  the  same  subjects  ^R^all  the  colleges.  The  Tetms  of  the  third . 
year  are  spent  in  like  prepibration  for  examination  in  the  other  and 
higher  departments  of  Mathematical  Science,  scil.  Optics,  Physical 
Astronomy,  &c. ;  and  a  si^er  examination,  classification,  and  distri- 
bution of  honorary  and  sufistantial  rewards  takes  place  at  the  end  of 
this  as  also  of  the  second  year. 

The  Tenth  Term  is  ap^Ued  io  a  recapitulation  of  all  those  subjects, 
when  the  student,  who  is  now  .palled  a  '  Questionisf,' irom  having  to 
answer  questions  proposed  to  huh  by  opponents  in  the  schools,  under- 
goes an  examination  ofjUL  days  for  the  degree  of  Bachelor  of  Arts. 
^The  mark  method  ^'^^HJ^iQ  ^  adopted,  and  the  aspirant  becomes 
i" ^'^angler,'  a  *  SeiUpPOptime,'  a  *  Junior  Optime,'  one  of  the 
6\  groXXoi,  or  is  *  Pluck^<^  according  as  his  '  marks'  number  him  one 
on  the  '  Tripos*  of  the  three  first  c^ses,  make  him  one  of  the  ma»y, 
or  deprive  him  of  his  degree.     Every  one  knows  what  is  meant  ty  a 

•  Senior  Wrangler.'  " 

It  is  the  problems  which  have  been  proposed  at  this  most  ir.iportaijt 
of  all  the  Cambridge  Maihematical  ExamincUims  thatt  have  been 
attempted  in  solution  in  the  following  pages.  ^^  ' 
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An  daborate  Preface  to  a  work  upon  the  ^<  £xact  Sdenoes^ 
IB  better  suited  to  display  the  Author's  English  than  his  Mathe^ 
maticB.  A  work  of  this  nature  beings  from  the  most  cursory 
peniaal,  readily  appreciable  by  those  for  whose  use  or  enter- 
tamment  it  is  designed,  and  totally  unintelligible  to  others, — the 
Author  of  <<  Solutions  of  the  Cambridge  Problems"  merely 
aoDQunoes  to  his  readers,  that  he  has  laboured  long  and  hard 
for  their  benefit,  and  awaits  with  some  degree  of  confidence 
fluit  most  pleasing,  and  in  its  consequences  most  substantial, 
reward'  ■  their  approbation* 
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SOLUTIONS- 


OOOOOQOOOOOOOOOOnOIW 


GEOMETRY. 

t 

I.  Rg.  1.  W ITH  a  radius  =  given  radius  describe  a  O,  in 
▼hich  talung  any  point  A,  draw  irom  it  a  line  touching  the  O, 
make  the  Z  B  A  C  =  the  given  Z  a  (suppose  given  i^  a,  b,  c,) 
from C,  draw  CD  making  Z  C  =  Z  b,  and  join  DA.  ADC 
is  the  A  required. 

For  V  ZD=ZCAB=Za 
ZC=Zb 
and  Z  CAD  =  supplem.  of  C  +  D  =  supp.  of  a  +  b  =  c 
•  '.  A  CAD  has  been  described  having  its  i^   =  given  A^  and 
ndhisof  its  circumscribing  O  :£  given  radius. 

2.    Since  AEB  subtends  aR.  Z  D,  ADB  =  i  ®  whose 
nJ-isAD. 

Now  circles  are  to  one  another  as  the  squares  of  their  diameters 
r&c.  Book  12.) 

/•  G  ADBC:4x  AEBD-::  AB»:  4AD« 
Or   Q  ACB:2  X  AEBD::«AI)«:4AD» 

: :  1  :  2 
:.  2  c^  ACBs:  2  AEBD 
and  o  ACB  =  AEBD. 
Take  away  the  common  part  AEB  of  these  equals,  and  the 
ImieACBEA  =  A  ADB. 


'  QEOMETRY. 

3.  Fig«  2.  Let  a  b  c  be  a  /i  haying  iU  Jt  cz  given  A  re- 
gpectiyely.  With  the  given  radius,  and  O  as  a  centre,  describe 
a  O,  and  at  O  make  the  Z  m  O  n  =  supp;  of  Z  c,  and  Z 
m  O  r  =:  supp.  of  Z  a-  Draw  lines  touching  the  O  in 
points  m,  r,  n,  and  meeting  in  A,  B,  C ;  (for  they  must  meet,  or 
On,  Om,  would  be  in  same  straight  line,  and  Z  c  =:  O)  ABC 
is  the  A  required. 

For  V  ^  at  m  and  n  are  R  ^,  and  A  of  quadrilateral  figure 
together  =  4  R.  ^,  the  Z  C  ==  supp.  of  Z  m  O  n  =:  /.  Z  c 
Similarly  it  may  be  proved  that  Z  A  =:  Z  ft  and  Z  B  =:  Z  b. . 

/.  the  A  A  B  C  has  been  -described  having  its  ^^  s=  given  A 
and  rad.  of  its  inscribed  0  =  a  given  straight  line. 

4.  Fig.  8.  Let  the  circles  A  B  P,  C  JPD  touch  in  the  point  P. 
Draw  the  diameter  C  D  ||  diameter  A  B,  and  join  AP,  P  B,  C  P, 
DP.  Also  join  OP,  QP,  O,  CI  bdng  the  centres  oftheiespec- 
tire  dides. 

Now   since   PQ  and  PO  are  both  X  ^  ^^  straight  Una 
touching  the  circles  in  point  P,  they  are  in  the  same  straight  Une* 
/.  Z  DOP  =  altenuite  Z  PQA, 

or,  2  Z  C  sr  9  Z  B 
/.  Z  C  =  Z  B 

or  Z  BPQs::  Z  OPC,  and  they  are  vertical   A^ 
/•  B  F,  P  C  are  in  same  straight  line. 
Similarly  AP,  PD  may  be  proved  to  be  in  same  straight  line* 

5.  Since  the  Q  is  given,  its  radius  is«  and  the  A  being 
equal,  are  each  ^  of  two  R.  ^,  and  are  .*.  knoMoi.  Hence  it 
appears  thai  this  problem  is  only  a  particular  case  of  Problem  I. 

The  problem  may,  however,  be  solved  by  bisecting  the  radius  of 
the  given  ® ,  and  thfrough  the  point  of  bisection,  drawing  a  JL  to  the 
radius.  The  J.  terminated  both  ways  by  the  0  will  be  the  side  of 
the  equilateral  a- 

6.  Fig.  4.  Let  A  B,  B  C,  the  two  given  lines,  meet  in  B,  and 
Ue  in  the  same  straight  line  A  C.  With  B  as  centre,  and  radius 
=:  B  C  describe  a  0  cutting  A  C  in  D,  and  from  A  draw  A  B 
%Bfl|ing  the  0  in  £.    A  £  is  the  line  required. 


Qmmwm.  • 

For  AS  '=  AD  .AC 

=  (AB-BD)  X  (AB  +  BC) 
=:(AB-BC)X  (AB  +  BC) 
/.  ABJftft0Miipr«foctii(wab«tir60nAB  +  BCandAB— BC. 

7.  Kg.  5.  IelABCDbea/7who9edkip>iuajAC,BD 
OH  eaeb  other  9AR.  A  ki  P. 

V  AB  18  U  DC,  Z  PDC  =  Z  A  BP.  ^  at  P  are  =:. 

AIs9  AB  zr  DC,  /.  in  the  A  ABP,  DPC  there  are  two  j£  and 
one  side  =:  in  each,  each  to  each,  and  /.  P  B  =z  P  D. 

Henoe  PDnPB  and  PA  iscommoii  tothe  A  A  PD,  APB 
which  haTe  R.  A  at  R 

.-.  AD  =r  ABc=  DC,aiidBC:z  AD 

/.  the  f;eneral  form  required,  is  that  of  Rhombus. 

8.  Fig.  6.  Let  O  A  b«  a  railiiw  of  the  given  0  ;  product 
H  toB,  Biahing  ABsc  AO,  and  iqpon  OB  describe  OBC,  an 
equilateral  a  meeting  in  O  in  D.  With  B  as  centre  and 
distance  B  A  describe  a  O  meeting  BC  in  E,  and  O  A  O  in  A. 
Mm  iHth  C  as  eentre  and  distenee  CD,  deserihe a  0  mealing 
e  AOiftD. 

Then  /.  CD=rCO-OD  =  BO-AOttBC-B£s 
CB,  the  latter  0  will  meet  C  B  in  K 

Now  dides  whose  centres,  and  the  point  in  which  they  meet,  mm 

in  the  same  straight  line,  touch  in  that  point ;  for  the  line  JL  to  the 

dimeter  af  ene  of  them  at  its  extremity  is  also  X  diameter  af  the 

ether,  ami  /.  tooches  both  circles,  t.  e.,  they  UmA  one  another. 

Hence,  0  A  E  touches  0  A D aad  0  AE 

And  0  DE touches  0  ADondOAB 

Sinilarij  if  mi  equilateral  A  be  described  on  OC,  a  0  may 
be  dcMfihed,  whose  diameter  ss  diameter  of  the  giren  0,  and 
toeching  that  0  and  the  0  DE,  and  so  on  round  the  0.  Hence 
it  is  evident  there  can  oidy  be  as  many  circles  of  the  required 
deKription,  as  equilateral  A  whose  A  meet  at  the  centre.  Since 
Acre  are  6  ^  of  an  eqaiUtferal  A  in  4  R.  ^,6  sueh  circles  may 
k  desenbed  of  same  diameier  with  Ae  given  0,  and  tooching  it 

Md  one  another. 

n  2 


*  GEOMETRY. 

9.  Fig.  7.  Join  A^B  the  centres  of  the  two  circles  and  pro- 
duce it  to  C,  making  B  C  to  AC  as  the  radius  of  O  B  is  to  that  of 
0  A.  Again,  in  A  B  take  BC  to  AC  as  radius  of  0  B  to  radius 
of  0  A.  From  C  draw  C  N  touching  .0  B  in  N,  (  by  describing 
on  B  C  a  o  meeting  0  B  in  N,)  join  B  N,  and  draw  AM  |t  B  N, 
and  join  M  N.  Again,  from  C  draw  C  N'  touching  0  B  in  N',  and 
AM'  II  BN'  and  join  CM'.  CNM,  N' C M' are  straight  Unes, 
and  touch  the  circles  in  N,M ;  N',  M'  respectively. 

V  BC  :  AC  :  :  BN  :  AM,  and  BN  is  ||  AM;  CN, 
N  M  are  in  the  same  straight  line. 

/.  Z  AMC  =  Z  BNC  =  R.  Z 

.*.  C  M  touches  0  A  in  M. 

Again,  V  BC  :  AC:  :BN'  :  AM'andBN'  ||  AM' 

.*.  CN'  and  CM'  are  in  the  same  straight  line. 

/.  Z  AM'C  =  Z  BNC  =  R.  Z. 

.-.  N'  M'  touches  0  A  in  M'. 

.'•  Either  MN,  or  M'N'  answer  the  conditions  of  the  problem. 

Otherwise, 
Take  a  0  concentric  with  0  A  whose  rad.  =  rad.  of  0  A  ^ 
rad.  of  0  B  according  as  0  A  is  >  or  Z  0.  B,  and  from  JB  draw 
a  line  touching  the  new  0.  Plroduce  the  rad.  to  meet  0  A,  and 
draw  a  tangent  to  0  A  at  the  meeting  point ;  this  line  shall  also 
tcHidi  the  other  0 . 

10.  Fig.  8.  Let  P  be  any  point  in  the  equilateral  A  ABC  ; 
PS,  PQ,  PM  JL  to  AB,  AC,  B C  respectively,  and  AN  ±  B  C. 
AN  =  PS  +  PQ+  PM. 

Through  P  draw  D £  [|  BC  meeting  AN  in  T. 

Then  V  DE  is  II  BC,  the  Z  D  =  Z  B  =  Z  C.=  Z  E, 
and  the  A  at  S  and  Q  are  R.  A,  .\  the  A  PSD,  PQ,E  are 
equiangular. 

/.  PS  :  PQ::  PD  :  PE. 

.-.  PS  +  PQ  :  PQ:  :Pb+  PE  :  PE. 

.:.  PS  +  PQ  :  DE:  :PQ  :  PE. 

Now  AATE,  PQEare  similar,  ^-  the  Z  at  E  is  common  to 
them  both,  and  they  have  R,  A. 
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.••  PS+  PQ  :  DE:  :PQ  :  PB  ::  AT  :  AE  =  DB,(for 
Z  D  =  Z  B,  and  Z  £  =  Z  C.) 

/.  PS  +  PQ  =  AT.     Now  PM,  TN  are  ±  BC  and  /.  || , 
also  FT  is  II  BC,  A  PN  is  a  a.     /.  TN  =  PM. 

.-.  AN  =  AT  +  TN  =  PS  +  PQ  +  PM. 


Join  PA,  PB,  PC.  Then  A  ABC  =  A  APB  +  b.  APC 
+  A  BPC. 

.    BC.AN  _  AB.PS     ,    AC.PQ    .    BC.PM 
%  %  %  % 

BatBC=:  AB;=:AC 

/.  AN  =  PS  +  PQ  +  PM. 

*  « 

11.    Fig.  9.  Take  O  the  centre  of  the  quadrant  ADC  and 
join  AD. 

Then  v  Z  AOC  =  R.  Z,  Z  ADC,  which  =  supp.  of  the  Z 
in  the  opposite  segment  s  supp.  of  ^  Z  O  =:  su^.  of  |  R.  Z. 
But  Z  ADC  =:  supp.  of  Z  BD  A. 

.-.  ZBDA=:iR.  Z.    Al8oZB=R.  Z 
.V  Z  BAD=  ZBDA 
.\BA=:BD. 
Again,  let  BAbe  <  BC,  then  the  Z  BAC  is  >  Z  BCA. 
.-.  Z  BAO  is  >    Z  BCO ;  but  v  if  B  and  O  are  R.  ^ 
Z  BAO  +  Z  BCO  =  2  R.  i£. 

.-.  Z  BAO  is  >  R.  Z,  and  Z  BCO  <  R.  Z. 
.*.  B  A  lies  without  the  circumference  ADC  and  BC  cuts  it.  . 

12.  Fig.  10.  Let  A  B-  passing  thmugh  the  point  of  contact  P 
•f  the  drdes  ACP,  B  DP  cut  oifthe  circumferences  A  C  P, 
BDP,orFD'P. 

Let  also  MN  touch  both  circles  in  P. 
Then  Z  A.PN  r=:  Z  in  segment  AC  P. 

==  Z  in  segment  B'D'F. 
A  When  the  circles  touch  internally,  AFP  cuts  off  similar 
««?ienUACP,   B'D'P, 

Again,  the  Z  MPB  =  Z  in  segment  BDP. 
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But  Z  MPB  es    Z  APN  9±  /.  Z  m  segm^nC  ACP. 
/.  Z  in  segment  ACP  £=  Z  in  segment  BDP. 
/.  ACPknmiUrtoBDP. 


13.  Rg.  11.  Let  Z  BAG  be  the  given  Tertical  Z,  t^^e 
AB  =  AC  =  ^  the  given  perimeter,  and  from  B  and  C  draw 
BO,  CO  ±  A  B,  AC  respectively,  and  meeting  in  O  (they  most 
meet,  otherwise  AC  and  AB  woiuld  be  || ).  Join  AO,  and  since 
AB  =  AC,  and  AO  is  common  to  the  right  angled  A  ABO« 
AOC,  BO  r:  CO.  /.  with  centre  O  and  distance  =  BO  or  CO 
describe  a  0  passing  through  B  and  C.  It  tenches  AB  and  AC, 
V  B  and  C  are  R.  A.  Again  with  A  as  centre,  and  given  X 
altitude  as  distance  describe  a  ©  meeting  AB  in  D,  and  AC  in  R 
Then  (by  9)  draw  FE  touching  the  circles  A  and  O  in  N  and  M, 
and  meeting  AB,  AC  in  F  and  G  respectively.  Join  AN.  AFG 
is  the  A  required. 

For  FM  =  FB,  and  GM  =  GC,  and  .".  FG  =  FB  +  GC. 
.-.  AF  +  FG  +  AG  =  AB  -^  BF  +  FB  +  GC  +  AC  - 
GC. 

^  AB  +  AC  =  giTcn  perimeter. 

Also  AN  =  the  given  ±,  and  Z  FAG  =  given  yertical  Z  .*. 
A  FAG  is  such  as  was  required. 

14.  Every  quadrilateral  figure  may  be  divided  into  two  /^, 
the  sum  of  whose  A  shall  =  the  sum  of  the  A  of  the  figura.  Biit 
turn  of  ^  in  two  A  s=  4  R.  Jt.  .'.  the  sum  of  ^  in  the  figure 
=  4R.  ^. 

15.  Fig.  1«.  Upon  A  B  the  given  base  describe  a  segment 
of  a  ©  containing  an  Z  =  the  given  vertical  Z.  From  B  drwr 
BC  ±  AB,  and  =  the  given  ±.  Draw  Ciy  ||  AB,  and  meet- 
ing the  ©  in  D  and  IX,  and  join  AD,  BD,  AD^,  BD';  either  o[ 
the  A  A  B  D,  A  B  D'  will  answer  the  given  conditions,  their  alii- 
todest  bases,  and  vertical  Jt  being  =  those  given  respectively. 

N.B.  When  CB  as  J.  from  the  middle  of  A  B  and  meeting 
die  0,the  two  A  coincide.  When  CB  is  >  this  X»  the  problett 
is  impossible* 
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16.  Fig.  18.  Let  AB,  CD  be  two  dkuMleis  of  the 
gMi  O  X  to  one  another.  Bisect  A  AODi  BOD  bj  tlie 
lines  OE,  OF  vespectivelj,  and  produce  OE  to  6  and  OF  ta 
H.  Join  A£,  ED,  DF»  FB,  BG,  GC,  CH,  HA,  AE 
DFBGCHA,  is  the  oetagoB  reqaiied. 

For  V  in  the  A  AOE,  EOD,  AO=OEandOEs  OD, 
and  Z  AOE  =:  Z  EOD,  /.  AEs  ED,  and  Z  OAE  sr 
ZOED. 

/.  Z  AEDs:  ZOEA4*  Z  OBD=;8.  Z  OEA. 

=:  supplenient  of  Z  AOE. 
Bimiiaily  Z  SD  F  majr  be  shewn  :r  soppleBient  of  Z  EO  D. 

Bnt  Z  AOEc  Z  EOD. 
.-.  Z  AEDs  ZEDF. 
In  sme  nannor  Z  EDF  =  Z  DFB,  and  since  Z  GOB  s= 
Z  AOE  s:  I  R.  Z  =:  Z  BOF,  Z  DFB  maybe  pmed  s 
Z  FBG,  and  so  on  for  the  other  A.     /.  the  octagon  is  eqni- 
aagalar. 

Also  AE  =  ED,  and  since  the  A  EOD,  DOF,  FOB,&e., 
have  two  aides,  and  the  indnded  Z  in  each  =  respectifely,  their 
third  sides,  or  DE,  DF,  FB,  &c.,  are  equal.  .\  the  octagon  is 
eqailaleral.     It  is  /.  such  as  was  required. 

17.  Fig.  14  a.  Lemma  1.  To  describe  a  0  passing 
through  two  given  points,  and  touching  a  given  O. 

OMe  1.  Let  the  given  points  P,Q  be  without  the  given  0  ABD. 
Describe  a  0  passing  through  P,^  and  cutting  the  given  0  in 
A,B,  points  such  that  BA,  PQ  being  joined  shall  not  be  || . 
Let  BA,  PQ  be  produced  to  meet  in  C.  From  C  draw  CD 
toodiittg  0  A  BD  in  D  (by  describing  a  o  upon  the  line  formed 
bj  joining  C  and  the  centre  of  the  0  ABD,  &c.),  and  describe 
a  0  PQD  passing  through  P.Q,D.     P  QD  is  the  0  required. 

ForCP.  CQ  =  CA.  CBnCD*. 
/.  CD  touches  both  the  circles  PQD,  ABD  in  D. 
.'.  PQD  toochea  ABD  in  D,  and  it  passes  through  P  and  Q. 
It  is  /.  sock  aa  was  required. 

The  proof  is  exactly  the  same  for  fig.  b. 

Case  2.     Fig.  14.  c.    Let  P  and  Q  be  within  the  given  0 
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Then  as  before,  describe  a  O  passing  through  P,Ct,  and  cutting 
the  0  in  AB.  Let  A  B,  PQproduced  meet  in  C.  fVom  C  draw 
C  D  or  Ciy  touching  the  given  0  in  D  or  D*,  and  the  0  passing 
through  D  or  ly  and  P  and  Q  will  touch  the  given  0  in  D  or  IX, 
or  it  will  be  such  as  was  required.  The  proof  is  similar  to  that 
of  Case  I. 

Case  3.  When  one  of  the  given  points  is  within  the  given  0 , 
and  the  other  without,  the  problem  is  impossible. 

Fig.  15.  Lemma  2.  To  describe  a  0  touching  two  others 
given  in  magnitude  and  position,  and  passing  through  a  given 
point.  y 

Draw  NM  touching  the  given  circles  in  N,n,  respectively  (9) 
and  meeting  Aa  produced  in  M  (A,  a  being  the  centres). 

Let  A  a  produced  both  ways  cut  0  AN  in  D,  and  0  an  in  d. 

Take  MQ  =  ^^'^^  and  through  P  and  Q  describe  a  0  Ob 

also  touching  the  0  an  in  b.  (Lem.  1.)    The  0  Ob  also  touches 
the  0  AN. 

Join  M  b  and  produce  it  to  B,  and  join  O  B.    Also  join  bd^E  F 
(which  are  ||   v  Ma  :  MA  ::  an  :  AN  ::  ab  :  AE,  and  •*. 
Z  FAE  =  Z  dab,  and  .'.  Z  AFE  =    Z  adb;)  then  Md  : 
Mb  ::  MF  :  ME  ::  MB  :  MD  (v  MF.  MD  =  ME.  MB.) 
.*.  Mb.  MBs:Md.  MD  =  MQ.  MP  by  construction. 
.*.  B  is  a  point  in  the  0  PQb. 
Hence  OB  =  Ob.     ..  the  Z  O  Bb  =  Z  ObB 
=  Z  AEB=  Z  ABE     v  AEis  I|  aband  AE  =  AB. 
.-.  Z  OBb  =  Z  ABE,  or  OB  coincides  with  A  B. 
.*.  A  and  O  are  in  same  straight  line  with  B. 
.*.,0  Ob  touches  the  0  AN  in  B,  and  it  also  touches  a n,  and 
passes  through  P.     It  is  .'.  such  as  was  required. 

N.B*.  There  are  two  other  cases,  viz.,  when  the  required  0  shall 
be  interior  with  respect  to  both  the  given  circles,  and  when  it 
shall  be  interior  with  respect  to  one,  but  exterior  with  respect  to 
the  other.  These  cases  may  easily  be  deduced  from  the  preceding 
one. 
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Otherwise, 

Ti^,  16.  Let  a, A  be  the  given  circles,  P  the  giren  point. 
Through  P  and  a  draw  Pc  cutting  Oa  in  b  and  c,  and  with  c  as 

centre  and  distance  rr  — — zl  describe  the  O  xy.    Draw  Ee 

pa 

toQcfaiag  O  AE  in  E  and  0  xy  in  e  (9).    Join  PE,  Pe  meeting 

the  drdes  A,  a  in  G,  g  respectively.    Then  the  O  passing  through 

P,  G,  g  is  the  O  required. 

17.        Fig.  17.  Case  1.    Let  the  required  dide  be  exterior 
with  respect  to  each  of  the  three  given  circles  A,  B,  C. 

Then  supposing  C not  >  A  or  B,  with  Aas  centre  andradius.c= 
fadios  of  0  A  -—  radius  of  0  C  describe  a  0  Aa'.  Also  with 
B  as  center  and  radius  :=  radius  of  0  B  —  radius  of  circle  0.  C 
describe  a  0  BV,  By  lemma  2.  describe  a  0  O  C  touching  the 
0  A  a'  in  a^  and  0  Bb'  in  V,  and  passing  through  C.  Produce 
OC  to  c,-and  with  centre  O  and  radius  O  C  describe  a  0  Oc. 
This  is  the  0  required. 

Join  OaS  O  b'  and  produce  them  to  meet  the  circles  A,  B  in  a, 
b  respectively. 

ThenOa=Oa'+  aa'=  OC  +  aA— Aa' 
=  O  C  +  C  c  by  construction 
=  Oc 
Similarly  Ob=  0  c 

,\  the  points  a,  b  are  in  0  O  c. 
Also  the  centres  O,  A  are  in  the  same  straight  line. 
/:  0  O  c  touches  the  0  A  a  in  the  point  a. 
Similarly  it  may  be  shewn  that  the  0  Oc  touches  the  0  B  b 
mb,  and  the  0  Cc  in  c. 

Fig.  18.  Case  9.  Let  two  of  the  given  dicles  be  interior,  and 
the  other  exterior;  with  respect  to  the  required  0 . 

Let  Bb  be  the  exterior  0.  With  centre  B  and  radius  =  Bb 
+  Cc  describe  a  0  BV.  With  centre  A  and  radius  :=  Aa  — 
Cc,  (  Cc  being  not  >  Aa)  describe  a  0*  A  a'.  Then,  by  lemma  2, 
describe  a  0  passing  through  C  and  touching  the  circles  Aa',  Bb 


10  OCOMKTRYw 

whoee  oentrelet  be  O.  O  is  the  oeotre  of  the  required  O,  which 
maj  be  degcribed  as  in  case  1. 

Fig.  19.  Case  8.  Let  only  one  of  the  given  circles  as  (Cc)  be 
interior  with  respect  to  the  required  O . 

With  eenties  A  and  B  and  radii  s=  Aa'  -f  Cc,  Bb'  +  Co 
describe  the  respective  circles  A  a',  Bb'.  Describe  a  O  O  A  touch- 
ing O  A  a'  in  a',  and  O  B  V  iu  V,  and  passing  through  c  (lemma 
9.)    Then  O  is  the  centre  of  the  circle  required. 

Fig.  SO.  Case  4.  Let  all  the  circles  be  exterior  with  respect 
to  the  required  0,  of  which  let  ©  Cc  be  that  which  is  not  >  O 
Aa,  or  0  Bb. 

With  centres  A  and  B  and  radii  Aa  -f  Cc,  Bb  +  Cc  describe 
ihe  respective  circles  Aa',  BV.  Describe  a  0  OC  passing  through 
C  and  touching  the  circles  A  a',  Bb'  in  a',  V,  respectively.  O  it 
the  centre  of  the  0  required. 

N.B.  Hence  it  appears,  that  when  any  drdes  are  interior,  tbt 
radius  of  that  which  is  not  >  any  of  them,  is  to  be  subtracted  from 
the  radii  of  the  interior  circles,  and  added  to  the  radii  of  the  exte- 
rior. When  all  are  exterior,  the  radius  of  that  whidi  is  not  > 
any  of  them  most  be  added  to  the  radii  of  the  others*  in  the  con- 
stmction. 

The  problem  (17)  may  easily  be  deduced  from  the  above,  as  it 
is  less  general. 

18.  Fig.  21.  The  straight  line  most  evidently  be  lest 
Aan  the  diameter  of  the  given  0. 

Place  A  B  in  given  0  =  the  given  straight  line.  F^m  O  the 
centre  of  the  0  draw  OC  J.  AB,  and  with  oentreO  and  distance 
OC  describe  a  0  O  C.  From  P  or  F  draw  a  line  touching  the 
0  OCinNorN' (by  describing  onPO,  orPOao,&c.),  and 
let  it  be  terminated  by  the  given  0  inM,  R  orM',R'.  MR 
and  M'  R'  are  the  lines  reqiuied. 

For  being  equally  distant  frtmi  the  centre  with  AB,  tbey  are 
eqMl  to  A  B  and  A  to  the  given  Kne. 


OKOMSTAT.  11 

19,  F%.  M.  Let  ABCD  be  the  grrcM  qwdrihted 
igany  whose  sideB  are  bisected  in  F^H,  6,  E  respeeCmly.  Jojn 
AC,BD,  6F,  EH.    AC*+ BI>*s  9  (6P +  EH«) 

BeeiMeAF:  AB::  1   :   S::AE:AD 

/.  EFisllDB. 
amikrl J  G H  may  be  prored  [I  BB,  FH  i|  AC,  EG  ||  AC. 
.\EFii  ilG^^andFHis  U  B<^ 
AEFHGwacx 
Now  fiom  sinular  A  AEF,  ADB,  BDssSEF  A  B]>a 
4BP,  siiiiilfiri7ACc=:4EG' 

/.AC*+BD'  =  4EP+4EG'.    It  may  also  be  wyeaaify 
prored  that  FG*  +  EH* s  8EP  +  > EG* 

A  AC*  +  BD"=:  8  FG«+  «  EH*. 

20.  Fig.  23.  The  segments  are  made  by  a  X  from  the  Z 
opposite  the  base. 

Let  AQC  be  the  A,  CD,  BD  the  segments  of  the  base  EC. 
Ths|iBC:AB  +  AC::AB^AC:BD-DC 
Fot  AD»  =  AB*  -  B D*  s=  AC*  -  CD* 
/.  AB*-AC*=:BD*-CD* 


OrAB  +  AC.    AB-.  AC=BD+CD.  BD-CD 

.'.  BD  -  CD  :  AB  +  AC  : :  AB  -  AC  : :  BD  +  CD  (fig.  a) 
and  BD  +  CD  :  AB  +  AC  : :  AB  -  AC  : :  BD  -  CD 
fig.  b ;  so  that  the  proposition  only  holds  when  the  JL  falls  within 
the  A. 

21.        Fig.  24.  Case  1.  Let  the  ±  Aa  intersect  the  ±  Bb 
in  P,  and  the  X  Cc  in  some  other  point,  if  possible,  F. 

Tben  from  the  similar  ▲  Aa  C,  B  Pa  (AaC  is  simOar  to  APb 
aid  :.  amilartoBPa). 

Ba  :  Aa  : :  Pa  :  Ca  also  from  the  similar 
A.AaB,  PaC,Aa  :  Ba  ::  Ca  :  Fa 

/.I     :    1    :'  Pa  :  Fa 
/.  Pa  =  Fa  or  F  coinddes  with  P  .-.  &c. 

Otherwise, 
Let  Cc,  Bb  intersect  in  P^  then  join  A  P  and  produce  it  to  a* 
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Aa  is  J.  B  C.  iPor  band  c  being  R.  Aj  it  may  easily  be  proyed 
that.  A  P,  B  C  are  the  diameters  of  circles  passing  through  b  and  c. 
Let  these  circles  be  described.  Join  b,  c.  Then  the  Z  b  B  C  := 
Z  be  C  =  Z  PAb,  and  the  vertical  2^  at  P  are  equal.  .'.  Z 
BaP=  Zb  =  R.  Z  .'.  &c. 

0 
I 

Case  2.  Fig.  85.  Let  A  a,  Bb,  Cc,  be  the  lines  bisecting  the 
sides  in  a,  b,  c  respectively,  and  let  A  a  intersect  Bb  in  P,  and  Cc 
in  P.    Join  be  intersecting  A  a  in  Q. 

Then  v  AC,AB  are  cut  proportionally  in  b,  c,  bcis  ||  BC. 
/.  b.Q  :  Ca  ::  Ab  :  AC  ::  1  :  jB. 
Also  the  A  BPa  is  similar  to  P  Q  b. 

/.  Pa  :  PQ  ::  Ba(=aC)  :  bQ  ::  2  :  1. 
/.  Pa  +  PQ  :  Pa  ::  3  :  2. 
/.  PasrfQa. 
Similarly  it  may  be  shewn  that  F  a  =  f  Q  a. 
/.  P  a  =1  Pa  or  P  coincides  with  P. 
/.  Aa,  Bb,  Cc  intersect  in  the  same  point  P. 

Otherwise, 

Let  P  be  the  intersection  of  B  b,  C  c  Join  A  P,  and  produce  it 
to  a.    A  a  bisects  B  C. 

For  from  similar  AaC:cCt::aP:FQ::Ba:bQ. 

/.  aC:aB:  :cQ:  Qb 

/.  aC  +  aBor  BC  :aB:  :cQ  +  Qborcb:  Qb 

/.  aB:  Qb::  BC:bc::  AC  :  Ab:  :  2  :1 

/.  aB  =  2bQ=aC. 

.'.  &c.  &c. 
Cases  3  and  4.     See  Euc.  B.  iv.  Prop.  4  and  5. 

N.  B;  The  points  of  intersection  in  the  cases  1,  2,  and  4,  are  in 
the  same  straight  line. 

22.         Fig.  26.  Let  O  be  the  centre  of  the  0  in  which  is 
inscribed  the  equilateral  A  A  B  C,  join  AO  and  produce  it  to  D 
meeting  BC  in  £.    Join  O  B,  BD. 
Then  the  Z   BOD  =:   Z  OBA  +  Z  OAB=  2  Z  BAO 


=!  Z  BAG  (evident  after  diftwjng  fimm'.O  perpendiciilan  upon 
AB,AC)=  Z  C=:  ZD.     /.  inthe  ABOE^BDE, 
B£  is  oonunon,  and  Z  BOEss  Z  BD£,aiid  BO=r  BD 
/.  Z  OEB=:  ZDEBs::R.;Z    andOEsED 
/.  BE  =  EC 

Now  BO*  =  BE»  +  0E«  =  fB^«  +  foB\* 

=  BC*        OB" 

/.  SB0*=  BC«  A  BC  =  V8.    BO 
OrBC  :  BO:  :  V^:  1 

23.  Fig.  27.  Let  the  Z  A  =  120,  and  draw  CN  ±  B  A 
prodnced.  Then  Z  CAN  =  180  —  120  =  60°  =:  Z  of  an 
eqniilateral  A .  Now  CN  evidently  besects  the  base  of  that  ^ 
(22),  /.  AN  =  i  AC. 

Again,  BC'=:AB'  + AC  +SAB.AN. 
But,  2AB.AN  =  2AB.jiC  _^g    ^^ 

2 

/.  BC*  =  AB»  +  AC  +  AB .  AC. 

24.  Fig.  28.  For  the  definition,  see  Euc, 

Let  A  B  C  D  be  the  rhombus.    Join  A  C,  B  D  intersecting  in  O, 
AC,  BD  bisect  each  other  at  R.  ^  in  O. 

Because  AB  :=  AD,  the  Z  ABO  =  Z  ADO  and  AO  is 
common  to  the  A  AOB,  AOD 

/.  BO  =:  DO,  and  Z  AOB=  Z  AOD=  R.  Z 
.\  Z  DOC  =  Z  BOC  =  R.  Z. 
Again  v  AB  =  B  C,  and  B  O  is  common  to  the  right-angled  A 
BOA,  BOC.     .-.  AO  =  CO,  and  DO  has  been  proved  =  C O 
/.  AC,  BD  bisect  each  other  at  R.  A. 

25.  Fig.  29.  In  the  O . A  CD  let  AC,  ED  intersect  in  B, 
Also  let  AB  be  >  BD  or  BC  or  BE«  Join  AE,  DC.  Let  O 
Jbe  the  centre.    Join  O  B  and  produce  it  to  F. 

Now  -/   Z  A  =  Z  D  and  vertical  ^  at  B  are  equal,  the  A 
ABE,  BQDase  similar. 
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A  ▲•:BD::BXsJIC,«r  As  ^ttiMoi  AS,  BB,  Bfi, 
BC  are  profOttiaDals. 

Agdn  V  BitapaiiitinihediaiiBlef,  aiidABig>  BD,BE 
and  BG, .%  AB  » Icul  mnote  fMD  tin  cettte.     /•  ACi<>  ED 

orAB+BC    >BD+BE. 

26.  Fig.  JO.  Let  ABC  be  the  given  A,  PS  the  £7. 
BrawAE  ||  BC  ana  make  Z  DAE  s=  Z  P.  Take  AE:  AD 
: :  PQ :  PR  and  join  BE  cutting  AC  in  q;  draw  qp  ||  BC,  and 
pr,  qs||AD.    p  b  is  the  £7  required. 

The  Z  rpq  =  Z  Bpq  -  Z  Bpr  =  Z  B AE  -  Z  BAD 
sr  ZDAE:=ZP. 

•*.  Z  qsr  =  Z  S,  and  Z  pqs  =  supp.  of  Z  qpir  =  su^.  of 
LV^  ZQ 

.%  Z  prs  =  Z  R.  or  ps  is  equiangular  with  PS. 

Again,  from  similar  A  pq  :  AE  : :  pB  :  AB  :  :  pr  :  AD 

.*.  pq:pr::AE:AD::  PQ  :  PR. 

.*.  ps  18  simiibur  to  PS. 

27.  Fig.  31.  FVom  O  the  giyen  centre  extend  the  com- 
passes to  meet  the  O  in  A ;  with  the  distance  AO,  and  centre  A 
describe  an  arc  cutting  Q>  in  B,  and  with  the  same  distance  and 
centres  B  and  C  describe  ares  cutting  O  ifr  the  point  C  and  D  re- 
spectirelj.  Join  AO,OD,  AD  n  a  straight  Mne,  or  lit  is  the 
^ameter  required. 

For  V  AB  =  AO=  OBzz  BC,  &c.,  the  A  AOB,BOC, 
C  O  Dare  equilateral  and  .'.  equiangular. 

/.  Z  BOA  +  Z  BOCr  -h  Z  COD  =:  Aree  A  ofanequi* 
lateral  A  ^  i?R.  JL. 

.%  A  O,  OD  are  in  the  same  straight  line  .".  A  D  is*  a  diameter 
ofthe  O. 

28.  fig.  38.  Let  Aa  be  )|  Bb  and  :.  in  the  same 
plane  with  k.  Let  a  plane  pass  through  any  pcHnCQ  in  A  a  J.  A  a« 
and  intersecting  Bb  in  R,  and  Cc,  the  coramon  seclioBr  of  tha 
Iwo  given  planes  hi  P. 

Now  V  AQ  is  ±  the  plane  PRQ,and  RB  H  AQ, 


li 

RBitalfloXlodiepbuK.  Bil  Am,  Bb  «««»»»  aatliMis 
toAepUnosC^  Aa;  CV»  BateqweHr^y,  .*.  IkepkM  PKQ 
itlto  both^  pittie0B€,Ac,aiid  :.  to  tbrnr  oMonon  Mctkfli 
Cc     /.  Z  CPQ  =  R.  Z  s  Z  AQP, 

/.  Ccb  N  Aa<irB;&. 

Pass  through  ^'  another  phue  R'  F  Q'  JL  A  a  and  meeting  B  b, 
Cc  in  R',  P  respectively. 

Then  it  may  be  easily  prored  that  PR  is  =  and  ||  P^'  and 
V.  that  Cc  is  II  Bb. 

29.  Fig.  SS.  Let  O  be  the  centre  of  the  inscribed  O,  e 
theR.  Z.    Join  ON,  OM. 

Then  :.  M,N»CareR.  ^^OisaR.  Z« 

.-.  CN=OM,andCM  =  ON. 

Hence  AB  =  AR  +  BR  =f  AN  +  BM. 

=  AC-  CN  +  BC  -  CM. 

=:  AC  +  BC-  (OM  +  ON)  =  AC+BC-  SraAvs. 

.*.  AB  zz  AC  +  BC  -  diameter  of  the  inscribed  ®. 

*      « 

30.  Fig.  34.  Let  two  ctrcte,  each  pass  tfaitmgh  A,  B,  and 
intersect  the  given  O*  (O)  in  a,  b ;  a',  V  respectitely.  Join  ab* 
a'b',  AB,aiid  let  B  A,  ba  produced  meet  in  P.  Join  Pa'  and 
prodnoe  it  to  meet  0  (O)  in  x,  and  O  Aa'  V  in  y. 

.'.  Pa',  Px  =  Pa.  Pb  =  PA.  PB  :=  Pa*.  Py. 
.*.  Px  =:  Py  /.  X  and  y  coincide  in  V. 
:.  a'b',  ab,  A  B  meet  in  P,  and  similarly  it  may  be  proved  for 
any  number  of  circles. 

31.  Fig. 35.  Let  ABCDbe  the  square.  IKlth centres 
B,C  and  distances  B  D,  CB,  describe  arcs  intersecting  in  E,  also 
with  centres  B  and  A,  and  same  distances,  describe  arcs  intersect- 
ingin  E'.  Again,  with  centres  B,  E,  and  ^stance  BB  describe 
arcs  intersecting  in  F,  and  with  B,  E'  as  centres  and  distance  BF, 
describe  arcs  intersecting  in  F.  Join  B  F,  B  F  intersecting  D  C, 
DA  in  G,G';  respectively.  JoinBG,BG',GG';  and  BGG' is 
file  A  required. 
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J6in  BE^CE,  BF,  AE,  EF,  EF. 
Then  since  in  the  A  BCD,  BCE,  BE  =:  BD,  CE  =  DC 
and  B C is  oommon,  the  Z  BCE=  Z  BCD=  R.  Z.  j 

/.  ZCBE  =  JR.Z.  ^^  ..^^•:.    ^     ^ 

:.  Z  DBEs  Z  DBC  +  ZCBEiq||||f2,imd  |[pi||Rjv 

itmaybesfaewnthatDBEs  R  Z.  '     *       ^o 

Now  Z  FBE,  F  B  E  being  ^^  of  an  equiWralvvi^i^  each 
=  JR.  Z,  .-.  eachof  ^DBG,DBG'=  JH^^. 

.".  Z  G  BG'  =  I  R.  Z  =  Z  of  an  equilateral  A.    . 

Againthe  ZBGC=  ZGBD  +  Z  GDB=  ZDBG'  + 
Z  BDG'=  ZBG'A. 

AhdAB:?  BCand  Z  C=:  Z  A. 

:.  BG  =  BG'  /.   Z  BGG'  =  Z  BG  G  =  \  supplement  of 

Z  GBG  g^'^'^  -  |R  ^  =R.  Z-Sl^:s|R.  Z  = 

8  3  * 

Z  G  BG'.    /.  B  G  6'  is  the  equilateral  A  required. 

32.  Fig.  26.  Let  the   radius  O  D  bisect  the  chord   B  C 
inE,  BDir^DE. 

For  joining  DC,  since  OD  bisects  BC  in  E,  the  ^  BED, 
CED  are  R.  A.  And  DE  is  common  to  the  A  BED,  CED, 
/.  BD=:  CD;  .-.  arcBD=  arc  CD. 

33.  Fig.  36.  a.    Case  1 .  Let    Z  A   at    the    vertex  be 
obtuse  and  .'.  >  Z  C  or  Z  B. 

Let  also  B  D  be  the  line  which  is  =  B  A.  It  must  evideutly  be 
without  the  A,  or  two  2^  of  a  A  would  be  >  8  R.  i^.  Produce 
CB. 

Then  ZEBD=ZD-hZC=ZDAB+  ZC  =  ZC 
+  ZABC+  ZC=3Z  C. 

Fig.  b.  Case  2.  When  Z^  A  is  acute  but  greater  than  either  of 
the  equal  ^  BC.     BD  falia  within  the  A, and  Z  E  BD  =r  Z 
BDC  +  Z  C  =:  supplement  of  Z  A  +  Z  C  (v  BD  =  BA)  = 
8ZC+ZC=:3ZC. 

Fig.  (c).  Case  3.     "WTien  Z  A  is  less  than  Z  C  or  Z  B,  B  D 
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Ub  on  the  other  side  of  the  baseband  Z  B'BD  c  Z  BCD  + 
Z  D  =  sapp.  of  Z  C  +  Z  A. 

=  2R.  i^  -  Z  C  +  «R.  Z  -2  ZC. 

=:  4  R.  ^  -  3  Z  C. 

34.  Bg.87.  Let  ab,  toodhing  theO  AOinC  intenect 
the  tangents  A  a,  B  bat  the  extremity  of  the  diameter  A  B,  inatb 
RspecdTely.  .  Joinao,bo.    The  Z  aob  is  aR.  Z. 

JdnOC.  Then  v  aC  =  aA,  and  a  O  is  common  to  the  right 
ang^edA  AOa,COa,theZCOas=ZAOa.  Similarly ZCOb 
=  ZbOB. 

/.  theZaob=  ZaOC+  ZbOCr=i(Z  AOC  +  Z 
COB). 

=  i©  «R.  ^  =  R.  Z. 

35.  Fig.  38.  Case  1.  Let  A  B  be  >  ab,  to  which  add  the 
eqnallines^BM,  bm. 

TakeBM  :  AB  ::  bx  :  ab,  then  v  ABis>  ab,  BMis 
>bx. 

Abo  (by  Sue.  B.  T.  Prop.  18.)  A  H  :  AB  :  ax  :  ab. 

.*.  AB  :  ab  ::  AM  :  ax. 

But  AH  :  ax  in  a  less  ratio  than  AM  :  am(£^.) 
.'.  A  B  :  ab  in  a  less  ratio  than  AM  :  am. 

Case  2.  Let  A  B  be  Z  ab.  The  proof  is  nearly  the  same  a^ 
Ae  preceding  one. 

36.  Fig.  39.  Let  AB€  be  the  given  A,  and  let  AE, 
AF  bisect^  BAG,  CAD;  BF,  BC,  BE,  are  in  harmonic 
popession,  or  B  F  :  BE  ::  BF-BCorCF  :  BC-BE 
«EC. 

In  the  line  BA  (produced  if  necessary)  take  AG  =  AH  ss 
ACandjoioBG,  FH. 

Thai  V  in  A  AEG,  AEC,  A(7  =  AC,  AE  is  common,  and 
tbe  ^  at  A  are  equal,  .'.  GE  =  EC  and  Z  AGE=  Z  ACE. 

Siorilarly  it  'may  be  proved  thatilF=CF,  andZ  Alt  F  =s 
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Again  the  Z  AGE  ==  Z  ACEr=  supp.  oTZ  ACF  s  snpp. 
of  Z  AHF=  ZDHF. 
/.  FHis  II  GE. 

/.  BF  :  BE  ::  HF(z=CF)  :  GE  (=  CE.) 
::  BF  -  BC  :  BC  -  BE. 
.*.  B  F,  B  C,  B  Ey  are  in  harmonic  progression. 

37.  The  sides  when  produced  will  evidently  tana 
(n  +  4).  A  whose  A  together  are  =  2  (sum  of  exterior  A  of  the 
polygon)  +  sum  of  A  at  the  points  of  concourse. 

.*.  sum  required  =  sum  of  ^^  of  (n  +  4)  A  —  S.    4  R  i^. 

=  8  (n  +  4)  R.  4^  -  8  R  ^. 
=  2  n  R.  i^  +  8  R.  ^  -  8  R.  ^. 
=  2nR.  j£, 

38.  Fig.  40.  Let  AB,  DE  be  any  two  opposite  sides  of 
the  hexagon  A B C D E F.    ABis  ||  DE. 

JoinAD,  AC,  DF. 

Then  in  the  A  ABC,  DFE,  ^  at  B  and  E  are  equal  and 
AB,  BCareeach==FE,  ED,  .\  AC  =  DF. 

Again  in  A  AC D,  AD F,  AC  =  DF,  CD  =  AF,  and  AD 
is  common.     .'.  Z  CD  A  =:  Z  FAD. 

But  whole  Z  CDE  =  whole  Z  B  AF. 

.'.  ZADE=ZDAB  which  are  alternate. 

.-.  ABis  II  DE. 


39.  Fig.  41.  Let  ABC  be  the    A,  and  AD  bisect   the 
baseBCinD.    AB*  +  AC  =  2  AD*  +  2  BD». 

DrawAN'±  BC. 

ThenBA«  =  AD*+   BD^  ±  2BD.    D N  according  as  A  N 
falls  within  or  without  the  A . 
AndCA*  =  AD»  +  CD»(or  BD*):}:  2CDDN. 
.-.  BA*  H-CA» 

=  2AD«  +  2BD-  ±2BD.  DN:f  sBD.  DPT. 
=  2  AD*  +  2BD*. 

40.  Fig.42.  Let  A  B  be  a  side  of  the  inscribed  hexagon^  ab 
a  side  of  the  circumscribed  hexagon. 


OKOMBTRY. 


19 


Jdu  O  A,  O  B,  O  a,  Ob,  (O  being  the  centre  of  die  G).  Then 
V  Z  AOB  =  ^of  4R.  ^,ar|orR.  Z^and  Z  Ass  Z  B,the 
A  AOB  is  equilateral. 

In  nearly  the  same  way  it  may  be  shewn  that  aob  is  an  equir 
bieral  A. 

.*.  A  aob  is  similar  to  A  AOB 
and  inscribed  hexagon  :  circumscribed  hexagon  :  :  6  A  AOB  : 
8  A  aob 

A  AOB:  A  aOb 
OA«:Ob* 
Ob«-  Ab*:Ob* 
Ob«-  (iOb)«:Ob* 
Ob«  -  OV:Ob' 


::S0V:4  0V 

:  :  3:4 

41.      Fig.  4a.  Let  AB C  be  the  equilateral  A.    Bisect  the 
aitsABy  AC,  in  D,G  respectively,  and  join  DG  intersecting  A  B 
inEandACinF.    DEsEFsFG. 
Join  AD.    Then  v  AB  =  AC,  thearc  AB  s=  arc  AC. 
.\  arc  AD  =  i^arcABs  J  arc  AC  =  arc  AG 
.-.  ZDABs  ZADG 
.-.  AE  =  ED.    Similarly  AFsFG 
Agam,  ZAEGs  Z  ADE+  Z  DAD=:  2  Z  ADG=  Z  9 
odZEAFs:  ZBAC 
.-.  Z  AFE=  ZC 
.-.  AB  =  EF  =  AF 

.%DEs=ABs=:EP,andBFs:AF:=  FG 
:.  DEc=EF  =  FG. 


42.        Fig.  1.  Let  ABC  be  the  A,  and  Aits  R.  Z.    Let  A 

kdescribedon  DC,  A' on  AC,  A'on  DA,  DC,  AC,  AD  being 

^  homologoas  sides,  (this  is  a  necessary  limitation,)  then  A  = 

A'  +  A". 

Snilar  figniea  are  to  one  another  in  the  duplicate  ratio  of  their 

hnMilopHis  sidea, 

C2 
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/.A':A"::AG»:  AI> 

.-.  A'+  A":  A'::  AC»  +  AD* :  AD* :  :  D<P :  AD^ 

:  :  A  :  A" 

•    A'  -1-   A"  •  A  •  •  A"  •  A"  •  •  1  •  1 

.-.  A  =  A'  +  A" 

43.  Fig.  44.  Let  die  circles  O,  P  intersect  in  D,  E,  and 
Aa  passing  through  D,  be  |i  Bb  passing  through  E.  Aar=  Bb. 

Draw  through.Oy  P,  N  M,  nm.  JL  Aa 
Then  v  Aa  is||  Bb,and  NM,nm  bolb  ±  A  a,  Mn  is  a  rect- 
angle. 

/.  NM  s=  am,  and  Nn  s  Mm. 
Again,  v  NM,  mn  are  X  Aa,  and  Bb*  and  drawn  through 
theoentre8,AD  =  SND,  aD=:2nD.\Aas=8ND  +  £nD=2Nn 
BE  =  2ME,bEc:l»mE  .-.Bbrr2ME+2bmE=sMm 
ButNn  =  Nm. 
.*.  Aa  =  2  Nn  =:  2  Mm  sz  Bb. 

44.  Fig. 45.  Let  the  chords  Aa,  Bb  intersect  in  P. 
AP+Pa*+BP+  Pb*  =  square  on  the  diameter. 

From  O  the  centre  of  the  0  draw  ON  ±  Aa,  OM  J.  Bb,  and 
join  O  A,  O  B. 

Then  Aa,  Bb  are  bisected  in  N,M,  respectively. 
:.  AP  +  Pa'  =  2  AN*  +  2  PN> 
andBP  +  Pb*=  2BM*  +  2PM*. 
.-.  AP+Pa«+BP  +  Pb»=2rAN«+2PM«  +  2BM*+2PJV« 

=  2A0*+  2BO«(forON=PM,  OM  =  PN) 
=  4  A  O*  s=  square  on  the  diameter. 

45.  Fig.  46.  Let  the  circles  toudi  in  the  point  A,  and  A  B^ 
Ab  be  their  diameters. 

The  lune  +  less  0  =:  greater  0. 
.•.  S  less  0  s=  greater  ©. 
.'.  greater  0  :  less  O  :  :  S  :  1  :  ?  Ab* :  AB* 

.'.  Ab  :  AB  :  :  a/'s^:  1. 

46.  Fig.  47.    Let  A  ABC  :  A  abc  : :  BC  :  be,  tbeir 
altitudes  are  equal. 


Describe  the  rectangles  DC,  dc  as  in  the  ilgufe. 

Then  A  ABC:  A  abc::DC:dc:  :DB  .  BC:  db.be 

But  A  ABC:  A  abe:  :  BC:bc 

/.  DB.  BC:db.bc::  BCsbe 

orDB:db: :  1  :  1 

/.  DBthealtitndeof  p.  ABC  =  dbthealtitiide  of  A  abc. 

47.  Fig. 48.  Let  ABCD  be  the  iC/, P  the  point  with- 
oBtiL  Join  PA,  PB,  PD,  PC  and  AC.  The  A  PAC  =: 
A  PAB  -f  A  PAD. 

From  B,  C,  D,  draw  Bb,  Cc,  Dd  respectively  ±  PA  (pro- 
dnoed  if  necessary),  and  DN  JL  Cc. 

Then  DN  is  ||  bA,  and  DC  is  ||  AB. 

HeoeeZbABz:  iC  NDC,andCD=:BA,and  Zb  sZ  N. 

/.  Bb=:CN.    AlsoNC=2Dd. 

.%  Cc  =  Bb  +  Dd. 

Cc.  PA 


Now  A  PAC  = 


A  PBAr: 


2 

Bb.PA 


2 
2 

:.  A  PBD  +  A  PDA  =:  (Bb  +  Dd).  2A  -  ££i£^ 

=  A  PCA. 

48.  Fig.  49.  Let  the  thrae  straight  lines  Aa,  Bb, 
Cc,  not  ill  the  same  plane  be  equal  and  parallel.  Join  AB,  AC, 
BC,ab,acbc.    Then  the  A  ABC,  abc  are  ||.      , 

V  Aais  =  and  ||  Cc,  AC  is  =  and  ||  ac. 

Similarly  A  B,  BC  may  be  shewn  to  be  =  and  ||  ah,  be  re- 
qnctiTely. 

:.  In  A  ABC,  abc  the  sides  are  =:  each  to e6ch. 

.-.  A  ABC  =  A  abc. 

Again  v  AC,  BA;  ac,  ba  meet,  and  are  ||  not  being  in  the 
same  plane,  the  plane  BAC  is  ||  plane  bac  (Euc.  B.XL 
Prop.  15.) 
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A  A  ABC  is  both  =:  anil  11   A  abc 


49.  Fig.  50.  If  poBsiblekt  the  straight  line  ABC  cat 
the  O  O  B  in  three  points  A,  B,  C.  Join  O  B,  O  C,  and  draw 
ON±ABinN. 


ThenOO^=NBOTC+  ON». 
ButOC«  =  OB«  =  NB«  +  ON*. 

/.  N B*  =  NBC^-. 

•*•  N  B  ==  N  B  C  whidi  is  absurd,  and  the  same  ma^  be  proved 
for  any  number  of  points.  .*.  A  B  cannot  cut  the  O  in  moitt  tiian 
two  points. 

50.      Fig.  61.    Let  ABC  be  the  A. 

Upon  AB,  BC  describe  segments  of  circles  containing  an  Z 
=z  }  of  4  R.  ^  ,  and  let  them  intersect  in  P.  P  is  the  point 
required. 

Join  AP,  CP,  BP,  then  v  Z  APC  +  Z  BPC  +  Z 
APB  =  4.  R.  ^,and  Z  APB  +  Z  BPC  =  fof  4.  R.  ^. 

.-.  Z  APC  =  iof4R.  A  =  Z  BPC,  or  Z  APB. 


Ai» 
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Pboblbm  51.   It  is  here  supposed  that  the  floor  is  rectan- 
plar. 

Now  10  yds.  d  ft.  contain  88  ft. 
5  yds.  1  ft.  contain  16  ft. 
/.  the  monber  of  square  feet  in  the  floor  r=  38  x  16  =  518. 
.'.  the  price  required  =  ^jX^  £  =  £51.  4s.  (v  2s.=:^o[h  £) 


52.      17s.  =  ^  of  a  pound, 
tnd  9id  =:  I9d.        19  19 


8.  s: 


8  8x18  8X18X80 


of  a  pound. 


.M7,.  9Jd.  =  iJ  +   12 84x17+19  ^^ 

^^         84X8.)  "  84X80  ^^ 

i889588S3  ....  bj  common  division. 


53.        17^  elk  s=  17  ><  5  +  i  X  5  =  85  +  f=  Xli.  qrs. 
18  yds.  =  18  X  4  =:  78  qrs. 
/.  11±  :  £6.  17&  lOjd.   ::  78   :  cost  required  =  78  x 

(£6.  17.  lOjrf.)  -T^  =   -m   X    (£6.  17,.   lOfd)  =  ^-^^^X 

(£6.  17,.  lOcff.)  =  £5.  las.  6d.  lq.ii  (first  multiplying  18  and  18, 
tnd  then  diriding  by  5,  5,  7,  successively.) 

54.      I  :  i  t:  18  +  J  or  V  :  ^  X  i  X  f  =  V^-  = 

X4.  4s.  5d  lg.|  =  the  cost 


£4  ARITHMETIC. 

55.  18s.  lid  s:  485  lialfpenoe. 

89.  7id.  =    87  halfpence. 

:.  87  :  986il  yards,  : :  485  :  4677  }f  yards,  =  the  number 
required. 

56.  In  the  8  per  oents.  60  is  par,  and  in  the  5  per  cents. 
100  is  par;  hence,  purchasing  in  these  stocks  must  be  in  the  ratio  of 

60  :  100  or  of  8  :  5. 

/.  8   :   5  ::  £59}   :  £99.  Ss.  4£  the  rate  required. 

.  57.     Divide  by  8,  and  the    result  is  .285  :r  decimal  re- 
quired. 

58.        The  number  of  horses  will  be  evidently  and  directlj 
as  the  number  of  acres,  and  inversely  as  the  time. 

-  i*  :  7  ::  V  :  V  X  7  X  4#  =  ?l2i!2=: 80  =  the num- 

16 

ber  of  horses  required. 


59.        f  of  &.  6d.  ==  i2i^  -  4,.  ijrf, 

4 

I  Of  i  of  17S.  ^.  =  -^  X  17s.  2id.  =  ^'^^ 
s=  2s.  Bid. 

^  of  £5.  68.  rid.  ;=  ^'  ^^'  ^'  =  £8.  16$.  ijd. 


.*.  therequired  sum  s  £4.  2s.  efcf. 


7 


60.  f  of  a  guinea  s  f  of  «ls.  =  I4s.  =  i^  ==  ^£  =.7£ 

61.  9s.  4d.  =    ll«d.,    £100.    :=   do  X  18   X    lOOd.  = 
S4000d 


.•.  118  :  f  yds. ::  24000  :  j  x  ^s±oj 

12 

7 


00 

3X375         1125         ,^^-     .  ..     ^      1^ 

s  loOf  yds.  =  the  number  required. 


ARlTHlUniC.  t^ 

ei.        +  of  A  of  a  guioett  =  ^^^ii  uxpenoes,  jss  ^  x48 
si^  nxpences,  =  ^  x.^  of  half-a-Grown  c:  ^  of  half-a- 


cfown. 


Again,  «of  half-a-crown  =:  i£2ii2d.  =  li^ili 

Abo,  ^.  =  ^q.  ;=!  9q.  -ft. 

.'.  the  exact  yalne  required  is  6d.  8q.  -ft. 

63.        Sf  yds.  =  V  7^  <u^  ^f  yds.  =  y  yds. 
and  S«.  8^  =  44^  s=  III^. 

•     11     •     171 J    -     3T     •    S»    V    ITT    V     ♦    —  '^XlTT 

..  —  .  -pi.  —  .  _x-_x- __ 

=  119  -^^  :=  9s.  lid.  ^  =  the  price  required. 


64.  12§  =  V- 

.'.  f  :  i  ::  y  :  V  x  i  x  *  =  V^  =  £4. 4f.  5d  ij.  J. 

=  the  required  cost. 

65.  H=ih    N^^  i  <^  a  Flemish  eD  =  {  of  f  ofaa 
ogliah  eD  =  I  of  an  Englidi  elL    Also  1  ^  s=:  {. 

•••  *  :  f  ::  i  •  S  X  i  X  ^  =  it  of »  g»n»^  =  M  x  "«• 
=  f£2<is.  =  ?!£,.=  i8s.7c«.i,.i 

18  18 

66.  6s.  8ii.  z  i  of  a  pound. 

;.  »Tio  s  £908.  6s.  8d.  s=  the  Tilae  required. 

s 

67.  S^  =:  ^  s=5  also  S.85.    Also  |^  =i  .6. 

5  I  s  V  =  ^^  ^•^'''^' 

Hencef:*::  V  :  V  ^  *  ^  *  =  ^^ 
£t  £22.  OS.  Tjcf. 


so  ARlTitMSTICf. 

Secondly,   .6  :  d.85  ::  6.S75  :  £2d.081d5  :s  £88.  0$.  T^d. 

2,25 


89875 
11750 
11750 

6  )  13.81875 

28.08185 
80 


.62600 
18 


7.500 
4 


8.0 


68.        *t  =  |»   8^  =  f^iandlcwt.  rs^ofaton. 
Now  the  price  of  carriage  will  eyidently  beasthe  distance  x  the 
quantity  of  goods, 

•  •  ^  X  "J  t  n  !  •   1    X  "JTJ"  •    M^      ^^  X  — — .  S2  ■  (n 

40X80        89X5        800x89 

a  guinea. 

800X89  ^^  800X89  * 

=  —  of  a  farthing. 

785  ^ 


69^  /  9.084016  a/  9.084016  8.004     ,  ^ 

ik/ rr  ^  r=:  <  by  ex- 

^     85.8009  ^25.3009  ^.08     ^     ^^ 

tracting  them  separately)  =:  .5974155 (by  actual  divisiou.) 

Otherwise. 
Take  the  root  of  quotient  of  ^'^^^^^  •    This  method  is  more 

85.8009 

operose,  except  when  the  numbers  are  not  perfect  squares. 


ARiTiiiarn6«  ef 

*H).        if  of  a  haUjpenny  =  f  x  i  =  f  of  a  penny. 

71 
.;.  11 '+  j^  =:  V  of  a  penny  ==  — , of  a  pounds 

=  jUjf  =  .04980556  •/....  by  division. 

71.  Sfd.  s  S.rSd.    Divide  by  18- 
.-.  3.7^.=  .8185*. 

/.  8.3185s.  =:  .ie5685£.  (diTiding  by  80.) 

72.  Make  the  nomber  of  dclcimal  places  in  the  dividend 
=  that  in  the  dinsor  by  adding  ciphers  to  the  right,  and  divide. 
The  qiiotient  vriU  be  84.839 

73.  Is.  B^d.  contains  85  halipenoe,  and  there  are  60 
halfpence  in  half-a-crown. 

.-.  4  of  85  halfpence  =:   i2if£  of  half-a-crown. 

'^  7xao 

=  H  =  i  of  half-a-Ksrown. 

74.  100  :  7^  ::  £156.  15«.  id.  :  purchase  money 
required. 

Now^4^  =:  X±l,  £100.  =  84000d. 

and  £156.  15s.  Id.  =:  S762ld. 

A  84000  :  11?  ::  «r«2i:i!£iS»!2!l  =  «!2$£!1  £. 

2  48000  48000 

=:  £116.  15s.  7d.  2q.  fj. 

75.  The  number  of  square  fe^t  in  the  slab  =:  the 
knglh  x.  the  breadth^  expressed  in  feet. 

5ft.  7in*  =  5  +  ^ft.  =t  ^ft. 
8ft.  5in.  =:  8  +  ^ft.  =s  ^^ft. 
.Mhenumberof  square  feet  ss  41  X  ^,  which  at  6s.  eadi  musts 

Jl2Lil2ii.  «  fl2iils.  «  £5.l4s.5i^. 
144  84 

The  number  of  square  feet  might  have  been  found  by  duodeci- 
mals^ 


M  ABITHMBTIC* 

76.  6^  s=  ISA,  and  £1034. 1  fiSt  =  £l084.  |  s  ±12S£. 

<  «  600  82  82 

s  £646. 14«.  4|<L  s  the  pnrchaw  leqnind. 

77.  24ft.  6ilL  2t:  84Jft.  =  i^ft.  »  ^  yds. 

16ft.  Sin.  t=  16^ft.  =  Mft.  c=  4f  yds. 
•*•  the  niunber  of  sqmve  yards  in  the  ceiling  =  y  X  ff . 

and  the  cost  A  =  -.«—  x  8».  =  s.  s=  £6. 12s.  8<i 

6X18  24 

Otherwise  by  doodecinials. 

£•  9.  cf. 
79.  4   5   6s  Talne  of  1  cwt. 

2    2    9        =£  dittoof2qrs. 

0    1    6  l9.f  c=dittoof2lbs=Vs^f^4'^ 
O    O    9  O^  s  ditto  of  ig^ 


I* 


A  6  10   6  \{lq.  =  the  Talne  required. 


<9 


ALGEBRA. 


EQUATIONS  OF  THE  FIRST  AND  SECOND  DEGREES. 


OOCBCOPOOOODOOOUOOOe 


79.  V'^-.4  =  ^£LZJ^ 

4  +  V* 
Pint,  (V*^-  4)  (V^+  4)  =  259  -  10« 
orx  —  15  s  259  —  lOx 
.*.  II  x=:  259  +  16  =  275 
_  275 


80. 


11 

^•v     1 

eo. 

10 

X 

— 

14 

a» 

2x 

ss 

9 

:= 

22 
9 

Multiply  both  sides  by  9x*,  and  we  have 
90x  —  126  +  18x  3=  22x' 
.-.  22j5*  -  108*  =  —  126 


-68 
11 

/27Y  _  27«          63  _  27a-11.68 
Ul/     ^  11^          H   ""            11« 

729   -    693         36 

^        IV       "■  11« 

27  ,6 


27  ±  6        83  .     2*  21 

. .   X  sz  _-_  — ;  —  or  —  :=  3  or  — 

11  11       11  11 


81. 


42x  S6x 


X— 2       X— 3 


Kwt,   J£~  -s  ii-      .-.  42x  -  126  =  85x  -  70 
X— 2       x-S 


50 


ALGiBRA* 


/.  7x  =  186  -  70  =:  66 


82.       f±i  +  fzf  =:  18  _  £±f.     Multiply  by  18, 
8  3  4 

and  6a;4-6  +  4x  +  8s=  198  —  a*  —  9 

.%  I3ar  ==  198  —  23  =  169 

169 

.-.  X=:  -— -  =:  IS. 

13 


83.        3*'- 14a;=  -  15 
3 

"^    8*        9   ""    9  "■  9"  ""  9 

.*.    X =  ±  - 

3  3 

. .    X  r=  — -T-  =:  3  or  - 
3  3 


84.       3x*  -  19x:=:  —  16 
•    ^        1»  1« 

.  •  X"  —    X  =s 

3  3 


85. 


.  ^     1^  - .  1»*      1»* 

..  x^  —  —  X  + zz: 

3            36            36 

16        19«  -  18.16 
3                       86 

169 
^     36 

19±13         88          6 

/.   jj  —  -s  —  or  —  = 

6                6            6 

* 

:  —  OP  J. 
8 

16          100  -  9x 

X                  4x«     ~ 

Multiply  by  4«*. 

A  64x  -  100  +  9x  =  12x* 

• 

••.  18««  -  73x  =  *  100 

V- 


•.  *  — 


•.  «  = 


ALGRBRA. 

12     ^ 

78* 
24« 

= 

78« 

24* 

zz 

529 

242 

78 ,28 

24  ^        24 

78±28 
24 

=   4 

or 

25 
12 

51 


100        5829—4800 


12 


24< 


86. 


«•  y  +  y*  X  =  80) 

I         I         ^  f    The  equations  being  homo" 
—  +  ^  =  yjgeneou8,putx=ry. 


Then  v«  y«  +y^vzz  80,  and .%  ys  =: 


80 


t;«  +  t; 


and 


vy    ^  y        a'        ^         \y^^'  &J 


_tr+T« 


V' 


5^ 


v- 


53        t;«  +  w 
v  +  1^  ♦    _  '80  .  53  _  5* 


52 


25 
ort;«  +2i;4-l  =  —  .t7 


6 


IS 

/.  v«  -  —  t;  =  -  1 
6 

IS       ,     18« 

or  v* V  +  — r- 

6  12« 

18         ,5 

12  12 

18  ±5         8 


18«-12« 
12* 


25 


12« 


••"-    iir--«"v 

6 
5 

4+  1      «          5       6 
"=      i      •5=8-5=* 

# 

23  ALG8BRA* 

2  S 

.*.  flie  corresponding  values  of  x  and  y  are  2,  3;  S^  2  respec- 
tively. 

Otherwise, 

Divide  the  first  equation  by  a^  y\  which,  with  the  aid  of  the 
second  equation,  will  give  x  y ;  divide  the  first  by  xy^  which  gives 
X  +yy  from  which  and  xy^  x  --  y  may  easily  be  foand.  Add  to, 
and  subtract  firom  a;  -|-  y,  the  quantity  «  —  y,  and  Xy  and  y  will  be 
found. 


89.       6  = Clearing  effractions 

a  +  V  «*  +  ^* 

ab  +  b  ^  a«  -  a?«  =  a  —  ^  a«  —  x« 
/.(A+1)  •  V  a*  -  «*  =!a-a6  =o.  1  -  i 
i-S o  1—* 


=  a2 


46 


•  (l+6)« 


90.  8  xi  +  art  s:  3104.  Since  the  index  of  j;  in  one  term 
is  double  its  index  in  the  other,  the  equation  is  of  the  form  of  a 
quadratic. 

^         8 

t    ,  t     1    3104    1     37249 

^       36     3     36     36 
*    ,     ,193 

I  _  ±  193-1  _  192       194 
*   ""      6     ""   6     "^   6 


•  • 


ALGEBRA* 


33 


^7 

=  32  or 

3 


=  64  or 


91.      x'  —  (a  +  p)  x^  +  (ap  +  q)x  -^  aq  =z  o 
First,  «'  —  pjr'  +  y«  —  (ax2  —  apx  +  o^)  =  ^ 
or  X  (x*  — px  +  9)  s=  fl  (x*  — px  +  9) 
.*.  X  =:  a 
Also  X*— px  +  g  =  o 

..  X-  -  px  +  —  =  — -v 


"•    2*-* i 


2 


:.  the  three  values  of  x  are  a,^  "^  ^^^     ^^  and? — ^^^^ — ^ 


92.        x«+xy=  101  ^ 

■nienys +y2 +yt;  =  gl  or«y«+yv=81 

Kody'  +  2yv  +  v^  +y  —  v.y  +  v  op  2y*  +  2y v  =  24 

.'.  y  V  =  8 

21-3        IS  ,  , 

.'.  y8  = =  —  =  9 

*  8  2 

/.  y  =  ±  8 

±  3    •    ^ 

/.  x=  ±8qpi  =  ±2l      Now  2,3,  4,  OP -2,  -3,  — 4beilig 
y^=dzS  V  substituted  fop  x,  y,  Zj  pespectively 

r=±3d:l  =  ±4j will  satisfy  the  equatioos.     /.  thej 
tre  the  true  values  required. 

TOL.  I.  D 


^  ALQEERA. 

The  assumptions  in  this  problem  would  not  necessarily  lead  to 
the  solution  of  all  similar  problems.  A  legitimate  assumption 
would  have  been  or  =  y  v,  z  s  y «;,  but  the  resulting  equation 
will  be  of  four  dimensions. 


93. 

2*  —  8        10a:-4 
8                 18 

1 

First,  12x  -  18  -  10*  +  4s5  - 

18 

• 
•  • 

2XSS  -  4 

• 
•  • 

x=  -  2 

94. 

ar*  +  X*  =  756 

6 

•  •              , 

•      5 

3 

=:  2.  —  the  equation  is  of  the  form  of  a 
5 

• 
•  • 

X*  +  X*  +  i-  —  756  + 

4 

— 

3025 

4 

• 
•  • 

• 

^     +    2   -  =*^         4     ^ 

± 

55 
2 

• 
•  * 

X*  =  27  or  •  28 

• 
•  • 

X  =:  (27)*  or  (-  28)* 
=  S«  or  (-  28)* 
=  189or(-  28)*  . 

95. 

(X  +  2)«  +  (x  +  2)  =  20 

, 

First,  (X  +  8)«  +  (x  +  8)  +  i  =  80  +  i  =  ?i 


.\x  +  i  +  i=:  ±1 


• 


X  = r=  2  or  —  7 


96.         x+y  +  V^y=>^ 

x« 


+  y8  +  xy  =  183J 


first,  x  +  y==  19  -  V-^y 

.-.  x2  +  2xy  +  y«  :s  19«  -  38  ^  xy-i-  xy 
:.  x«  +  xy  +  y2  ss  361  -  38  ,J  xy=  133 

Hence  38  .^  xy  =  361  —  133  =  228 


I 


ALGEBRA.  35 

.     .  228  114 

Hence  ««  -  Sxy  +  y«  =  138  -  Zxy  =  13S  -  109  =  25 
.".  or  —  y  =  ±  5 

and  X  +  y  =  19  —  V  ory  =:  19  —  6  =  13 
/.  2x  ST  18  or  8 
2y  s=  8  or  18 
.%  X  =  9  or  4  and  y  =  4  or  9 

N.  B*  When  x  =:  9,  y  must  :=:  4,  and  vice  versd.  Their  inter- 
changing values,  is  owing  to  the  symmetry  of  the  equations  in 
which  Uiey  are  similarly  inyohed. 


97.       3x* x^  =:  —  592 


184 


5  5 

•  /r^Ni   ^   4.  ^     ^  .  1184    9  +  5920    5929 
'    5       52   52  ^   6       52       5* 

.4         3  ,77 

/.  X* =  ±  — 

5  5 

.4        3  ±77        ,^  74 

..  x«  =  =  16  or 

5  5 


/.  xr=(l6)*  orT- —  V 


98.      (x  -  4)2    +  2  (x  -  4)  =  —  -  1 

X 

First,  (x  -  4).  (x  -  4  +  2)  =  -  "^"^ 


or (x—  4).  (x •  2)  =  — 


X 

X— 2 


D  2 


36 
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X 

:.  j:2  -  4x  =  —  1 

/.  a?s  _  4j.  +  4  —  4_  1  —  3 

.%  a?  s=  2  ±  V  3* 
Equations  soWed  by  this  artifice  are  generally,  of  the  fonn 

(x-a)«+^(x-.a)=^-l 


2 


2x 


99. 


2x 


If  X'-'Zx  ^  —  — 


20 


First,  xS/x^  X  .3^  z=,  0? 

/.   2x^  —  Sx?  sr  20 
or  (x*)«  -  -|-  ^*  =  ^^ 


2 


...  (^)2    -  _  ^*  +  _  =:  10   +  - 


9 
16 


169 
16 


13 


A         S  ±  13         ^  5 

*      •    J?"*   rr  — — ^—  c=  4  or  -*  — 

.-.  x  =  (4)nr(-i-)*    ^ 

(-4)* 


=  8  or 


16 
100.    8x«  — 3a;+  6  =5^  =  Y 

First,  jr2-.x=:y-2  =  -| 

/.  Of  —  i  =  ±  i 
8±1 


.-.  a?  = 


=  f  ori^ 


ALGEBRA.  97 

101.  x«  +3^^.=  S\j  ^ 

}  Let  x  =  ry 

Thcnw'y*  +  y^  r=  6 
3ry«  =£  6 

•  !!l±l-5 

or  V*  +  I  ^  4  ^^ 
•M;«  —  f  t;  =  -  1 

6±8 

/.  t;  =  =  8  or  1 

4  * 

Hence  x  =  vy  =:  Sy  or  -^  y 

/.  Sy<  or  ^  ys  =2  (from  2d  equation) 

.'.  y  =  ±  1  or  ±  2 

and  xs=2yor^ys=  ±2ord:l 
.'.  tlie  corresponding  rallies  of  x  and  y  are  +  1»  4-  S,  or  4-  2, 
+ 1,  or  —  1,  —  2,  or  —  2t  —  1. 

Otherwise, 

Add  2ary,  obtained  from  the  second  equation,  to  the  first,  and 
thoice  get  X  +  y;  subtract  2xy  and  get  x  —  y.    The  sum  and 
difference  of  x  +  yy    x  ^y  dirided  by  2  will  give  x  and  f    • 
respectively. 

102.  Sx  +  2  V"^  -1  =  0 

First,  (x*)«  +  —  X*  =  —   . 
•       '   ^     '  3  3 


4>  ^  1  1  >  * 


9  9 

2 


.•.r.i=z2±£=:l.or.-l 
3  3 


.'.  X  =  —  or  I 
9 


38 
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103.       x^  y'  +  6  xy  =1  16  y 

First,!.   =1.  i_ 
4a?         4        y— 1 

.*.  X  =s  y  —  1 
Again,  (j:y)  ^  +  6  xy  =i  16 

•'•  (Jy)  ^  +  6;cy+9  =  16  +  9=i26 

.-.  jry  +3  =  ±6 

/.  ay=  — 8±6s=8  or— 8 
Hence,  y«  —  y  =  aor  -  8 

/.  y«  -  y  +  i  =  i  +  8  or  i  -  8 

9        —31 
ss  -u-  or  — — 

4  4 


Ay    -  i  =  ±  i  or  ± 


V-81 


1±S 
y  =  -4- 


or 


2  2 


Hence  j  =  y—  l  =  lor-«or  .    ^^^ — 2i  and  the  cor- 

^  2 

responding  Tallies  are  1,  8,  or  —  2,  «-  1,  &c. 


y 


104.    1  -  £zf  =  5±!  ^  1 

X  2 

First,  2j:  -  4  +  2a?=  x«  +  2x  -  2x 
Or,  x«  —  4x  =  —  4 
/.  X*  —  4x  +  4  =  0 
.-.  X  ^  2  =  a 

•  •  X  mS  x« 

In  this  case  the  two  values  of  x  are  equal.    The  general  form  of 
sudi  quadratics  is 

x«  —  a  X  +  —  =0 

4 


105.       5x  =  8  — 2x« 
First,  x2  +  4x  =  f 

.-.  x5  +$x  +  -Ii'  =ll  +  5 


U 
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-  3 


106. 

8*    -     "•     ' 

4 

-   4 

1  - 
3 

- 

Fint,dOx  -  Sx  +  1«  - 

48  : 

=:  20x  + 

56 

• 
•  • 

l$xsz92 

• 
•  • 

ar:=:H  =  7TV 

107. 

0?+  .  = 

«— 1 

Sx 

-  4 

Fint, 


24 

x-1 


2=  2x  —  4 


.•.  12  =  X  -  2  .  X  -  1  5=  *«  —  8x  +  8 

/.  x«  —  3x  =  10 

Heiioe»  x«-3x+|=10+|  =  V 
.-.  X  -.  i  =  ±  1 

=  5  or  -  2 


• «  lit  ""^  ■  ' " 


2 


108. 


I 


x^  +  y'  =:  72 

X    +  y    =    6 

First,  x»  +  3x«  y  +  3xy«  +  y^  :=  6^ 

/.  Sx^y  +  3  xy«  or  3xy .  (x  +  y) 

144 

.-.  3xy  =  —  =   24 

6 

J  24         „ 

and  XV  =   —  =  8 

^         3 

Now  x«  4-  2xy  +  y2  —  62  s-  36 

But  4xy  =  32 

/.  x2  -  2  xy  +  y2  =  4 

/.  X  -  y  =  ±2 
and  X  4-  y  =  6 

/.  2x  =  6  ±  2  =  8  or  4 
and  2y  =  6  q:  2  =:  4  or  8 

.'.  X  :=  4  or  2 
and  i^  z=:  2  or  4 


s  216 

r=  216-72=144 
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I 

The  corresponding  Talues  of  x  and  ^  are  4,  8  or  2,  4i.  They  in- 
lerchange  values  because  of  the  symmetry  of  the  equations  with 
respect  to  them. 

109.      ^x-*^^^Zl£fL 

First,  X  —  16  =  259  —  lOx 

.".  X  +  lOx  :=  259  4-  16  =  275 
or  llx  =  275 


/.  x=: 

275 
U 

= 

25 

110. 

.    xy 

=  63 

and  (x 

+  y) 

«  :  (x- 

-yy 

•  • 

64 

First  X 

+  y 

:  x-y 

.•  o 

;  1 

• 
•  • 

2x  : 

2y  ::  9 

:  7 

or 

X  : 

y  ::  9 

:  7 

• 
■ . 

X  S= 

9y 

7 

Hence 

9y« 

=  63 

} 


t  f 


^  9 

.%  y  =  ±  7 

and  X  =  £^  =  E  .(±  7)  =  ±  9 
7  7' 

and  the  corresponding  values  of  x.  and  y  are  7,  9  or  —  7,  —  9. 


111.      x«  .(x  +  4)  +  2x.  (x  +  4)  =  8  -^ f x;-i-  4 
First  X  .  x+  4  .  x+  2  =2  —  X  —  4=  —  x+2 


•  •  X  m  X    "^*   tP    ^—      ^~      X 

or  X*  4-  4x  =:  —  1 
.".  x«  +  4x  +  4  =  4  -  1=3 

.-.  X  +  2  =  ±  V^ 
.•.  X  =  —  2  ±  V  ^ 
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112. 


X  +  y 


^  V  JT  +  y  _  ^ 


V  * 


««  +  y«  =  41 


First  X*—    |f2\_^j;^y.^jj_y— jg 

or  X  «  —  y2  —  V"^*  —  y"  =  g 


— — ^  •  -*•     25 

...  x«  -  y2  -  V  **  -  y*  +  i  =  6  +  I  =  "7 
.-.    ^  x«  -  y«  =  -  ±  -  =  3  or  -  8 

.%  x2  «.  y«  --  9  or  4 
But  x^  +  y^  =:  41 

/.  8  x^  =  50  or  45 

8  ys  =  32  or  37  _ 

^  45  Xic 

A  x=±v«5or±v    -g-  =  =*^  ^  ^  *  V  T 


y=±Vi6o^± 

and  the  corresponding  values  of  x  and  y  are  5,  4  or  —  5,  ~  4  or 

/S7  /a         /37 

^  —  or  —  \/  -r-  —  \/  -:r 


X 


8 


2 


8 


8 


N.  B.  The  qnantity  ^^  x^  —  y*,  in  the  first  equation  reduced^ 
nay  he  poritive  or  negative.    The  positive  values  if  x  and  y  are 

taken  when  i/  x^  —  y^  is  positive,and  their  negative  values  when 
X  and  y  are  negative. 


4  X*  « 

113.         3  X*  Vx"  +  -;;=  =  4  or  3  x"  +7  +  4x" 

Vx" 

ti  4      2j»  4 

0rX3       ^ X3=:     — 

^3  .3 

r^    ^    (      «-i\2         4     i^  4  4  4  16 

First  Ix3j+-X3    4.--  =  -.4.--:-- 


fl 
3 


-3-4 


A 


9 


9 


9 


/,  X3    =±  —  —  —  s=-i-or  —  2 

3  3  3 

/  2  \  Ji-  J- 

.-.  X  =  l^yj^"  or  (-2)2- 
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114.  x  +  y+VJ?  +  y=    ^l 

a?«  +  y«  =  103 


25 


First  x  +  y  +  Vx  +  y  +  l  =  5  +  J  =  — 

A   V  ^+  y  =  ±|  —  |  =  8or-3 
•*•  ^  +  y  =  4  or  9 
.%  jp«  4-  S  ^  4-  y'  =  16  or  81 
or  2  jy  +  10  =r  16  or  81 
/.  2  a:y  =  6  or  71 
Hence  a;<  —  9  a;y  +  y*  s=  10  —  6  or  10  -  71  =  4  or  -  61 

•%  «  —  y  =  ±  2  or  ±  V  —  61 
But  J  +  y  =:  4  or  9 


/•  2  X  =r  6  or  2,  or  9  ±  V    —  61 
2ys2or6,  or9q:  sj  —61 
/•  J?  s=  S  or  1,  or  9  ±  V  —  61 

2 


y  s  1  or  Sy  or  9  qp  V   —  61 

2 
and  the  corresponding  values  of  x  and  y  are  3, 1  or  1, 3^ 


or,9J-j/j-61^  9-  v^  — 61        9- v^-61  9+^/-61^ 
2  2        '  2        *  2 


the  two  first  pAira  of  values  being  taken  when  \f  x^  y,in  the  first 
equation,  is  positire,  and  the  two  last  when  nf  x  -k-  yvi  negative* 

,,-  X  4  21 

115.     —7—:  +  -7=  =  ~ 

X  +  4        Vx+4        * 

+   4«^     x  +  4       x2 

1  4      /    i        ,    4  _  g^      Jl  —  ££ 


First  — 

X 


/     \  ,523 

^     j:  -r  4  X       X       X. 

1  29         49 

.'.  r— r  =:  --  or  -^r 

X  +  4       x^       X' 


7 

X 


:.  X*  sz9  X  +  36  or  49  X  +  196 

/.  x«  —  9  X  =  36,  or  x«  -  49  x  :=  199 

81       81  -..-*»«         49« 

;.  x*  -  9  X  4-  —  =  —  4*  39  or  xs  -  49  X  4-  — r-  = + 

4         4  4  4 

3185 


9     ,    15        ,.  49     ,     ^3165 

/.  X  s=  --.  ±  —  =  1 J  or  —  3  or  X  r=  -7  ±      — — 
S  8  2  2 


— =-2^ the  positiye  and  negatm  values  corresponding  to 


likeTabesof  V  x  +  4  in  the  original  eqaatioo. 


116.    ir""^ 


Vy^'s  4*^*"*'  Jt»  +  3  x«  y  +  S  xy«  +  y^ 


=  fl« 


or  6  +  3  xy  (x  +  y)  =  a* 

Henoe  x  y  s=  — - — 
^  3a 

/.  4xy  r=  /  (a»  -  *) 
^       3a^  ^ 

Now  x«  +  2  X  y  4-  Jf  •  =  a* 
.•.x«  -.2xy4-y«  =  a«--(a»  -   6)=  — 

^       3a 

4  6 -a* 


/.x-y=±   ^/      ^^ 
Bnt  X  4-  y  :s  g 


/4  6  -  a»     .  o  ^  1      /  4  6  -  a* 


8a  ^       2  •    '   ^  3a 


117.        X2  =  y«  1 

x4-y+2=21> 
x2  4-  y*  -^-z^  =  189-1 
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First  a:«  +  z«  +  2  ar  2  =  189  +  y« 

.\  x  +  z  =z  ±  >/l89  +y*  =  21  —  y 
/.  189  +  y«  =  441  -  48  y  +  y« 
.*.  42  y  c:  441  -  189  =  252 
252 
^  42 

Hence  x«  +  z«  =  189  -  86  =  163 
and  2  g  g  =  2.36  =  72 
/.  X  -  2  X  z  +  Z«  =:  153  -  72  =:  81 
/.  a:  -  «  =  ±  9 
and  a:  +  «s=21  -ys=15 
/.  2  a:  =  24  or  6 
2  z  =  6  or  24 
/.  a:  =  12  or  3 
2  =s  3  or  12 
y  =  6 
The  corresponding  values  of  x,  y,  z,  are  12,  3,  6,  or  3«  12,  6. 
X  and  z  being  similarly  involved  in  each  of  the  given  equations, 
interchange  values* 


118.  V5+^  +  V^  = 


—  16 


V6+X 


First,  6  + a?  +  V5x  +  r^=  15 


or  V  6x  +  x'  =  10 

—  X 

/.  5x+x'  =  100 

-  20X 

+  x« 

/.  85x  =100 

100 

or  X  r=  -rr -  ==  * 
25 

119,           x«  +  y*=: 

34' 
10 

a^-^xy^ 

Let  x=: 

vy 

Then  T;'y«  +  y»  = 

34 

v'y''  -  vy*  = 

10 

,    v'  +  1    _  34 

"  t>«  -  t?    ■"    10 

orlOw'  +  10  =  34v*  -  34t; 
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/.  24v*  —  S4v  =  10 
Henoe  t?*  —  {iv  =i-f^ 

17  17*  5  172 

12     ^  24«  18  ^   242 


529 


/.  ti  =  H  ±  f  i  =  IJ  or  -  A  =  *  or  -  i 
Hence  a?=:fy  or  —  -J^y 

/.  y  y*  +  y'  =  S4     /.  y«  =  9  and  y  =  ±  3 

Again,  ^  +  y*  =  84     hence  y*  s=  32  and  y  =  ±  4  V  2 
;.  x=:|.(±8)  :=±5,aildxaIsoc=  -  |y=  -i- (±4V"^ 

and  the  correspondijig  valnes  of  x  and  y  are  5,  3,  or  —  5,  —  3,  or 
-  V^i  *  V^»  or  +  V"2,    -  4  V^- 


120.      a  +  X  +  V  2ax  +  x*  =  6     ^ 
First  i/  2ax  +  X*  =  6rrra  —  x 

/.  2ax  +  JJ*  s=  ft  —  al*  —  26~a.  x  +  x* 

=  b  -  al«  —  2ia?  +  2ax  +  x* 
or  26x  =  6  —  d * 


X  s= 


26 


121.  y -:  2L 

X         x+y  y 

X x+y  _^    y^ 

y  X  X 

From  the  second  equation  we  have 

—  -    1    -  y.   =:    y- 

y  XX 


X 

or—  — 


2 


\ 
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y 

.'.  J  =:  2  y  or  —  y 
Hencef  ^-H5^  =  l2ti^li^ 

%       »y  +  y  y 

'  /.  ^  -  f  =  Sy    /.  y  =  -  Vs 

Reducing  the  first  equation  and  substituting  for  x  its  other  value 
(—  y)  we  obtain  y  i=^  o 

Hence  x  =:  8y  or  —  y  r:  —  -J  or 
The  corresponding  values  of  x  and  y  are  —  ^,  —  -j^ff  or  (o,  o) 

X  x— 9  9 

100  —      ■  —  — 

x+2  3j:-20  is 

X2-7X-18  9  ,     18 

First,  X  ^ —^—^^^  =  -3  ^  +    - 

lSa:«-91x-2S4       ^      ,    ,^ 

and  ISx =:  9x  +  18 

Sx-SO 

18x2--91x-234 

or  4j?  —  18  = 

3a;- 20 

/.  12a:'—  134jr  +  S60=:  13 a:*  -  91  x  -  234 

or  J?  +  43x  =  360  +  234  =  594 

43«  4    2  4225 

/.    x«  +  43x  +— —  =  594  +  — —  =5  — 7- 


43 .    V  ^^^5  _    .    65 

•'•*"*"T~"  4      ""2 

•'.  X  =  ± =  11  or  —  54 


123.        X*  -  X*  +  y'  -  y'  =  84 
x*  +  x»  y«+  y»  =  49 


s 


First,  (.t'  +  y')*  -  aj^'y'  ^  (*"  +  yO  =  84 

But  -  2x»y'  =  2  (a:»  +  y')  -  98 
.••  (-t'  +  f)"  +  J*  +  y'  =  84  +  98  =  1S2 
/.  (x'  +  y')'  +  x"  +  y'  +  i=  i  +  182  =  -^ 


I 
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/.  4:«  +  y«=-  —  ±  — =  ISor-  U 

Eeocea^y*  =  49-13  or  49  +  14  =r  36  or  63 

.-.  j:  y  =  ±  6  or  ±  3  i/  7 
Hence  j:*  —  Sxy  +  y*  =r  IS  if  18  or  13  if  6  a/~,  or  it  =  -  14 
if  12or  -  14:f  6i/7 

.-.  a:  -  y  ==  ±  1  or  ±  5,  or  it  =  ±  V  13  :F  6  ^,  or  it  =r  ± 

V  -556  or  ±  V  -8,  or  it  =  ±  V  -  14  if  6  V~7 


Similarly  IT  +  y  =  ±6  or  ±1,  orit  =  ±  Vl3  ±6.  ^  7,  or  it 

=  ±  V-«  or  ±  V-2«>  or  it  =  ±  V  14  ±  6  ^  t" 

Hence  corresponding  yalnes  of  x  and  y  are  easily  found,  wbidi 
fi^m  X  and  y  being  similarly  inrolved,  will  interchange* 


124.     ^  +  iL^^i£  =  4- 

X  j;  6 

I  V   *        .-S o         ^*  x«-a6 

!  First,    i/a*— x'^  =  —  -  o  =  — r — 

O  0 

,        ,       X* -'Sa&x* +a«62 
/.  a  '^  or  sz     .1 

/.  6^a"-6*x*  =  X*  -  2a6x»  +  a' 6* 


.-.  X*  =  2a6  — 6*.x* 


and  x=±^8a6  —  6' 


125. 

j-y" 

::} 

^'y* 

First, 

--  =  4 

y 

and  x^ 

s- 

b 

y' 

• 
• 

1 

.x=  — 

y* 

9 

yp 

'  -t  =  y 

^  ^  s 

= 

1 
y  ' 

•  p  — Mf 

• 
•  * 

«A^ 
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w 

••  y  =  — =—• 


and  x*  r=  — r  =  a  X 


m  n w 


y'  " 


a»p'-'ti9         o«/'  — "•f 


n 
bnp  —  ^V 


a«p— «tf 


126.  a:  +  •/  ^^  +  V^^  +  96 


J  =2  11 


First  ij  y;^  ^  >/  jr«  +  96  =  11  -  x 

.•.  x«  +  V  ^*  +  96  =  181  —  22  a:  +  x« 

/.  V  a:2  +  96  =:  121  —  22a: 

.-.  a;«  +  96  =^  14641  -  5324x  +  484  x^ 

:.  488  x^  —  5324  a;  =  96  —  14641  =    —  14545 

5324  14545 

•'  ^  483  483 

8   +   324  /  2662    \«  61009 

/.  x^ — : —  a?  +  ^ 


/  2662    Y  _ 
V     483     /     "" 


483  ^V     483     /  483« 

^662     ,      247  2909 

/,   X  =:   +  z=   or  5 

483  4S3  483 


127.  a:  (y  +  z)  =  a-|  First  x  y  +  a;  z  =  a. 

y(x  +  z)  =  6l  xy  -V  y  z  ^h. 

z  (x  +  y)  =  cJ  X  z  +  y  z  =  c. 

/.  by  addition  2xy  +  2xz+2yz  =  a  +  6  +  c 
/.  2xy=:a+6  +  C-2c=:a  +  fc  —  c 

2xzr=a  +  6  +  c-  26  =  a  +  c-6 

2yz  =  a  +  6  +  c~  2a  =  6  +  c  —  o 

Put  -1-Z — Z-1  =  S  then  x  y  =  ^ =  iSf  -  c 

3S 


X  z  = 


2 

a  +  c 

— 

b 

2 

6  +  c 

— 

a 

s:S- 


yz=  — 3 =  5-  a 
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Hence,  x*  y*  z'  sz  (S  ~  a).  (S  -  b).  (S  -  c) 
viAxyz=s±  V  (S-a).(S-  b).  (S  -  c) 

Hence  :c  =  ±  /^ESiEEMES  -+,AS-b)(S~c 

S-a  -^V        g_^ 

.nJ.-;yf  ,  ^V(^-«)-  iS-b).(S-c)__^    /S -a).  (S-^  CI 
*     X*  ~  S-b  ~^^  S-b  ' 

«^,^^y'^'^iS-a).(S-b).iS-c)            /{S-a)  (S-b) 
~  xy  "^  S-c  -  *^        5  -  c 

The  oorresponding  values  must  have  the  same  sign. 

Otherwise.    Let  x=svy,  zszwy.    Eliminate  y*  in  the  Ksnit* 
inf  equations,  &c.  &c. 

Pirst,8ar*  +fi  =  a?*  +  4x3  +6a:«  +4x+  1 
.-.  X*  —  4x3  +  6x«  -  4x  +  1  =  12x« 
or  (x  -  1)*  =  12x2 

-  ar  —  il «  =  ±  ^"s .  2  X 

orx«  -2x+l=:±87^j; 

.-.  x«  -  2.  (1  ±  /s)  X  =  -  1 
.-.  ««  -  2  (1  ±  Vl)  X  +  (1  ±  /^i  =  (1  ±  /3)«   -  1 

=  1+3  ±2  VT-  1 
=  3  ±  2  V"l 

/.  X  -  (1  ±  ^/  3)  =  ±  /TilTT 

.-.  x=i±V3±V8±2  V"8  an   expression    which 
cwtains  the  four  surd  values  of  x. 


129.        V  X*   -   1  +  ^  x«   -  1  =  x* 

First,  V^*  -  1  2=  x3  -  ^x«  -  1 

.'.  X*  -  1  =  x»  -  2  x3  ^x2  —  1  +  ars  -  1 

/.  X*  =  x«  -  2  X*  ^xs  —  1  +  x« 

/.  x«  =  X*  -  2  X  ^x«  -  1  +  I 
VOL.  I.  E 
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Or,  a:*  -  Jf •  -  li  V«*  -  «*  s:  -  1 

/.  v^f*"^^^^^  -1  =  0 

/.  ^jr*  -  x«  =  1 
and  ar*  —  x«  s=  1 
Hence,  x*-x*+i  =  l+i=:4 

*  8 


and  a:  =  ±     /  l±J's 
^        2 


51 


ALGEBRA  IN  GENERAL. 


130.      Fob  the  proof  see  Wood, 

216  )  3186  (  14 
S16 


1096 
864 


168)816  (  1 
168 


S4)  168(3 
168 


.'.  54  is  the  greatest  oommon  measure  of  816  and  3186, 
being  dirided  by  it,  we  have  — —  reduced  to  — . 

3186  69 


UL     Put  .1666  ...  :=  S.    ISxltifly  by  10< 
Then  1 .  666 . . .  s=  10  5 
Again,  pot .  666  . . .  =  jST  and  multiply  by  10. 
Then  6  .  66 . . .  =  10  S^ 
Or6  +  iSr  =  loS*. 
.•.  9  iSf  =  6 

Hence  1  +  f  =  10  5. 

.-.  5  =  f  ^  10  =  ^  =  f 

Vim  f  of  a  pound  =  -V«**  =  ^  i^* 
if.  =  JAci.c:4d 

B  2 
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.*•  the  Talue  reqnued  is  Ss.  4d. 


132,  Vl  +  x  :   l  =  l  +  r^a:  +  — .   '=^-—  a?«  +  dee.   :  1 

by  the  biiiomial  theorem. 

Now,  since  j?  is  Yery  small  compared  with  1,  the  terms  which 
inyoWe  x^,  j;',  Sf^c.^  may  be  neglected. 

/.   \X  1  +  ar :  1  -s  1  +  5  :  1  nearly. 

It  must  be  supposed  that  m  is  a  whole  nomber,  or  a  firacf  ion  et 

1      ^-1 
considerabk  mafpitiide,  or  — . might   be   as  great  as 

x^  is  mall,  and  their  product  too  great  to  be  neglected. 

133.  For  the  required  proof,  see  Wood,  or  Woodhouse,  (AnafyL 

CaL)  788.768264(904 

729 

Za'^  =  248  )  9768,  and  248  is  not  contained  in  97 
8  (a^hy  r=  24800  )  9768264  which  is  contained  4  times  in  97688 

97200       =  Z.{a+hY.  cl 
4820    ==  8.(a  4- O-c^r subtrahend 
64  2=  c«  3 


9768264 

A  9.04  is  the  root  required. 
N.  B.  It  is  evident  that  when  the  number  is  a  perfect  cube, 
the  first  digit  in  units*  plaoe  is  such  as  would  be  produced  In  the 
units'  plaoe  by  cubing  some  one  of  the  numbers  0, 1, 2 . .  T  9. 

134.     Let  a  and  6  be  the  extremes. 
Then    — —  =  the  arithmetic  mean. 

and  ij  ah  ^=z  the  geometric  mean  (since  a  :  geometric  mean 
::  geometric  mean   :  h.) 

/.  the  arithmetic  mean  is  >  gecmietric  if -^^  be  >  V  «  ^>  or 
a  +  *  >  2V  a6,  ora«  +  2a6  +  6«>4a6,   oro«-2a6  + 
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ft*  >  0,  or  (a  —  b)*  >  o,  which  is  the  caae,  since  erery  squve 
is  posittre,  and  a  is  supposed  not  r=  to  6. 

135.        Let  x«  +p«  +  7=:obethe  quadratic. 

Now, pot  (x  +  Q)2  =  a:«  +  8  ftar  +  Q«  =  jp2  +  px  +  QS 
and  equating  the  co-efficients  of  the  like  powers  of  x. 

.-.  Q  =  — 

andQs  s=:^ 

/.  the  quantity  to  be  added  to  both  sides  in  order  to  complete 
the  square  =:  the  square  of  half  the  co-efficient  of  the  second 
term. 

Otherwise  (which  is  better.) 

Since  (x  +  Q)*  =  a;«  +  2Q,x  +  Q%  it  is  evident  that  Q%  the 
qnaDtitj  added  is  the  square  of  half  the  oo-effideut  of  the  second 
term. 

136.         (l)    Let  r  be  the  common  ratio. 
Then  1,  r,  r*,  >^,  r*,  82  is  the  series. 
Now  the  last  term  =  first  term  x  r^  ::^  r^. 
or,  7*  =r  38 
.".  r  =:  S 

.*.  the  required  means  are  2,  4,  8,  16. 
(2)  Again,  let  d  be  the  common  difference. 

Now,  ^  last  term  =  the  first  +  n  -  1.  d  (n  being  the  num- 
ber of  terms). 

.'.  11  =  1  +  4df      .-.  rf  =  — =  - 

4        2 

and  the  means  arelH--9l+5,  1+  — 

8  2 

7  ^17 

or^,  5and  — 

137.         Let  .123333 =  5. 

.'.   12.33 =  100  & 
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ApOM  fat  .85  . 

•  •  • 

s5'. 

•*•  3»3o  •  > 

■ 

•     •     a 

=  10  iS'. 

/.  8  +  5f' 

c= 

10  iS'. 

«/       S 

1 

or  5'=  -  = 

9 

8 

100 

800 

N«w     ^^-.i 

87  X  20 

74  ^7 

_       _  __  S,  = — *.   r=  2— -s. 

800  800  80  15 

and  rT^=T7^—  T*^^  ^7*^* 
15  15  5  6 

and  -a.  3=  —  ocssS-o 
5  5  ^  5^ 


/.  the  value  required  is  2$.  Sd.  Sf^. 

Otherwise. 
Multiply  dedmally,  hy  90, 12,  and  4  successively,  &c. 


138.  a 


a  x^  x^  x^       • 

8a  8a'         16  a' 


a» 


».<  - 


2a'  / 


4a« 


2a    —    — ^i 

I  i    I  J.  /iS 


a  8a 


4a«         8a<*        64o» 


x«  a?i« 


Sa^         64a^ 


Otherwise, 
which  will  give  the  same  result  as  before. 
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139.  brs,  ar**~t,wlM«eriB  tie  enmoMm  ratio,  midmthe 
mmiber  of  terms. 

Botns:  S 

.*.  6  =:  a  r'^ 

•■• '  =  (t)' 

•••  "(!)•■- (4)*-;(4y-(4)'-(^)'-(4)' 

or,  6^  a^  6'.  a^  6^  a^y  6\  as  6^  a%  6^.  as   are  the  means  le* 
qiHieiL 

140.  Let  x»  +  y«  =  x«y  +  y«a:  +  Q. 

or  (or  +  yY  -  (S  x^y  +  S  a:y«)  =  x*y  +  y«x  +  Q. 
.-.  X  +  y^  3  -  4  xy.  (x  +  y)  =  Q. 

•••  (*  +  y)  •  («  +  yl*  -  4  j:y)  s=  Q,  

Bat  X  +  y^  •—  4xy  =  x«-2xy  +  y«s:  x  —  y\  « 

.'.  Q  =  (x  +  y).  X  — yV>  which  is  po8iti?e. 
.'.X*  +  y^  is  >  x«y  +  y^xby  theqiiantity  (x  +  y)  (x  -  y)«. 

141.      By  Woi>d, 


.•.V7-4v-i=^/T±l-y! 


7    -    1 


8         ''a 

142.    The  last  temi  100  =  lOr  **<»  n  being  the  number  of  terms. 

.-.  100  =  10  r».      .\  r  =:  lOi 

.-.  10 .  10*,  10  .  10* 

or  10$,  and  w  are  the  means  reqidred,  which  may,  by  first 
ittsing  them  to  the  4th  and  5th  powers  respectively,  and  after- 
wanb  extracting  their  cube  roots,  be  expressed  in  nnmbers. 

143.  Let  X  —  y,  X,  X  +  y  be  the  numfam,  y  being  their 
common  difference. 
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'Then  x^y  +  x  +  x  +  y:si  15|'or  S  a?  £=  15,  or  x  =  5. 

Also  X  —  y\^  +  x^  +  a?  +  y^  3  ;::;  495 

/.  a?3  -  3  j:«y  +  8  a^2  -  y»  +  x»  +  a:«  +  Sx*y  +  Sj:^*  + 
y3  =:  495. 

or  3  a:^  +6  ojy*  j-  495. 

.".  3.125  +  6.5.  y«  r=  495 

.-.  y2.  30  =  495  -  375  =  120 

/.  y2  =  4  and  y  =  ±  2 

A  5  qp  2,  5,  5  ±  2. 
or  3,  5,  7,  are  the  numhers  required.    The  signs  merelj  indi- 
cate that  the  series  may  descend  as  well  as  ascend. 

144.         Let  .7485353 :=  S 

Then  748.  5353  .  .  .  .  =  1000  S 

Again  put  .5353  ,  ,  ,  .  :^  S' 

Then  53.53 =  100  iS' 

or  53  +  5'  =  100  5' 

53 

99 
„  ,  53         74105 

Hence  1000  iSf  =  748  +  —  = 


S   = 


99      99 
74105     14821 


99000     19800 


145.  If  a  he  the  root,  the  remainder  (r),  cannot  exceed  2^^  1. 
For  (a  +  1)«  -  a«  =  a«  +  2  a  +  1  -  a«  =  2  a  +  1 

.*.  if  2  a'  +  1  he  the  remainder,  the  quantity  to  be  extracted 
a  +  r\  *  contains  a  root  a  +  1  which  is  >  a,  contrary  to  the 
supposition. 

146.  For  the  investigation,  see  Wood. 


'Ja  +  isf  *  =      /g-f  ij  a^  -h  /a  -^  ^  g^  ^ 


Hence  a  :=i  0 


Hence  VT^^  =  \/—  "*"  y/^  =   ±  1  ±  V^- 
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.'.  either  l  +  V'*'lor-*l*V*li9t^  root- 

147.        Let  .785454 s:  S 

Then  78.5454  .  .  .  .  sz  \00  S 

Again  pat  .5454 :=iS' 

Then  54.54 =  100  <Sf' 

/.  54  +  «S'  =  100  S' 

«/        54         6 
•'•  ^  =  5S  =  IT 

6  864 

.-.  100  iSr  =  78  +  —  =  ' 

11  11 

864  216 


1100  275 

148.      Let  a;  —  3y,  X  -  y,  a:  +  y,  a;  +  3y  be  the  requiied 
nambera.  By  being  their  common  difference. 
Then,  adding  these,  4x  =  56,  or  or  :=  14 

Again  x  '-Sy\  «  +  x -^  Sy\  «  +  x  —  5A  «  +  ar  +  y\  «  s=  864 
(V  2  ar<  +  18y«  +  2jr«  +  2y«  =2  864 
or  4x«  +  20y«  =  864 
or  20y«  =  864  -  4x«  =  864  -  784  =  80 

/,  y«  =  4  and  y  =  ±  2 
Hence  14  qp  6,  14  if  2,  14  ±  2,  14  ±  6. 

*       '      '      >  are  the  numbers  required,  the  signs  only 
20,    16,    12,    8^ 

ihewing  that  the  series  may  descend  as  well  as  ascend. 

149.         Let  .726363 =  5f 

Then  72.6363  .  .  .  .  =  100  <Sf 

Again  put  .6363  . . . .  =  jS' 

Then  63.63  .  :  .  .  =  100  iS" 
«63  +  S'  =  100  iS' 

••^-55  "-11 
7 

Hence  72  +  —  =  loo  S 
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7§9 
or  5=  T 


1100' 


150.         Put  .6368 :=  5 

.-.  63.68  .  .  .  .  =  100  iS^  * 

Hence  1.6863 =  ^  "•"  77  ^  il 

and  TT  0*  *  crown  r=  --  of  —-  of  a  guinea. 
11  21       11  ° 

s= s=  —  of  a  guinea,  which  may  be  expressed 

decimally,  by  actual  division. 


15h         S09  )  880  (  1 

209 


171  )  209  (  1 
171 


88  )  171  (  4 
152 


19  )  88  (  2 


.*.  19  is  the  greatest  common  measuie  ct  209  and  380,  which 

209  11 

being  divided  by  it,  -- —  is  reduced  to  — -. 
^  "^        380  20 


152.        Let  d  be  the  common  difference, 

Th€Di  +  {i  +  il)        +(i+arf)       +*...!  +  {«-  1)4=5 

AUo  (l+«- l.d)  +  (TTft  -8^        +  (r+ir-34l)  +,  Ac.  +1  =  8 


2  +  n-1  .d)  +  (2  +  n-  l.d)  + +  (»  +  »-  l.d) 

:  2  <S^,  by  addition. 

or  n  .  (2  +  n  -  1  d)  :£  2  S 


ALOnRA.  M 


.\  2n  -^  n.  n  ~-  I  d  :=i  2  S 


or  It.  n  -  1  d  =  9  .  (5  -  n) 
n  .  (n  —  l)* 


153.     Let  X  -  8y,  a;  -*  y^  x  +  y^  x  +  Syheihe  mimben. 
Then  2y  =  8,  or  y  =:  g 

™»  (  *  -  I)  (^+  I)  (^  -  I)  (^   +  I)  =  «do 

or  X* «•  +  S3  880 

8  16 

..x^-^x.  +   (-)     =880-—+    (-) 

^     16 
•        46         .76 

46  ±  76  181  81 

/.  x^  ts  =5 or  —  -r- 

4  4  4 

/.  x=  ±11  or  +  :Gli  which  latter  ?aluc,  ^"^£1  being 

2-^8  8 

inqpossible,  cannot  answer  the  conditions  of  the  question. 

,11       9     .11       S     .  11*^  S      .    11  ^  9 
Hende±--5,±--5,  ±Y  +  ?    =*=-8  +8  "'' 

If    4,    7,     1^  I  are  the  numbers  required,  n^tiye  Talues 
-10,-7,-4,-  1  J 

answering  as  weD  as  poaitive  onea. 


154.      Generally  5:=(2a+n-l(0-»  where  a  is  the  first 
tenn,  d  the  common  difference,  and  o  ibe  number  of  tenBB. 


n'       n       n 


9 


HenceS  =  (8+n-l)g=  n  +---==-  +  5 
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iS'  =  (2  +  8.n  -    l)is=n^ 


n 
2 


n  3n^         Sn        3n^         n 


.%  iS  +  iSf   =  =  —  +  -  + = =  2»*=:  2S. 


155.  5=1+    (1  +  m)    +(l+2i»)  +  ....(l+n-8.») 

+  (1  +  n  -  1.  »i) 


Also  iS=(l  +»-  l.»i)+  (1  +n-2m)  +  . . . .  +  (1  +  m)  +  1 


/.  2  S  =(2  +  n—  lwi)  +  (2  +  »  —  l»i)+....n  terms. 

=  n.  (2  +  n  —  1  »i)  =  2  »  +  mn^  —  in»  =:  mn*  —  w  —  2. ». 

mn*  —  (»i  —  2)  » 

/.   S  ;= ^ — -r — ^  ' 

2 


156.      Their  angular  velocities  are  as  9  to  5. 

Let  d  be  the  Z  described  bj  the  slower  hand. 

9  a 
.*•  -  w  =:  ditto  by  the  swifter. 
5  -^ 

=  4  R.  ^  +  d,  since  after  leaving  the  slower,  it  must  evidently 

gain  the  whole  circumference. 

Hencef  d  =  4R.  iif. 

.%  V  =:  5  R.  ^  r=  (in  time)  5  hours  +  J  of  5  hours. 

=  54-^  =  6  +  }  hours. 

•*•  After  a  hours  and  a  quarter,  or  6  hours  and  15  minutes  they 

meet  i^;ain. 

157.        Let  X  be  the  less. 
Then  x  +  4  cr  the  greater, 
and  2  X.  (x  +  4)  s=  x^ 
or  2  .  (x  +  4)  =:  x< 
•  •  X    ^*  2S  X  sm  o 
.*.  x«  -  2x  +  1  =  9. 
/.  X  -  1  =  ±  8 

x=l±8  =  4or  —  2 


. . 


:.  4,  8,  OT  -  9,  and  4-  9  each,  answer  the  conditions  of  the 
qnestioii.  ^ 

158.  336  )  7S0  (  2 

678 


48  )  336  (  7 
336 


•  •  • 


.'•  48  is  the  greatest  common  measure  of  336  and  790. 
kin     48  )  1736  (36 


144 

S96 

288 


8  )  48  (  6 
48 


Hence  8  is  the  greatest  common  measure  of  48  and  1736,  and 
:.  of  836, 720,  and  1736. 

159.        For  the  proof,  see  Wood. 


V   a    -  V"ft  =  y^+jL^JZl  •  y/±^ 


a^  -  b 


2  2 

Hence  o  =  5,  ^"T  =  +  2i^6or&==24. 


•    / 7=  /5  +    1  /5   -    1 


2  ^2 


=t±V  3=F  V« 


160.         Put  .012323 =5 

Then  1.2323  ....  s:  100  iS^ 

Again  let  .2323 =z  S' 

Then  23.23 100  iS' 

.-.  23+  'Sf':=:  100  5' 
or99iSf  =  23 

99 
«  «        .        23         122 

Hence  lOO  5  =  1  +  —  = 


99  99 


188     $1 


.%S2= 


9900   4950 


'^^'^  4555  ^  -  "l96o~*'=  4w'- ==  — iSi-^- 

1464  _   ^  474  _ 
49?^    l95^ 
.,   474  .    1896     ^411      ^  137 
495     495^      495  ^  -  **  liJV- 

187 

>.*.  the  ndae  reqviied  is  arf.  a  -r--r^. 

165 


Otherwise. 

.018383 
80 


.84646  . . . 
18 


8.95767 

4 


3.83080 . .  4 . 

STltt  .OoOpO  •  •   •   •  «S   19 

.*.  &  S080 . . . .  s:  10  iS 
Again  let  .8080  . ..  ss  S" 
:.  80  +  S"  silOOS' 

.    c/  -  «>  -  »0 
••*  -  99  -  83 

Hence5  =  *  +  *''       '^^        ^^ 


33         330   "^    165 


10 

« 

.*.  the  mlue  is  as  before. 

161.        Let  .8181 =  iSf 

Then  81.8181 =  loOiS 

or  100  5=  81  +  <Sf 

81         7 
.-.  5=  — =  — 
99        33 
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162.        I^et «  be  the  digitof  units,  y  that  of  tens. 
ThenlOy+x^thanumber. 

ttd  by  the  qoestion     ^  :^  «1 

^lOy+j^  +17  =  10x+y 

Haioe  lOy  +  ^  =  21y  -^  91  » 

.*.  lly=:82j; 
ory  =  8x 

SOr  +  X 


to-fx 


4-  17  s=  10  X  +  9x 


or?i  +  17  s=  l«x 

A  12  X  =  17  +  7  =  24 
andx  :=  2 
Henoey  =  2x  cs  4 

/.  the  muaber  fequibred,  is  42. 


2-4V^-2  =  x-  yf /.  x»-y*:=  ^4  + 
2+  4V  -2=:x  +  y)     ^^^ 


1^      Let   V2-44r- 2  =  x- yf /.  j*-v':=  4/4 +S2 

Then  V 
Again  2-4  V  -«  =  a*-2xy  +  y*.'.  «*  +  y*=s2 

—  ±6  +  2  .  .     r-f— 

Henoex*  =   — r^^- — 2=4or-2,  .-.x  =  ±  2or±/-^2 

2 

y*  =       ^^  s=-2or4,/.  ys±  ^  -  8or  ±  2 


i  /^8  qp  2. 

164.        Let  X  be  the  number. 
ThenSx  +  2x^=:  1 
/.  «  +  I  X*  =  i 

••    ^+i^+    5  =  3  +  9  =  5 

.-.  X*  +  -  =  ±  - 
3  3 

•*.  x»=± =  -<»—  I 

-^3        3        3 
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/.  *  =  -  or  1. 
9 


N.  B.  The  negative  value  of  a^  must  be  taken,  because,  in  the 
operation  the  positive  one  is  not  introduced. 


165.        For  the  proof,  see  Wood. 
Let  V 1  -  4  V  —  S  =  X  -  y( 


Then  Vl  +  4V-3=^+y. 

Also  1-4  V  —  S  ==  «*  -  2ary  +  y^,  A  a:^ .+  y«  =  1 

±7+1  

Hence  x«  s= g —  —  4or-S,  .*.  ar  =  ±  2  or  ±  ^  -  s 

y*  =       g       =  -  8  or  4,  :.y-±  V  -  3  or  ±  8 
A  ^  1  —4  V-  S=  «  -y  =  ±2q:^-Sor±  V-  3^8 


166.        For  the  proof,  see  ffbocf. 

""      ""      +  2f    f  Hence,  as  in  the  preceding 


-  3  =  a;  +  y    I 
-.3  =  a?  -  y   3 


Then  ^  i  -  4^  V 
solution,  a:  =  ±2or±i/  — 3 
y  =  ±  V^^3  or  ±  2 

and  ^1  +  4  V  - 3  =  x+y  =  ±  S±  V— 3. 

167.        Let  X  and  y  be  the  two  numbers. 
Then  xy  =  24 
ar«  +  y«  =  52 
.'•  2  ory  s=:  48 

.'.  ar«  +  2a:y  +  y«  =  100 
and  a?  +  y  =  db  10 

Also  x^  -  2xy  +  y«  =  4 
/.  x  —  y  =  ±  2 
.'.  2a:  =  ±  12    or  x  =  ±  6 
2y  =:  ±    8    ory  =  ±4 
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168.  Let . 346565....  =:  i9 

Thffl  34.6565 =  100  5 

Again,  let  .6565  ....=:  5' 
Then  65.65 r=  100  5' 

.-.  65 +*iS' 5=  100  5' 

99 
a  o         «.         «5        3431 

Hence  100  5  =  84  +  —  =  -— - 

99  99 

.'.  iSf  zr  the  answer. 

9900 

169.  Let .  124343 22  S 

Then  18.4343  ....  s  100  5 

Agab,  let  .4343 s:  5' 

Then  43.43  .  .  . .  =  100  5' 

flr43+  S'  =  1005' 

43 

99 

'  «  43        1231 

100  S  s:  IS  -f  —  =  --— 

99  99 

••    ^  •-  9950- 


170.     Their  angular' velocities  are  as  5  to  60,  or  as  1  to  If. 
Let  V  be  the  angular  distance  of  the  hour  hand  described  from 
12  o'dodL  Then  the  Z  described  by  the  minute  hand  s  HB  x  d. 
And  12  9  s:  8  X  4  R.  i^  +  9,  (since  the  minute  hand  must 
gain  two  complete  revolutions  upon  the  other.) 
Hence  11  d  ==  8.  R.  ^ 


8 .  R.  i£        24 


•  a 


0  =s  ■   '    ■* —  =s  --.  hours  (in  time,  since  R.  Z  =3  hours) 


11  11 

25  2  —  hours 

«•         2.  120     .        ,^10     . 

Now   — h.  =  -»— -min.zslO -^  min< 
11  11  11 

,  10      .  600  ^^6 

and  —  mm.  =  — T"  sec.  s  54  — • 

Aw  a  a  ji  a 

▼01. 1.  t 
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ft 

.*.  they  meet  10'  54"  —  after  two  o'clock. 
•^  11 

171.  Let  X  and  y  be  the  digits  of  units  and  tens  respectively. 

Then  the  number  =  10^  -f  x 

,  lOy  +  a:       ^         8        27 x  +  8 
and  — ^— ^ —  =  27  +  -  = —- 

X  XX 

lOy  +  X        ^         2'27a:+« 

— =r  Sx  +  -  S5     ■    »  ■ 

9  9  9 

••.  lOy  +  ar=27ar  +  2s=l0y+x 

Hence  there  is  only  one  independent  equation  for  two  unknown 

quantities^  and  any  integral  values,  less  than  10,  of  x  and  y  which 

will  satisfy  the  equation  lOy  +  x  =  27x  +  2,  will  give  the 

answer  required. 

To  find  which  ralues,  lOy  =:  86  x  +  8,  .*.  y  =:  8  a:  + 

-.       6  X  +  8  ,  .    9w—  1 

Put  =  w   /.  6  X  +  8  =  10  w  and  x  =  w  +   

10  8 

Put  8  10  -  1  =  8m;'. 

:.  »  =  «;'  +  — ^.  Put  w'  +  1  =  8  w'\    :.  w's:z2w''  -- 1. 

let  w"  :=•  1,  then  u;'  =  1,  to  =r  1  +   1  =  S*  and  a;  =  3  and 
y=  8. 
All  other  values  of  w"  give  y  >  10. 

Hence  88  is  the  only  answer  to  the  question. 

172.  6  =  a  +  ar  -|-  ar^j  whenr  is  the  common  ratio. 

/.  r«  +  r  55 1 

a 

I       b  1       4ft  -  8a 

4       a  4  4  a 


And  r  =  ±  ?     /tIEjl  -    - 

I  V — Z —       8 

_  ^  V  46  —  8a    —  V~a 

2  V~a 
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173.       The  interior  ^  4-  4  R.  if.  s  8.  M  numy  R.  ^  as 
tbe  figure  has  Bides. 

Let  X  be  the  nnmW  of  sides. 
ThcD  190^  +  125  +  130  +  ....  =  Sd?  X  00  -  4  X  90 
Now  (since  there  are  as  many  ^  as  sides),  the  niunber  of  terms 
in  the  series  =  :r. 

As 

Hence  180  x  -  360  =  («  a  +  a  -  1  i)  -  (a  is  first  term,   h 
the  common  term,  &c. 

=(840  +  a:"^^5)| 

__  240x         6a:«  5x 

""      2      "*"   "^  2 

or  6  x2  +  2S6a:  -  SOOx  =  -  780 

or  ««  —  26a:  =z  —  144 

25*  25*         49 

.-.  »«  -  25x  +  -=^  c:  -  144  4-  —7-  =  -r 

4  4  4 

25  .    7 

2  2 

25  ±7 

X  =: —  =  16  or  9 

2 


•  • 


When  X  =  16,  some  of  the  ^  ate  salient  or  >  180^ 

174.    For  the  proof,  see  Waod. 
Let  V  —  2niJ  —  m*  r:  a?  -  y 

Then    V  2k  V  -«^=  a:  +  y 

Hence  sj  W  ff?  s=  a:*  -  y* 

Also  -  2»  j^  ^m*si  «*  +  y»  -  2jry 
/.  jc»  +  y*  s±  O 
and  a;*  -  y*  =  dk  2»»n 

/.  2jc*  =  ±  2mn 
2y*  s  :f:  2mn 


orx  5=  ±  V  i  '•''* 
andy  =  ±  V  7  ^''^ 


Hence  V  -  8«  V  -  m"=  ±  V  ±««»T  V  T«"»'     ***♦ 

F  2 
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the  root  required  is  either  sj  nm  —  V  —  «»»i  o'^  —  V  *»♦*  + 
j^  ^  nm. 

175.     Let  m  and  n  be  the  extremes. 

Then    — - —  =:  a 
8 


^  m»  =  6  (form  :  6  ::  6  :  n) 


i«  +  n 


=  c  (for  »i:n::»i— c:  c  —  n) 


.^m  +  n 


Now,  a  is  >  6,  if  — - —  }q^>  »J  mn^r  w+ n^*  be  > ^mn 


or  m*  -  8wi »  +  n'  be  >  0   or  m  —  nV  be  >  0.       But  m  -  i»\* 
being  a  perfect  square  is  >  0. 
/.  a  is  >  6. 

Again,  6  is  >  c,  if  ^^  m  n  be  >  ,  or  if  j»  +  n  be  > 


m-^-  n 


2  sj  mn^   or  if  — - —  be  >  ^  m  n,  of  if  an  arithmetic  be  > 

a  geometric  mean.     But  this  has  been  proved  to  be  the  case. 
/.  6  is  >  c. 

Otherwise, 

Take  in  the  same  straight  line  two  lines  to  represent  the  ex- 
tremes, and  upon  their  sum,  as  a  diameter,  describe  a  O.  IVom 
the  point  where  the  lines  meet,  draw  a  line  X  to  them,  meeting 
the  circumference  of  the  O.  Also  from  that  point  inflect  a  line 
=:  rad.,of  the  O,  and  produce  it  to  meet  the  O  on  the  other  side 
of  the  diameter. 

Then  it  may  be  shewn  that  the  radius  inflected  =  a,  the  J.  ==  6, 
and  the  part  produced  of  the  radius  c=  c ;  and  hence,  that  a  is  >  6, 
and  5  is  >  c. 

176.  Let  a^  a-^-n^  a  +  2n,  |*c.,  bethe  quantities  wherein  x^  their 
common  diflerence,  is  inconsiderable  with  respect  to  themaeltes. 

Now  t±jii :=  !\.  f~;  ~/  .  , 
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(a  +  J^)' 
=  7 ^.   .  nearly  = nearly. 

/.  any  two  oonsecntive  terms  of  the  quantities  have  the  same 
ratio  as  a  +  x  and  a ;  or  the  quantities  have  a  common  ratio,  and 
are  /.  in  geometric  progression. 

177.       The  number  of  combinations,  taken  8  and  d  together 
«-l 

n-l     n-8 
3  and  8  •  •  •  •  n:  n  •  — r— .      ■ 

8  ■  3 

n-1     n-8     n-3 

4  and  4  ....  3:  n  •  — -*— .    — t""«       7~ 

9  8  4 

nand  n  =  1 

And  when  taken  separately,  the  number  =:  n 

.'.  ihe  total  number  required  ^  n  -i-  n.  — -  +  n  .  '-^. 
!z£  +  ,..,„.  lZl  +  „+l  =(l  +  l)--8+  IsE*"-  1. 

In  the  a]^cation,  as  there  are  six  difTerent  coins,  the  number 
of  different  sums  =  total  number  of  combinations  that  can  be 
fixrmed  of  six  things  =  8«  -  1  =:  64  -*  1 :?  68. 

,78.         l^^J^  ^  !«2i_«  (by  «taal 

816  10000  X  816        8160000         ^  ' 

division)  .0084 
Again,  let  .78388  ....  sz  S 
Then      7.8883  ....=;  10 .  5 

Also,  put  .8888 ^  S' 

Then       88.88  .  •  J  •  =  lOO  S' 
Or    f^  +  S'  :=:  \00S' 

•'•    'Sf'  =  — 
99 

83         716  ^  716  358 

Hence  105=7  +  -  =  -^     .-.5=-^=:^^ 
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/•  the  sum  required  =  5  + 


858 
495 


179.      x  —  o)  a:*  —  nax^  +  no*x  -  a*  (x^ 
x^  —  ax* 

-  (jt  -  I)  ax*  +  na*x 

■-^  (n  ■-  1) .  ax*  4>  (ft  -  1  )  tfgJT. 

a«  or  -  a» 

a*  a;  —  a* 


—  n  —  lax  +  a^ 


=:  n  . 


1 80.  The  number  of  combinations  when  taken  4  and  4  together, 

»— 1     n— 3    n— a         ,  ,  ,         , 

-,    and  the  number  when  taken  2  and  8 


2 


together  :3:  h . 


3  4 


Hence  n. 


n— 1     n— 2     n— 3 


2 


8 


»-l 

».  —T—  ::  15  :  2 


2 


Orn-a.   »-3  :  18  ::  15  :  2 


.".  2.n-«.  n— 8  2=   180 

.%  n*  -  5»  s=  90  -  6  s=  84 

25  25  391 

A  »*  -  5ji  +  —  =  84  +  —  =  

4  4  4 

.-.  n  -i  -  £=  ±  — 
2  2 


Since  12  is  supposed  positive  by  the  nature  of  the  question,  12 
is  the  only  answer. 

181.     Let  X  be  the  greater  nmiiber»  y  the  ksft 


•M        2        X 
Then   -y  +  -  =  7 

,  X 

and  y  —  -:=  2 
^        3 


••.   X  =  —  fi=  12 
2 


From  Ae  first  eqaation 

8  2 

and  y  -  y  =  2 


17     _  17 
i4^~   2 
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3 


182.      Let   V-3+6V--2==ar+y 

Then  V  —  3  —  6  ^  —  2  =  x  -  y 

and  7  »  +  72  =:  a:*  -  y» 

Also  —  3+6  V  —  «  =s  a:»  +  2ary  +  y' 
.-.   x«  +  y«  =:  -  8 
and  x«  —  f  *  IT  ±  9 


/.  X  =:  ±  i^  8     or  ±  V  •"  ^ 

y  =  ±  V-«    0T±Js 
:.  the  root  reqiuied  =  ±  V"3  ±  V  •"  ^ 


183.        First,  (a  ±6  V  -  0  ±  («' ± *'V  -  1)  =  («±  « ) 

±  (*±*')  V^»  which  is  of  the  fiwmA  ±B  ^  -  1.       This 
proves  the  cases  of  addition  and  subtraction. 

Again,  (a±b  ^'^.  (a  ±  V  V"^  =  aa'  iuft'  V"^± 

ab/^^bb'zzaa'-'bb'  ±  (aft +a  fc)  V^-^»  ^^ich  is  also  of 

the  fonn  A  ±  B  ^  -  1. 

.  .  a±W'^  -  (a±6^^^l)x(a'qty/^:^l) 

^^^a'±yV  -1         (V±6V-  1)  X  (a' t*V  -  0 

_  gg^  -  ty  q:  (g^  -  at)  V^^H" 
"^    .    '    ■  a«  +  *« 
aft'  —  ftft'        ay  —  ia'l^    . , . 

==  i^r+ipr  T  ^Fin^.  V  - 1,  which 


is  of  the  form  A  ±  B  V  -  t. 

The  same  prooefiB  will  evidently  apply,  whatever  be  the  number 
of  factors  in  the  sum,  dtifei^ee,  product,  or  quotient.  Hence, 
mee  invokilioii  ib  nOttuhg  nore  than  the  ceniinned  inillitAioAlMt 
of  a  (jnantity  by  itself,  the  proposition  is  tnie!ata>  ior  invofaUiovii    : 
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184.        «a-x)l(ij+-^  +  ^  + 

Ha 


X 

2a 


The  nf^  term  in  the  quotient  is  evidently 


X 

x2 

2a 

4a2 

a:« 

4a2 

y 

4^2 

8a3 

mt  is 

evid^mtlv 

x^ 

V    x^    and  the  corresponding  remainder    ,^  v 


Otherwise, 

5^  =  («a  -  a:)-i=  (8a)-i  x  (l  -  ^)"*  wfaicfa    bon^ 
expanded  by  the  binomial  theorem,  will  give  the  above  result 


185.      For  the  proof  of  the  mie,  see  Woo<L 

X®  —  X*  y* 

x«  y*  +  «♦  y*  +  ««  y  +  ya  dividing  by  y 
X*  y  +  X*  y*  +  ««  +  y« 
X*  y  —  X*  y* 


«*y«  +x«  (y«  +  l)  +  y« 
x^  y»  -  y^ 

x«  .(y«  +  l)  +y«.(y«  +  1) 

x«  +  y« 
wUdi,  dividing  x«  -  y«  without  a  remainder  is  the  greatest  com- 
mon raeasm^jeqaired. 
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186.  315  .  871  (  17.758 

1 
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87)  815 
189 


347  )  8687 
8489 


3545  )  18810 
17785  - 


35508  )  108500 
106509 


1991 

Tlie  greatest  number  of  n  fignres  is    999  • .  .  .  n  ternui. 
least  .        .  1000  .  .  .  .  n  terms. 

Wow,  (999 . .  .  .n  ienosy  =  (10"  -  1)«  =  lO**  -  8ao"  + 
1  z  100  .  .  ^.  (2n  +  1)  terms  —  a  quantity  greater  than  unity. 

/•  (99  . . . .  n  terms)^,  cannot  consist  of  so  many  as  (8a  +  1) 
tenns;  or,  if  there  be  n  figures  in  the  root,  there  cannot  be  more 
than  8n  figures  in  the  power. 

Again,  (100  « . . .  n  terms)*  c=  100  ....  (8  n  —  1)  terms. 

Or  the  square  of  the  least  number  consisting  of  n  figures  con- 
sists of  (2n  —  1)  figures.  /•  if  there  be  n  figures  in  the  root, 
there  eannot  be  less  than  (8a  —  1)  figures  in  the  power. 

187.       Let  a  and  b  represent   the  two  quantities,  A   the 
arithmetic,  G  the  geometric,  and  H  the  harmonic  mean. 

Tben    — ^ —  =  A 

7^=  G(v  o  :  G  ::  G  :  6) 

2ab 


a+b 


=  H  (va  :   6::  a- H  :   H  -  6) 


^         a  +  5  /-—  ,— r         8  ab 

Now  —^  :  'Jab  ::  Va&  :  -^^ 

or  A  :   6  ::  6  :  H,  /.  G  is  a  mean  proportioaal between 
AandH. 

Now, let  '■■       -  a  Vo&  +  g 
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a  +  b  ,--       a  +  A  —  2  j^/ ab 

..*=— J—  .  Va6  = g 

—  -i i—  —  a  positive  quantity. 

a  +  b  ,_ 

.'.  — 2 —  is  >  V  a6  or  A  is  >  G 

and  since  AistoGasGistoH,  Qis>H. 
/.  d  fortiori^  A  is  >  H. 
/.  the  arithmetic  mean  is  the  greatest. 


188.        (a2  -  62)i  =  a.  (1  -  ^V 

^        *     a2        8     a*        16     a^  ^ 

,     6«        16*         1      66       . 

a        8     a'        16     a^ 

189.       For  the  proof,  see  Wood. 


i/  7  —  a  V"i  =       /a+  Va'-6   +       /g  -  Vtt*'-6 

where  a  =7,  and  ^   6  =  —  8  ,y  3 

Now  a'  —     6  =  49  —  18  =  37,  which  not  being  a  perfect 
square,  the  root  cannot  be  expressed  by  a  binomial  surd. 

190.        For  the  investigation,  see  Wood 

Let  ^  2  +  8  V  1  -  a*  =:  x+y,  then^  2  -  8  V  1— a*  =  x  -  y 

and  V  4  —  4  +  4  a*  z=  a*  —  y*. 

Also  8  +  8  ^1  -  a'  =:  «•  +  y«  +  8  xy 
.-.  2  =  ;5*  +  y» 

•  

and  ±  8a  =  4B»  -»  y* 
.'.  X  =  ±  V  1  ±  a  1      .'.the  root  required  ■==  dt  v   1  d:  a 
y  =  q:  V  1  q:  a   r±  v    1  qi  a  where  such  signs  may  be 
taken,  as  give,  when  the  root  is  squarMJi,  Ae  orfginal  binofniad. 
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t 
I 

I 


Thea  V  4  ffin  —  2  (m*  --  n*).  V^^  =  *  —  V 

Hence  J 16  fn«/i»+  4  (m^  -  »•)«=  jp«-y»  =:  ^  4ftt«  +  4n«  +  8m*n« 

and  4  inn  H-  2.  (yn^-^n^  V  -  1  =  j^  +  y«  +  2jry 
.%  4  m»  =:  «■  +  y* 

aiid±2m«±2n«  =  ^  —  y* 
-  «■=  ±  m«  +  8  mn  ±  fi»  =  (HI  +  «)«  or  —  (m  —  n)' 

f»s=  qp  m*  +  2mn  It  n*  ^  -  ini-^  nV  or  (m  +  n)« 

.'.»=:  ±  (m  +  n)  or  ±  (m  —  n).  ^—  1 
y  2=  ±  (»»  -  n)  V—  1  or  ±  (m  +  «) 
Hence  the  root  required  =  «  +  y  =  («n  +  n)  +  (m  —  n)^^, 
or  H  :=:  —  (m  +  91)  -  (m  —  n)  ^  -  1.     The  other  two  yalues 
coire^Kmd  to  v  —  1  in  the  binomial  being  taken  negatively. 


192.  y^a   X^-^sso*    X(-l)*  X(-l)»=5(«6)i 
X  (—  1)*  which  is  impossible. 

Agiin  V-a  X  !;r^6;=  tf*  x  (-1)*  X  (- 1)*  X  6*  =(a6)i 
X  (-))*  =  -  (a6)*  which  is  possible. 
/•  the  former  is  impossible,  and  the  latter  possible. 


193.  »  —  a)  di^-iM^+^ap-r  (aE*»(p-a)«+(9-a.p-a)-f&c 

—  (p  —  a)  d^  +  g» 

**  (p  —  g)  J*  +  (P  "•  ^)  *  g  J^ 


(g—  a.p--«)dP  —  a.  (^-a.  p  -  a.) 


«-(f— ««p—  a)-r 


194.        If  a    :    h  i\  c  \  d 
Then  a:c::fr:d::±m6;tm<' 
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:.  a   :    ±  mb  ::  c   :    ±  md 

/.  a  ±  7nb    :    ±  mb  ::  c  ±  md  :    ±  md 

.'.  a  ±  mb  :  c  ±  md  ::  dt  mb  :   ±md  ::  b  :  d 

:.  a  ±  mb  :   b  ::  c  ±  md  :  d 

The  number  of  combinations  of  the  letters  in  the  word 
Baccalaureus  is  evidently  the  same  as  that  of  the  divisors  in  the 
product  £ 

B  X  (^  '>C  (^  y,  I  Xtt»xrx^X«, 
or  it  is  (Barloufa  Theory  of  Numbers^) 

(1  +  1)  X  (3  +  1)  X  (2+  I)  X  (1  +  1)  X  (2  +  1)  X 
(I  +  1)  X  (1  +  1)  X  (1  +  1)  -  5.  or  1147. 

196.         Let  a,  a  +  d,  a  +  24  be  the  three  quantities. 

_,.        a  +  d .    ^a  +  2d..  ««  +  2ad+  d*  a*   +   2ad 

Then   is  >  — ■ ,  if ; t—jt'  ^e  >  — - — — jr 

a  '^    a  '\-  d        a.  {a  +  d)  a. (a  +  d) 

or  if  a*  +  2ad  -f  d*  be  >  a*  +  2ad,  which  is  the  case  by  d*. 

;•.  a+d  has  to  a  greater  ratio  than  a  +  2d  has  to  a  +  d. 

Othf^rwise. 

A  ratio  of  greater  inequality  — ^^  is  diminished,  by  adding  the 
same  quantity  (d)  to  both  its  terms. 


971 

197.         Let  -r^,  n  A  be  the  two  quantities,  m  and  n  being 

A. 

constant. 

Then  —  -  «  A  =  —^ («) 

Hence,  it  is  evident  that  when  A  increases  in  the  remainder 
(a),  (a)  decreases  in  the  numerator,  and  increases  in  the  denomi- 
nator; it  .*.  decreases  from  the  numerator,  as  well  as  from  the 
denominator,  t.  «.  it  decreases  in  a  higher  ratio  than  the  inveree 
square  of  A.     Also  when  A  decreases,  the  numerator  of  (a)  is  in- 
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creandy  and  the  denomiiiator  diminished,  i.e.  (a)  is  incraased  both 
by  the  Tariation  in  the  numerator  and  denominator,  or  it  increaaea 
in  a  higher  ratio  than  the  inverse  square  of  A.     /.  a  varies  in  a 
higher  ratio,  &c. 
The  same  kind  of  reasonii^  will  apply  in  the  remaining  case  (i). 


198.        Let  .1834141 rzS 

Then  128.4141 =  1000  S 

Again,  put  .4141  .....=:  iS' 
Then  41  +  iSf'  s=:  100  S' 

.-.  S'  sz  — 
99 


6109 
^^  ^  99000  *"  49500 


1000 

6109  ^         6109X20  «  115»  «     ^.   ^   «*>* 

Now £.  =  8.  =  2 ^f.  =  2f.  5<2.  8  — r— a. 

49500  49500  2475  825^ 

which  is  the  value  required. 

Otherwise. 

.123414141  .  .  . 
20 

2.46828282 

12 

5.61939693  .... 
4 

2.47757575 

Hence  the  value  is  2s.  6d.  2  .4775757; which  h  s  the 

wmer. 

199.    The  retiprocals  of  quantities  in  harmonical  progression 
are  in  arithmetic  progression. 

Let  .•.  -,  — r-r, ....  — '. — ^1  •     I  /^  I  i\^  ....  be  the  har- 
moaic  progression. 
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Then  -  x ;  :  — : —  x  — r r-  :: : 

a       a'k'd        a+md       a+(m+l)(i     •  a       a+d 


,,&c. 


{a+md)yc  (a+m+l.d)' 

1  1  d 


Now 


a+wd        a+(fii+l)(i         (a+fi«d)x  (a+m+ld) 


1  1   ■    ^         1 


•  • 


1  1 

— ; — T —  which   answers    the    conditions  of  the 

a+md  a+m-^ld 

problem. 

I 

200.    The  sum  of  aa  arithmetic  series  =  the  smn  of  the  first 

and  last  terms  multiplied  by  half  the  number  of  terras. 
Hence  20   x  — r SO  =  lOn  =  sum  of  the  n  means 

of  the  first  (n— S)  of  them  (d  being  the  common  diffierenpe.) 
A  by  problem  12JL _  ± 

2 

or60n  =  10 ti—  20  +  5<«-l)  .(«-2)  d 

,  50n  +  20  lOn  +  4 

OP  dsz 


5.(»-l).(n-2)         (n-l).(»-2) 
/•  the  means  required  are 

1  a.      ^Q^  +  ^  ,    .    o  10»  +4 

"^  (n-l).(n-2)'  ^  +  2  X   («-i).(n-2y  *^- 

n^  +  7n  +  6  ng  +17;»  +10 

^'(n-l).(n-.2y  (n-l).(»-.2y  *'^- 

And  the  p-  mean  =  ^' +  (lOp -^8)  n  + 2  +  4p 

(n-l).(n-2) 

201.         let  a,  ar,  ar^,  aH,  be  the  quantities    in  geo* 
metrical  progression. 
Then  a  +  ar^  is  >  ar  +  ar* 

if  1  +  r»  be  >  r  +  rS  or  r .  (1  +  r) 
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orifl  -  r  +  r^  >r 
or  if  1  -  Sr  +  r«  =2  (1  -  r)2  be  >  0 
Bat  every  square  is  positive,  and  .'.  >  0 
•'•  a  +  ar^  is  >  ar  +  ar^j  &c. 

Otherwise, 

Assume  r  s  1  +  ^ 
Theaa+ar^^a+a  +  Sax+Sax^  +  ax^l^^^^,^^^^^ 
ar  -k-ar^si  a '\' ax  +  a -k'2ax+  ax^ 
dent  the  former  is  the  greater  by  2ax^  +  ax^. 


202.       Let  x,  y,  z,  Wy  be  the  respective  numbers  required. 
Then  «+-|-  =  1» 


y +  — ss  12 
2  +  —  =18 

4 

and  w— -TT—  T —  V^*^ 
2         8         4 


Hence  x+y  +  2  +  w  =  48 
2x  +  y  =  24 
gy  4»  2  c=  86 

4z  +  w  =  48 

Again,  a;  —  3«  +  y  =  0 
2  X  +  y  =  24 


> 


* 
•  • 

X  +  B 

z  =  24 

Alms* 

+    18  8 

at  144 

Mid 

^X 

—    z 

cz  86 

» 

19  z 

=   108 

• 
•  • 

z 

108 
"^     19 

c=  6 

18 
19 

f  •— ' 

36  +  2 

41 

r 

18 
19 

and  6  X  +  3  y  =  72 
:.  6X  -^  z  =:  96 


6 


6 


18 
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y  =  24  -  2  ar  =  24  -  12  —  =  10  — 

19  19 

w  =  48-42;=  48-20  —  =  25  — 

19  19 


Otherwise, 
let  :r  =  the  nilmber  D  had« 

Then  12  -  4"  =  C's  number. 

12  -  1  =  8  +  -f.  2=  B'g  number. 

S  12 

X 

8  +  — 

12  -  i?  =  8  -  ±  =  A's  nranber. 

2  24 

But  it  is  evident  that  the  whole  number  given  is  =  48. 

/.  a:+12—  ~  +  8+  iL  +  8-  — =48 

4  12  ^  24 

X  JC  X 

or    «  +  —   —   —   —  —  =  48  -28  =  20 
12  4  24 

•%  24dP  +  2x  -  6 X  —  X  =  480 

or  19x  =  480 

6 

/•  X  =  25  — ,  andhenoe  theother  numbers  are  easi 


203.  PutVaft  -  d«  +  4c«  ±  2  ^'Xahc^  -  a6d«  =  a;  ±  y 
Then  Va6  -  d«  +  4c«  qp  *  s/^abc^  -  abd*  =  x  q:  y 
Hence  jjiab-^d^  +  4c«)*  —  4(4a6c2  —  a6<f«)  =  x«.  —  y « 

or  ^a^b^  +  d*  +  16c*-8c2cJ*-8a6c«  +2a6ds  =  x« -y« 
or  ±  (a6  +  d«  -  4c«)  =  x«  -  y« 

Again,  a6-d«  +  4c«  ±2^4ofcc«-a6d«  =x«±2xy +y« 
/.  a6  —  cP  +  4c*  =  X*  +  y«  ^ 

and  ±a6  ±  cP:^4c*  =  x*  -  y»  S 
,*.  x*  =  abf  or  4^  —  d* 

y*  =  4  c*  —  {f»,  or  a  & 
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.•.  j:  :i=  ±  V  «*»  or  ±  V4c'  — d* 
y  =:  ±  V  **^*  ~  ^»  ®'  i  V  *^ 


and  the  root   t^uired  is  V  <^^  dttj  4c*  —  if*,  or  —  i/  a6  ^ 
V4if  -  rf". 


<Mr±V  o6+V  4c*  *-<£■,  or  ifVtt*  —  V*c*-<^* 

204.  Let  a  be  tlie  first  term^  a  the  common  differenoOy  Sn 
the  nimber  of  terms. 

Tlieii  the  som  S^of  tn  terms  =:  (2 a  +  (2ii—  1) .  a)  —  = 

n.(2n+  1)  X  a 

S'.....n..: =  («a  +  (n-l)a)^=ri 

X  (a  +  1)  X  a 

,  and  the  last  term  of  iSf"  =  na. 
Nowii.(8n  +  l).a  =:  ii.(n  4-  I).a  +  n'a 

=  «  X  -J^  (»  +  1)  +  ««  a 

s=  4iSr-i  the  last  term. 
.*.  i9  (the  som  of  2n  tenns)  =  4  iSf  (the  sum  of  n  terms)  -^^the 
last  term. 

205.  For  the  inTesti^tion,  see  Wo(kl* 

177  )  «98«  (  16 
177 


1212 
1062 


150)  177(1 
150 


27)  150(5 
135 


15)27(1 
15 


12)  15  (  1 
12   . 

3)  12(4 
12 


T01.I« 
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Hence  3  is  the  greatest  cotninon  measmre  of  the  two  quantitiei. 

-.  their  least  common  multiple 

177  X  S982 
z=:  i =s  177  X  994  ==  175958. 


206.        Let  p  be  the  first  term,  d  the  common  diiPerenoe. 
Then  p  +  (m  —  l)if,  p  +  (n  -*  l)d,  are  the  m"^  and  n"^  termt 

respectiyely. 

)        N  ,       f>  whence  d  =  ,  and  p  =  a 

/>  +  («— 1)0  =  03  m—n  *^  m— m 

Hence  the  x^  term  =  p  +  (a:  —  1) .  d 
_  (1  ~n)  g- (l—m) b+  (jp - 1) . (a-^)  _  (jg-»)o  -  (x^m)b 


207.        Let  .9PP =  -Si 

Then  g  ,pp =5  lO"  S'  (since .  g  =  — SL-  from  the  nature  of 

decimals.) 
Again,  put  ,pp  . . . .  s=  iS^ 
Then  p. ppi...  =  10"  .^ 
Orp  +.Sr=  10"  5r 

-  .  .P 

Hence  5 --^5="-        i5=         "^     10-.(10«-.l) 
(999.... n  terms) 9 +p 
^100 (w+1) terms X 999...,  nterms 


208.         Let  Vo  +  X  +  s^2ax  +  a:»  =  r  +  y  (V ^ax 
is  considered  a  surd) 


Then  V  a  +  a;  —  \^2ax  4-  ««  =  »  -  y 
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/.  V  («  +  *y  -  (8«*  +  «■)  =  w*  -  jr* 
or  ±  a  =  v*  -  y»      , 

Again,  a+  x+  »J  2ar  +  Jf*  =  »*  +  Srjf  +  y* 
/.  a  +  f  =  v"  +  ^  (equaling  ralioiials) 

±  o  r=i;«  —  y* 


•••^=.+f-i-i.-..=±yH±i,±y| 


T  =  —  or  a  +  — 


and  the  root  reqaired  is  d: 


v/|or-yiip-    J\. 


% 


209.        Let  a  be  the  first,  or  least  term ;  d  the  comiiion  dif- 


Then(5)thesumofnteniis  =  (2«  +  (n-l)a)-=  j — .o 

:(a+ 1)  X  ^=(n+ 1)  x^^!^==(n+ 1)  X  (i»*term> 


210.         Since  A  a  B,  and  B  oc  C 
B  :  fr  ::  C  :  c  ::  A  :  a 
/.  mB  :  »i6  ::  nC  :  j»c 

Hence,  mB  :  nC  ::  m&  :  no 

and  mB  ±nC:«B  ::m6  ±  nc  :  m6 
/.  wBdbwC  :  mftirnc::  mB  :  m5  ::  B  :  6:'.  A  :  a 
/.  A  oc  «i  B  ±  n  C 


211. 


\>Ja'\'h^^\  +  Va-6V-l}'==(«  +  *V-0 


2V  (a  4-  ^  y"^^)  X  (a— 6  V^)  =  2a+  2>/  a«  +  6«,  since    ^ 

/^X  V—  1  =  -  1 

G  2 
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212.        The  coefficient  of  the  p*^  or  general  term 

n.  n— 1 .  n— 2. . .  .n— p  +  2 

""  1  *  2     ]     3      . ...  n-'p  +  1 

Now,  when  n  is  an  cTen  number,  the  middle  term  must  be  die 
—  +  1 J  '      Hence,    substituting  —  +  1  for  p  in  the  coeffi- 
cient of  the  general  term,  we  get  the  coefficient  of  the  middle 

n.  (n-1)  .(w-2) hi 

term  =  ■ —         ' 

n 

2 

n  n 

Again,  n  .  {«—  1)  .  (n— 2)  ....—  +  1   X   —  ....  4.  3.  2.  I  = 

(n-l).(n-3)  X  ....5'X  3  X  1   X  («-2).  (n-4)....  6X4 

X2:=lXdX5 («-l)  X  2«   X  1.  2.  3 — 

:.  n.(n-l) /'^+  IJ  =1   X  3  X  5....(n-l)  X  2^ 

Also;  the  index  of  a:  in  the  (  —  +  1 J     term  is  — 

.-.  ,the  middle  term  of  (1  +  x)\  &c.  =  2T.    13-  -(»-0.  j-j 

l.x.o...  ■  ■  ■■' 
2 


213.        The  reciprocals  of  quantities  inharmonic  progres- 

sion,  are  in  arithmetic. 

1  1 

Let  .•.  the  means  required  be  T"^r5»   i  ^  ^rf 


Hence  —  =  —  +  3cf 

1        1       ^^J 
•'•^^^  li""  s"^    12 

and  d  =r  —  — 
12 


Hence,  the  means  are  ^  ^  j.    and  rTTT  ^  *  ***"  ^ 
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n 


214.         »»  =  «n«  -  =  8».  (n  -  1  +  1).  -=(«».»-  1 

8  .  8 

s  (Sn.  (n  —  1)  -f-  8  +  (n  —  1).  2)  -  £=  an  arithmetic  series 

whose  first  term  is  n.  (n  —  1)  4-  1,  common  difference  8,  aud 
nnmber  of  terms  n.  Now  n.  (n  —  l)  +  1  is  an  odd  number, 
since  whether  n  is  even  or  odd  it  is  of  the  form  8m  +  1. 


/.  H^  s:  n.  (it  —  1)  +  1  +  n.  (n  —  1)  +  8  + n, 

(»  -  1)  +  1  +  (n  -  1).  8 

£=  ji«  —  »  +  1  +  n«  -  n  +  3  + n«  +  n  -  1 


215.        The  ratio  required  rr  —  ^      —  =  .^ —  x  — 

^  .    25  ^  25' 


/a  =  first  term, 
216.  (3enerallyiSi=(2a+(n— 1)  h)—(h::=.  common  difference, 

2    \7*  =C 


number 'of  terms. 


Hence5=(28+(n— 1)(— 5))  — 

8 


5n«  5n        27n-5n« 

rr  lln h  —  =  

2^2  8 

27 
/.  5ii«  -  27n  =  -  10,    .•.»!« ;:-  n  =  -  8 


200  529 


I0«  10« 


5  \10/  \10/ 

.'.  nr=       ■■  -  =  5or  — .  5  is  the  only  answer,  -r    not 
10  5  -^  '  5 

bong  a  whole  number,  according  to  the  conditions  of  the  problem. 


S17.         Let  a  be  the  first  term,  d  the  common  difference. 
Then  the  'p^  term  P  ==  a  +  (p—  ly  1  p  and  q  are  supposed 

Q  =:  a  4-  (?-  ly  ^    V^^^' 
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Hence  (p  -  q)d  :=2  P-Q 

and  o  =  P  -  (p  -  l)rf  =:  P  -  (p  -  I).       _ 
_(p-l).Q-(y-l).P 

Now,  the  sum  of  n  terms  of  the  series  =  (Sa4-  n  — 1^~ 

(2p- 1)  Q  -  (89-I)  P  +  (n-1)  P  -  («_  1)  Q         n 

p-y  '^   S 

(gp  —  n  -  I)  Q  -  (8g  -  n  —  1)  P       ^ 

p-y  S 


1 

218.        Let «  =  the  prime  cost  in  pounds. 

X 

Then  100  :  20  ::  x  :   —  =:  the  whole  gain. 

5 

X 

Hence  a:   +  —  =  1000 

o 

/,  6x:=z  5000 

or  X  sr  833.333  ....  £ 

£.      s.    </• 

sz  833*     6.     8* 


219.        In  the  solution  of  the  general  quadratic  3^  +  px 

,  y  :=  0  we  arrive  at  the  form  x'  +  -r-  =  db r ,  whence 

it  appears,  thai  there  being  two  values  is  owing  to  the  property 
of  the  square  root  of  a  quantity  being  positive  or  negative. 


Otherwise. 

Let  a  be  a  root. 
Then  a*  +  pa  +  q=zO\ 

Also  x.+^  +  ,  =  o|-- **--  +  '•('— )  =  « 
/.  X  +  a  +  p/=:  0,  or  X  =  —  (p  +  «)  which  being  aubsli' 
tuted  in  the  equation  for  x  gives  a  result  ss  0. 
.*.  —  (p  +  a)  is  also  a  root. 
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130.       Let 


V  ^  -  «/■+  ««  \/?  = 


'+y(«) 


Thai 


v/5 


a*    c 


^  i^^tac 


v/^  =  -» 


a*    c  4a*€^f 


or 


•■V( 


Also 
ntiooals. 


a»  c 


—  c/*  =   J*  +  y^  squaring  m  and  equating 


a*  € 


or  —  cf 


-*.  J?  =  db  a. 


^  or  ±  ^  ^  c/ 
6 


:.  Ibe root  required  iia  v  -jr  +i^  -c/or— avrr-— '^"^ 


</ 


221.  Let  V  14— sV  S  =  x  +  y  (m) 


or  ±  2  =  X*  -  y« 

Also  14  =  x<  +  y^  squaring  (m)  and  equating  rationals. 

y«  =  7or8''     y  =  ±  Jltor±%  ij2 
Heoce  the  root  required  is  ±  (8  V  ^  *t-  ^) 


222. 


Let  a 
6 

X 

V 


the  first  term 

the  last 

the  smn. 

the  common  difference* 

aumbef  of  terms. 
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Then  (Wood)  bssa  +  (y—  l).x=:a  +  xy-x 
And5=(8a  +  (y-l)x)|-r=ax  +  i9^-'^ 

Hen«-^  =  2f  +  .f!L  _f! 

8  «  8  8 

And5=o«+  i!lL-£! 

8  Sx 


•*•  s  • 

bx       i 

ur 

2 

2* 

• 

•  •    Ju» 

(a +6)  = 

:i2S 

Of  X  :=z 

a+6 

ft 

223. 

-  2x«  + 

1"- 

X 

T 

+ 

1 

16 

««•  - 

ar)-2a?» 

«««  - 

-2a;« 

+  ^« 

2 

+ 

• 

■   2x   + 

4J2 

1 

16 

x« 

j; 

1 

2 

T 

+ 

16 

•  •  • 


1  \  4 

N.B.  The  power  evidently  is  the  expansion  of  (x  — -■  j 

1  \*  1 

.Whence  the  root  required  ss  (x I    =  x*  — «  +  — 


224.  .151636368  .  .  . . 

20 


3.03272727 

12 


.39272727'  •  .  . . 
4 


1.57090»69  .  .  .  . 
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Hence,  the  ralue  required  is  Bs.  Od.  Iq.  570909  .... 

Otherwise. 

Let  the  decimal  =  S^  and  multiply  it  by  1000.  Again  put 
.6363  ....=:  <S'  and  multiply  by  100.  Hence  we  get  S'  and 
afterwards  Sy  m  the  form  of  a  irulgar  fraction,  which  can  easily  be 
reduced  as  required.  • 


225. 


,. -±)-» =.-»(- ±)- 


='-1'-K)f-(-l-^)i=-(4x 


-J-,  -f-»i  »., 


2  B       x^ 


=  x-* 


t  11  8        1.5  1      .     «     \ 


-  — +-^        _3_  5 


226.        Let  n  be  the  number  of  things. 

Then  the  total  number  of  odd  combinations  =  n  +  -^ 

2.3 

n.ii-l.n-8.n-3.«~4, 

^     i:     i:    4^    6~^----^^^ 

and  the  total  number  of  even  combinations    =  -^-- — 

ii.n— I.n— 2.  n— 3    ,   n.n— l.n— 2.n— 3.n— 4.n— 5  ,^. 

2.       3.4.  2.8.4.5.6.  ""    ^ 

»»  *         «  n . »— 1  n.»— 1.»— 2 

Hence  A  —  B  =:  n  —    r +    — r -—   — 

2  2.3 

«.a— 1.»— 2. J»— S    .   n. »— l.»»--2.n— 3.n— 4  .  , 

2.     3.       4.  2.8.4.5.  '    ^ 

(according  as  n  is  odd  or  even) 

«T^  ._  ,W.7»— 1  11.11— I. »— 2  •  «        _ 

Now  (1  -  1)«  S3  1  -  n  +  — -■^-- +.M  ±1=0 

«i  2.3 
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/.  A-Bc=:  1  -  (l-l)«  =  1 
or  A  is  greater  by  unity  than  B.  t.  e.  &c.  &c. 


227.        Let  X  and  y  be  the  distances  trayelled  by  A  and  B 
respectively,  before  they  meet. 
Then  A's  rate  :B's  ::  x  :y  (since  the  time  is  given) 

AlsoA'srate:  B's  ::  ^   :  ^  (sinceSocTxVa  /.Voc  —\ 

:.  (A'srate)^   :  (B's)*  ::  jy  x  36  :  xy.  16  ::  9  :4 

/.  A's  rate  :  B's  ::  3  :  8 

if  °'  let  z  =  A'»  time  in  hours,  >    ^^  ^  ^   1  ^  j, 

Then  z  +   20  =:  B's  time >  V 

given,  /.  2  :  z  +  20  ::  2  :  8 

.-.   8z  s:z  2z  -^  40 
/.  z  rr  40  r=:  A's  time  iu  hours, 
and  z  4-  20  s=  60  =:  B's  time. 


■«— ^ 
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waoqooooooooooooooo 


828.        This  is  best  done  by  the  form  log.  (»+m)  :=  log.  m 

^  pX^m-hn^   8      \2m+nJ     ^    5      V«m4-»/  J 

which  form  may  be  thus  proved  to  be  true. 


Put  --i—  =  1  +  —  =  

1— X  m  m 

1  +  a: 


;.  X  =:  ^^-—,  and  log.  — —  =  log.  (m  +  n)  -  log.!* 
Now  log.  (1  +  x)  =  -  (^x  -  y  +  y  -,  Ac.   j 

log.(l-x)  =  _(^-x---  y-.&c; 
.-.  log.  (m+  »)  -  log.  w  =  bg.  (I  +  x)  -  log.(l  -«)  =  — 

.Mog.(m+n)=  log.  m  +  |.{£^^+  T  '  ^+ii)- 

Here,  (supposing  the  common  logarithm  is  reqpdrcd)  we  have 

f  s  8.80288569 ,  and  m  -f  n  =  lOl. 

Now,  as  the  log.  100  is  =  8,  put  (w)  rs  100;  then(»)  =s  1. 

8  C    1  1  1  ) 


But  —  c:  ^ =:   .8685889688 

p  8.30858.... 

.joid  -^  =  .004975124 
801 
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2  1 

/.  log.  101  =  2  +  — .  nearly  =:  2.00432134  nearly. 

p       201 

If  p  =  1,  we  have  the  hyperbolic  logarithm,  and,  generally,  by 
substituting  for  (p)  the  reciprocal  of  the  modulus  of  any  system, 
we  obtain  the  logarithm  according  to  that  system. 


229.         216  =1  8  X  27  =  2*   X  3^ 
/.  log.  216  ==  log.  (23)  +  log.  (3«) 
•     :=:  3  log.  2  +  3  log.  3. 
If  therefore  log.  2  =  a,  and  log.  3  :=:  6,  we  have  log.  216 
=  3a  +  3b. 


230. 

S1.213 

^z 

8.1213  X 

10 

812.13 

= 

8.1213  X 

100 

.81213 

=: 

8.1213 
10 

and 

.081213 

^^ 

8.1213 

100 

Now  log.  of  a  product  =  sum  of  the  logarithms  of  its  factors, 
and  that  of  quotient  =  log.  of  the  dividend  —  log.  of  the  divisor. 

Also  log.  10  s=  1,  and  log.  100  =  10^  =  2  log.  10  =  2. 
/.  log.  (81.213)  ==  log.  (8.1213)  +  I  =  1.9096256 
log.  (812.13)  SB  log.  (8.1213)  +  2  =  2.9096256 
'log.  (.81213)  =  log.  (8.1213)  -  1  =  r.9096256     .. 
and  log.  (.081213)  =  log.  (8.1213)  -  2  =  2.9096266 

Tlie  justness  of  th^  operation  may  be  proved  thus : 

By  the  definition  of  logarithms,  if  N  £=  a* ,  n  a  log.  N  in  that 
system  whose  base  is  (a). 

Now  N  X  N'  c=  a-  X  a"'  »  ar+^,  .-.  »  +  n'  s=  log.  (N  x  N') 

orlog.  (NxN^slog.N  +  log.N'.    Again,^  =  J=:  a"-*' 

N  N 

.-.  »— »'  =  log.  jj7,  or  log.  1^  =  log.  N  -  log.N'. 
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.*.  log.  of  a  product  s  gum  of  bgaritlum  of  its  factors,  and  log. 
of  a  quotient  =  log.  (dividend)  —  1<^.  (divisor)  upon  which  truths 
tlie  operation  evidently  depends. 

n 

231 .         Log.  360  £=  log.  (80  X  80)  =:  log.  SO  +  log.  SO        . 

=  1.30103000  +  1.47718185 
=r  8.77815185 


232.    The  hyp.  log.  (2  +  x)  =  hyp.  log.  (z .  1  +  f  j  =  hyp. 
log.  z  +  hyp.  log.  ( 1  4-  -  j 

Similarly,  hyp.  log.  («  —  a:)  =5  hyp.  log.  z  +  hyp.  log.  (1  — f  \ 

But  hyp.  log.  (1  +  f^s  f  -  -fl-  +  -^  -   —  +  &c. 

t 
And  hyp.  log.  (1  -  fV  -  f  -  JL^  -  -fl-  -  Stc. 

:.  hyp.  log.  Itf  =  hyp.  log.  (  1  +  -  j  +  hyp.  log.  z  -hyp.  log. 

Z — X  z/ 

(l--j-  hyp.  k)g.z. 

=  hyp.  log.  ( 1  +  f  )   -  hyp.  log*  (1  -  ^  )  =  «  X 

U-  +  ^  +  i;^  + ) 

whidi  is  Cotes^s  Series.  (Seeffarmoiiia  Mensurarum.) 
Let  z  :=:8,  and  x  ^  I 

.%  hyp.  kg.  8  =  )^  (  i  +  I +  -^ nearly 

^^      *  \8        3X8         5X38 

s=  1.095883 nearly. 

883.        The  modulus  of  a  system  whose  base  is  (p)  s 
1 1 

(.^,)      (g-l)^  +(£EIFI....  "^    hyp.  log.  (a) 
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Let  a«  ar^  or*,  ar^^  kc  he  the  BucoessiTe  bases. 

Wf  mjt  m^,  m^y tbe  oorrespondkig  SMidiili. 

1 


•  •     fA  ZTS 


m.  = 


*»yp-iog.  (a) 

1 


*      hyp.  log.  (ar)  hyp.  log..(a)  +  hyp.  log.  (r) 

1  1 


ffltf  ss 


*      hyp.  log.  (ar^)         hyp.  log.(a)  +  2  hyp.  log.  (r) 
Itc.       :=  &C.  s=:  &c. 

Whence  it  appears  that  the  reciprocals  of  m,  m^,  m^, are 

in  an  increasing  arithmetical  progression,  hyp.  log.  (r)  being  the 

common  difference.     .*.  m,  m^,  m^y decrease  in  barmonical 

progression. 

234.  Since  A  :  B  ::  C   :  D 

AD  =  BC 
/.  log.  A  +  log.  D  =  log.  B  +  log.  C 
/.  log.  D  s=  log.  B  +  log.  C  —  log.  A. 

235.  If  the  logarithm  of  any  number  be  expressed  in  terms 
of  that  number,  it  will  appear  that  this  expression  consists  of  two 
factors,— ^ne  independent  of  the  base  of  the  system,  and  .*.  inra- 
riable  with  regard  to  all  systems,-*-tiie  other  a  function  of  the 
basei,  but  independent  of  the  number,  and  .*.  varying  in  different 
systems.  Let  L,  L'  be  logarithms  of  the  same  number  in  two  li- 
tems, and  let  C,  C  be  the  inTariaUe,  H,  M'  the  variable,  fhctws 
of  their  equivalent  expressions  respectively. 

Then  L  =  C  x  M 
L'  =  C  X  M' 

/.  L  =:  ^  X  L',  whence  it  appears  that  when  we  know  the  lo* 

garithm  of  a  number  according  to  one  system,  we  can  find  the 

logarithm  according  to  any  other,  by  Multiplying  the  given  loga- 

M 
rithm  by  the  expression   — .    Now,  in  the  Napmaa  gyslea,  if  L' 

be  the  logarithm,  M'  =  1 . 


LOOARlTHMfil.  95 

.*.  L  =  M  X  L',  or  the  Naperian  togaritbra  it  dittiged  la  ano* 
ther  bj  imiltipljiiig  by  M.    M  la  tlnscase  is  catted  Ae  awdalas. 

To  determine  this  Hoduiub. 

If  X  =  log.  N  to  base  (a) 

Then  (by  definition)  of  =  N.     /.  x  hyp.  log.  (a)  s  hyp.  log.  N 

,,  l,,^^y^hyp.iag.N  1  ^kyp.log.N. 

hyp.  log.  (a)        hyp.  log.  (a) 
.'.  The  logarithm  of  any  nmnber  in  a  system  whose  base  is  (a) 
nay  be  derived  from  the  hyperbolic  or  Naperian  logarithm  of  that 

number  by  multiplying  by  the  quantity ; .  which  is  /• 

themoduhis. 
For  the  form  of  the  modulus,  see  Woodhouu\Tng<mom$trif. 

N.  B.  It  is  evident  that,  generally,  the  logarithm  of  a  number, 
according  to  any  system,  may  be  found  from  the  logarithm  to  the 
same  number  in  any  other  system,  by  multiplying  the  given  loga* 
rithm  by  the  reciprocal  of  the  Ic^arithm  (according  to  the  latter 
system)  of  the  base  of  the  former  system. 

Fitf,]f  Lbe  the  characteristic  in  the  former  system, 
V  in  the  latter, 
a  the  base  in  the  former, 
and  X  the  required  logarithm, 
llien  V  a*  =  N  we  have 

X  X  L'(o)sL'(N) 

L   (a) 


236.  The  decimal  part  of  the  logarithms  whose  numbers 
are  given,  being  one  next  less,  and  the  other  next  greater  than  that 
of  the  logarithm  whose  number  is  required,  we  must  add  to  the  less 

«>ber  the  q»u>tity  •«'^'^««  "  •«^«'' 


.5787888  -  .6787767 
69 


s-   .51 
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Now  the  index  is  6  .*.  the  integral  part  must  consist  of  7  digits. 
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Hence  the  required  number  s  6786261. 
For  the  inirestigatioii  of  the  rule,  See  Woodhaute, 
N.  B.  The  logarithms  given  in  the  enunciation  are  not  the  tabu- 
lar  ones  to  Ae  given  numbers. 


237.        Let  X  and  y  be  the  quantities,  x  being  Ae  greater, 
and  d  their  invariable  difference. 
/.  d  =  «  —  y 

Now  log.  X  —  log.  y  =  log.  f  s=  log.       "^  ^ 

y  V 

But  when  (y)  increases  the  ratio  — Z-E  being  one  of  greater 

y 

inequality,  must  decrease,  and  /•  its  logarithm. 
/•  as  X  and  y  increase,  log.  x  —  log.  y  decreases. 


238.       The  Modulus  s 


^^JP-  log-  W      •*]!>•  log-  ^^ 

But  hyp.  log.  (10)  =  hyp.  log.  Hj^  =  hyp.  log.  <1  +  JL) 

1  — ^  11/ 

-  hyp.  log.  (1  -  ±) 

Also  hyp.  W.  (  1  +  ±V=  ±  -    I*—  +  -?L    - 

jr  -^^  V  11/       11        8.il«  ^  8.1P 

and  hyp.  log.  (1  —  —  |:= +  •   —  .  ,  .  . 

jr  -^    \         11/  11        2.112  ^  8.11» 

•'•  hyp-  log.  10  =  2  (—  +   -? —  +  -? —   + I 

•      ^  \11   ^  S.IP         6.11«  / 

r=  2.30268609 

Hence,  unity  being  divided  by  2.30268609 we  obtain  M 

=  .43429  
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SIMPLE  INTEREST. 


MOQoooooQoeeeoooQooooM 


239.        If  P  be  the  principal  put  oot  to  interest  for  n  yean, 
at  the  rate  r  per  pound  for  one  year,  then  the  interest  (I)  =-  nr  P, 
and  A  the  amoont  (H)  =  P  +  »r  P.    (See  Wood.) 
Her«Ps=  115 

'^  ^  100    "^    900 
.     »         11        *         .^e       »«X8S        ^«S7^ 

•  '  =  T^loo^"'  =  -io-  =  ^«io^  =  ^^'  •'•  ^• 


240.         Here    P  =  555 

"  *"       2  2 

4i^  19 

""    100    ""    400 
5         19  19  Xlll  29 


241.  Here    P  =  £.878  15s.  =  87»4-  =  ^^ 

4  4 


TOL  I. 


1 

5 
'  2 

100 

19   -^ 
400 

19     3495 
400  ^   4 

H 

19  X  699 
128 

••'=T  '^  :^  ^  ^  =  ^^Tir^=  *°»^ i6..iid.«ij. 
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242.        From  the  above  equation  fi  =:  — 5- 
But  I  =  151.  =:  — £. 

4 


^_  H    ^ 


9 


100        soo 

andP=  1 

I-  4-         50  2 

.'.  n  the  time  required  =  -f-  s=  -2-  =  —  =  16—  years  r:  16 

years  8  months. 


243.        Here    P  =    S£    Us.    4rf.  =  S  +  —  +  —  = 
180  +  45+1  226  lis 


60  60  80 
ns=  1 

_  Sj  _   7    . 

'^  ""  100  ""  200 
-   ,     7     118    791  ^    791        „,j  o,A 
200    80    6000     800  **^ 


1     681 
244.    Here  P  =  815£  10s.  =816—  = 


2     2 
n=:  1 

4f      19 


100     400 
400     2       800  *^ 


1     87    87 

245.    Here  P  =  12s.  4d.  ra  12s.  —  =  — s.  =  -^ 

8     8     60 


H  =:  1  (I  suppose) 


100     200       10 


SII^LS  1NTIBI8T.  9» 


246.  Here  P  s=  l£  1#.  erf.  i=   i  +  ±  +  JL  -=  1?£ 

20       40       40 

«=  1  ^ 

5  1 


100  80 


SO     •  40         800  40  ^ 


I 


247.    Here  P=S50£  1S«.  s  850 -sl^,P=450-s:^^ 

4        4  4         4 

n=  1  n's  1 

100        aoo*  100      900 

.    1     »/         »  1408       7  180B 

••'•'••  ioo  ^  "T"  '  800  ^  "T"  ••  ^  ^  **^*  •  '^  ^  ^^^^ 
::4£09:4807::i :  i  — 


4809 

/.  tliey  are  nearly  equal. 


248.         Here    P  =  2$(i^ 

1  8 

n  z=  18  months  =  1-  year  :=  — 

"^  100  "7  ^^^ 

-'•  I  =  -r-   X  -^rr-  x  260  =  -— — £  =  17£  lU. 

8  800  80 


249.  Here  P  =  547— £    =  — 

4  ♦ 

n  2=  8 
8 


r  :si 


100 


8  8191 

.'.  I  :=  S    X    -j^    X   —-  =  49£  55.   llrf.    Ifj. 


H8 


100 


SIMPLE  INTBRB8T. 


250.        SinoeI:=nrP 

n  P    ^    85  X  (SJ) 


^r       n  .        «    .    18  ^  240+72+8         815 

Now  £.3   185.  9d.  =  8  +  —  +  TIT-rT  =  r;: =  -rr- 

20        12  X  2a  80  80 

-s  f£,  -^    Hence  r  =:  -- — ^7--=  =  ^ «.f  which  is  the  rate 

16  16  X  25  X  7         8  X  25 

perpomid* 

,  ,  9X100  9  ^     1 

.-.  the  rale  per  cent.  =  100  r  =     ^^     =  —  =  4  — . 


251. 


HereP 

=: 

400 

n 

s 

8 
4 

• 

r 

= 

41 

100 

= 

19 
400 

•••  I  =  •T^x-:J?r  X  400  =  5=  **^  ^• 

4       400  4 


252.         Here  Ps  115 

=  5  —  =    — 

**            2  2 

'^  "^   100  200 

.     »         11             •            ,,..  99X28^         «^r«      oj 
/,    I  =:  —   X   — —   X  115  =  — — — £  =   28£  9*.  Sd. 

2           200  80 


1  241 

253.  Here  P  =  120  —  =: 


2  2 

1  5 
ns  2—  =  — 

2  2 

— -iL  —  1^ 

'^^   100    ^  400 

2  400  2  820  ^ 


Henoe,  the  amoont  required  =:  120£  10s.   +  14£  6s.   2^<i. 
s  184£  16s.  2^. 


r 


SIMPLE   INTEREST. 


101 


254.         Here   P  =  5«£   IBs.  4(f .  =:  56  — £•  =  •— - 

8  8 

_      J 16 

**"       8    ""    8 


6 


.1       i«       s 

•  •  ^  =  T  ^  55  ^ 


50 
16X17 


100 
170 
8      ~     SXS 

HeDoe  the  amount  =  56 '  18   4 

+  IS      8    8 


£.  =:  18£.  St.  8d 


1= 


74£  16s. 


255. 


Here    Ps  500 

8 

80  J 


n  =: 


Now  I  ssnrP 


.•.-r  = 


and  I  = 
SO 

iX500  ' 


»p  " 

:.  tlie  rate  per  cent  s 


8  X  85 


which  is  the  rate  per  pound. 


,^  4x100        16      ^1 

8X85  3  8 


256.         Here  P  s:  70 

»  =  8 


_    Sj     _      7 
""   100    ^    SOO 


••.1  =  8    X 


SOO 
/.  the  amount  =:  77£   78. 


X  70  = 


147 
SO 


=  7£  7s. 
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COMPOUND   INTEREST. 


OOCOOOOOOOOOCueWiOCO 


257.  M  s=  P.R"  (where  M  c=  the  amount  of  P  po^ds 
for  n  years,  R  being  the  amonnt  of  one  pound  at  the  end  of  one 
year).    See  Wood, 

Here,  the  amount  must  s  2  x  the  principal 
or  P.  R"  =  800 
or  100.  R"  r=  200 
/.  R-  =  8 

Now  R  =  (1  +  55)  =  5^^  (aUowing  5  percent) 

•••(S)"  =  ' 

.*•  n  log.  —  =  log.  8 
*   80  ^ 


•  • 


n  =: 


_  log.  8 _      .80108 


8010» 


log.  81-log.80         1.88888 «-l. BO  108  2110 

8119 


=  14  years  80  — -  days. 


Hence  it  appears  that  any  princ^[Md  will  double  itself  at  5  per 

94 

cent,  compound  interest  in  14  years  80  -—  days. 

n  may  be  found  very  nearly  withont  logarithms  thus : 

1  V  «        n.  («-l)   ^ 

Neglect  the  terms  afier  the  third,  and  find  n  from  the  solution 
of  a  quadratic  equation. 


258.        PR*  =  M 

,»  «  1  21 

Hence  R  =  1  +  t^t  =  ^ 

20         80 


COMPOUND    INTKRKST. 
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P=:  1 
and  M  =  100 


•••©• = 


100 


/.  n  (log.  21  —  log.  20)  =:  log.  (lOO)  =  8 

2 


.".  n  = 


log.  21  —  bg.  20 


«     ,               1        1050        ,  ,  ,  ,100 

No«]og.21=rlog. =:  log.  1050— log.50=:log.  1060— log.— -- 

r=  log.  5050-log.  100+log.2=:3.021189S-2+log.2 
=r  1.0211898  +  log.  8 
and  log.  20  =:  log.  10  +  log.  2  :=:  1  +  log.  2 

.-.  log.  21 -log.  20  =  .0211893 
.-.»:=  2 -i*  (.0211893)  = 

=  94  yean  and  141.4  &c.  days. 


259. 


Here  R  =  (1  +  —  ]  r  being  the  rate  per  cent,  due 

ereiy  year,  and  m  s=  the  number  of  moments  in  a  year. 

n=  ^yearss:  (365^)  x 24 X 60 x ao x <  moments 

=:  81557600  /  moments  =:  nU 

r  X"* 
.'.  Hi  =  PR*  =  (1  4-  -^  J     where  logarithms  may  be  nsed 

for  expediting  the  calculation. 

To  obtain  an  approximate  form  for  H,  we  have 

=  1  +  fr  +  +  -^-—  +,  &c.,  nearly  since  mi  is  rery 

2  2.8 

gfeat  compared  with  1,  2,  kc. 

==  V    (where  c  is  the  hyperbolic  base) 


260.        Here  m  =  p  R* 

Assume  M  :=  p  R'  where  x  is  the  time  required. 


'^ 


io4 


COMPOUND    INTBRJBOT. 


Now  R-  =  — 


P 
/.  n  Iog«  R  =  log.  m  —  log.  p 

Similariy  x  log.  R  =  log.  M.  —  log-p 

X      log.  M^log.  p 

•*'n'=log.m-log.p 

/.  a;  s  n  (  ^-: —slZ  J  the  time  required. 


261. 


Here,  10  P  =5  M  =5  PR*  r=  P.  (I  +  ^V 

••■••«=(S)- 

:.  n  (log.  21-Iog.  80)  s=  log.  10  t=  1 
Now,  log.  81  s=  log.  ——  s=  log.  105  —  log,  f -r-J  =log.l06 

—  1  +  log.  8. 

and  log*  80  c=  log.  10  +  log.  8  ss  1  +  log.  8 
:.  log.  81 -log.  80  =:  log.  105-8  =  8.0811893-8  =  .0811898 

•%  n  s=  1  -4-  .0811893  =  47  years  and  70.7 days 


406 


ANNUITIES. 


^     nownnmnnonooMoouu 


262.       The  amount  (M)  of  an  annuity  (A)  for  (n)  jean  al 

GompoiHid  interest  s=  -^  ^     .  A,  where  R  s  the  amount  <^  one 

pound  for  one  jear.    See  Wood. 
Henee^  if  5  be  the  sum  required, 

«P-ao*         1861 
= : =  — r-  =  S\5£  $$. 
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263.       First  -^  =  35£  the  sum  paid  at  the  end  of  the 
first  quarter. 

Abo  the  rate  per  pound  for  a  quarter  s=  X  4  s 

■^  *  ^  150  80 

85 

A  —  s:  the  interest  for  the  first  quarter, and  2xSSss  princi- 
pal at  that,  ftc. 
Hence  the  whole  interests  ~+   i2i£i  +  l25£i  +. . . . 

80  ^         80  80  

H^  =  (1+8+8.  ..+  li)!5  =  liiii!  X  ?*  =   «i^ 
80  ^  ^80  880  80 

=  «7£.  12*.  erf. 

/•  the  amount  required  =  ld£x85  +  27£  18s.  ed. 

=  480£  +  87£  18f.  erf. 
=:  447£  12s.  arf. 
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264.        Here  A  =    ^""^  P  (See  Wood.) 

A  AR  -  A  =  PR"  -  P 

.  p.-  A.(R-l)  +  P 
..  ri   =  jp 

/.  n  log.  R  =  1(«.  (A .  R-1  +  P)  -  log.  P 

log.  (A.R^ +  P)-log.P  .  ,_   ^ 

/.  n  =:     ^  ^ i s — ' ^ —  the  number  of  years  re* 

log.  R 

quired. 


21 


If  the  rate  per  cent,  were  5.,  R  would  =:  — ,  and   .*.    n   = 

log.  (A  +  80 .  P)-log-  20~log.  P     . 
log.  21— log.  80 


265.        Let  n  =  the  number  of  years  required. 
Then  8  R*^'  s;  the  amoont  of  the  first  investment  up  to  that 
time. 

4  R»^  a=  a**. 

&C.  =:,  &c. 

and  PR*  =  the  amount  of  the  sum  lent. 
•••  PR-  =  8R— »  +  4R*-^  + +  8*  = ^—  since 

it  is  a  geometric  series,  whose  common  ratio  =  ^,  and  number 

of  terms  =;  n) 

Hence  (P.  S^^TR  +  «)  R»  =:  r+« 

.-.  log.  (P .  8-R  +  8)  -h  n  log.  R  =  (»  +  1)  log.  8  s=  »  log. 
8  +  log.  8 

.'.  »  .  (log.  8  -  log.  R)  =  log.  (P  €^  +  8)  -  log.  8 

.  «-  log.  (P. 8^  -h  8)--log.8 

log.  8-log.  R. 


107 


PRESENT  WORTH,  AND  DISCOUNT. 


cxi>oooQpo(yoooeo>09D 


266.  The  present  worth  ot  any  sum*  doe  after  a  certain 
tune,  is  a  som  such  that  being  pat  ont  to  interest,  it  would  amount 
to  the  gi^en  sum  in  thai  timow 

The  disoonnt  of  any  sum,  due  after  a  certain  time,  is  equal  to 
the  dilTerenoe  between  that  sum  and  its  present  worth ;  or  it  is 
equal  to  the  interest  of  its  pceseut  wortb  for  that  tjiie. 

Hence,  if  (P)  be  the  present  worth  of  a  sum  (A)  due  after  (n) 
years,  we  have 

PR"  s=  A     /.  P  =:  -^  (lUzj^eamountof ifinoueywr) 

A  A 

Hence  the  discount  (D)  =  A ^  =  -^  (H"-!) 

Here  A  c=  p 

1  3 

2  2 

•■•"=(l)*''(s)*""°''"'^°^("*-'°') 

We  may  obtain  (D)  sufficiently  accurate  for  practical  purposes. 


=  jI  nearly- 
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267.    The  present  worth  of  an  annuity  (A)  =  LlL^  x  A 

{Wood.) 

Here  A  s=  100 

100  25        85 

n  =80 

...P=lzf"x.«.=(.-(p)")...„  = 

81888 
9S8£.8$.   Sd.    »  ^55557. 

(85\so 
—J    use  logarithms. 


268.       ThepreBentTaloeofaperpetiiitjP  =  2-—  wfaeie 

I*— 1 

R  is  the  amount  of  one  pomid  for  one  year,  and  A  the  aumiity 

(Wood.) 

Now  in  this  case  R  must  eqnal  the  amount  of  one  pound  in  fire 

years,  and  A  the  sum  paid  every  five  years. 

80 

.•.  P  —         ^         =   gi^         1 «.   *^*  64000000r 


R^  -  1  *n«  81«-ao«  •-"    884101 


so 


^r    ,»      «j     «   885106 

884101^ 


269.        Here  D  s=  7£  io».  =  74£  a:  - 

*  8 

Ass  100 

^       8^8 

...L«  =  ,oo-i^ 


R*  «  2 
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.    R*    -    «X>  -  ^ 
••  ~    186  ""  «r 

.'.  I  log.  R  ^  log.  40  -  log.  87. 
.-.  log,  R  =  I  (log.  iO  -  log.  37) 

Heooe  R  or  1  +  --^  s  1.05585£  (by  the  logarithmic  tables.) 

.*•  r  =  l».S85£  :=  6£  6s.  8d.  1.6f .,  which  is  the  rale  'per  cent, 
rc^iiired. 


Otherwise,  allowing  Simple  Int^est. 

If  P  be  the  ptesent  worth  of  (A)  doe  after  (»)  Tews,  100  r  per 
cent  simple  interest  being  allowed,  we  haive  P  -)-  i»r  P  =  A. 

.  p Al^ 

Hence  D  =  A or  —  =  100 ,  ,  ,  ■   =  100 

1+nr         2  1+i 

900 


8+ar 

400 


A  16  =:  200  - 


:.  185  .  (8  +  8r)  =  400,  or  555r  =  400  —  870  ss  M 
80  6  8 


/.  r  = 


556  111         87 


.1.             -^     4           100X8         800          ^i.  o      ,j    ,       7 
.'.  the  reqwed  rate  =:  — -; —  =  .— --  =  5£  8i.  li  Iq 

99  oT  87 


1 

270. P=  '      '^^     X  A    (ITood.) 
Hence,  if  the  annuity  were  tocontinne  (n  +  0  T^i^n,  we  should 


HO  PRBMIIT  WOftTH,   AN&  MSCOUNT. 

Now,  it  is  evident,  that  the  present  value  raquired;  is  equal  to 
the  difference  between  that  for  (n  -f  t)  years,  and  that  for  (n) 
yeanr. 

1  J_ 

...       1  -  R«^        .     ,  1  -  R*       . 


A  /J^      J \       A 


R'-l 

R  -  1 


271.        Let  A  be  the  annual  rent  of  the  estate. 

A  A 

Th^n  its  present  vahe  =  fTZTi  (^ood.)  =     '         _^    =  85  A 

/•  the  estate  ia  t5r  yanHrs' pordiaae. 


272.        As  the  time  is  less  than  a  year,  simple  interest  must 
be  allowed. 

/.  D  s=  A =  400  —  ^—  2=  £ 

=     18£   15«.  S(/.   s-rfjh^- 


273.  DiacouNT  is  an  allowance  made  on  a  bill  or  any 
other  dekt  not  yet  become  due,  in  consideration  of  present  pay* 
ment. 

Hence,  it  is  evident,  diat  the  discount  on  any  sum  must  equal 
the  difference  between  that^^um  and  its  present  worth. 
Let  (A)  be  the  sum  discounted. 

(n)  the  number  of  years  after  which  it  becomes  due. 
(r)  the  interest  of  one  pound  for  one  year. 
(R)  the  amount  of ' 
(D)  the  discount. 

Then  (simple  interest  being  allowed)  D  :=  A  —  — ^-  (a) 

For  P  +  nrP=:A(P  being  the  present  value  of  A) 
,\  P  must  amount  in  the  given  time  to  (A) 


PRXMNT  woirm,  AND  DiscoiTirr.        m 


.-.   P=: 


1  +  nr 

Also  (oompoand  interest  being  allowed),  D  =  A  —  p  (^) 
For  PR«  =  A 

11 

In  the  example,  we  have  A  s=  100,  n  :=  — ,r  rr — 
'^  4         20 

.    -.        ,                      100  8000  100  ^ 

/.  D  =  100 ; -.  =  100   -»  — --  =  -TT-£. 

=   I  j&.    4s.    8d.  1  -f^. 

N.B.  The  time  being  less  than  a  year,  only  simple  interest  oan 
be  allowed. 


274.        Let  (P)  be  the  present  worth  reqiBied. 
Then  V  it  must  be  such  that  it  will  amount,  in  5  yean,  to  100£. 
PR^  sr  100,  (R)  being  Aeamoimt  of  a  pound  fer  one  year.  ^ 


/•  P  =  -«^  the  present  value  required. 
If  the  rate  per  cent,  were  5 ;  R  would  :=  — 

100  X  80^  880000000 


and  .*.  P  would  = 


dl^       '  4084101 

=    78£    7s.    Od.  2  AWA'l  9' 


A 

275.        First,  (avowing  Simple  Interest)  D  =  A 

1  + 


=  260  — 


nr 


260x400  ^  7020 
427        ^    427 


=   260- 


—    16£85.  9d.  2.??%. 

427^ 
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Secondly,  (at  Compound  Interest)  D  =:=  A  —  ^  =  2SO 

-         860 

S60 

=  *""  ■  (ToiS)! 

715 
,  =  860£  -   »48£  7«.  9d.   1  ^^y. 

.      8558 
=   16£  121.  2d.2——q. 

4878^ 


276.  The  present  worth  required,  is  evidently  =  that  of 
90£  a  year  to  continue  for  ever,  —  that  of  80£  a  year  to  con- 
tinue for  two  years. 

'  A  L  A 

It   .-.  =  -j^rr  "  *-^*  ^  A  (See  Wood.)  =  RvR^n 

R  -  1  ^  ^ 

_       80  20*         £l«0000^^862£m.  84.8,.^ 


»*)*(**- 1)  ""   81«    -       441 


277.        If  Simple  Interest  be  allowed, 
p_      A       _75 

1  +  nr       1+fX^ 

17  17 

If  Compound  Interest  be  allowed,  P=  —  s=  — 


=:  70£ll«.  8d.  (either  by 
taking  3  terms  of  the  expansion  of  T  l  +  JLM  or  by  logarithms,) 


»    i 

1 

i 

i 
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378.  Tbe  PnxiBilT  Worth  of  a  iUDf  due  after  a'  cer- 
tain time,  is  sqeh  a  siini  as  would  amount  in  that  time  to  the  gi?en 
mm  exaetlj.  ' 

HMcoy  if  (F)  be  the  present  worth  of  tl|e  sum  (A)  due  ff))er  (a) 
jreaiv,  we  haye 

r  4-  ar  P  s  A,     .-.  P  =  — (simple  interast.) 

1  +  nr 

PR.  =  A     ...  P  =  ^  (a.  c«npo«nd  interert.) 

In  the  etample,  A  s  430 

8 

n  s=  . 

4 

_     4J_ 9^ 

*"     100    ""   800 

/.   Pr=J!!5L         ^^0X800^     415£  19,.  £rf.  £5«  . 

II.  9.    The  time  being  less  than  a  year,  compound  interest 
emiipt  be  i^wed. 


279.         Here  P'  s      "*  '*" 


F'= 


A  P  =  F  +  P  = 


l+T^Xr         12+6r 

c  _  12c 

l+T^Xr""  12  +  rfr 
12a  12c 


r 


12+6r  l2-\'dr 

•    rS  J.  ^g'(*+^  r  4.    *^   _144,(o-hc)   ,    Ufgc/H-M 

•  *  ^^"W"-^         MP     ■*"~-6rfF- 

.      ,        12.(tfrf+6c-6-d)     _    144(aHrc«P) 
^ fST  '^  ^         MP 

^TWP;"(a+  c-rP) J  by  tbe  solution  of  a  qua4ratic  equation. 


380.        Tbe  MBpHnt  ^(P)  at  tbe  end  rf(m-f  a)  years,  since 
it  IS  not  diie  p&til  the  end  of  (iff)  y^ars  is,  P  +  nrF, 
▼ox.  I.  I 


1^^  PRB8EKT  WOMTfib  AND  mWOHNT. 

Agam,  the  present  yahie  df  (  P),  due  at  the  end  of  (m)  yean 

p 

is  P  —  — : ,  whose  amouut  for  (  m  4*  n  )  years  is 

I  -^  mr 

V         1+mrJ         \  1+mr  /  ^  ^         l+mr 

X  (1  +  «i  +  »r) 

/.  thedifference  required  is  P  +  nr  P  — -^LT —  x(l+mr+«r) 

1+mr 

I  +  nr  —  ?»*  r* 

=   -— X  P 

1+mr 

28 1 .    llie  present  value  of  an  estate  of  100  a  year,  not  subject 
to  the  payment  of  A  as  stated  in  the  problem,  r= srSOOO^. 

-Jir— 1 


(see  Woodj  for  the  form  _ j 


Hence,  it  appears  that  the  present  value  of  the  sum  (A)  paid 
every  two  years,  =:  looo£. 
Now,  if  R  be  the  amount  of  one  pound  in  one  year,  R*  is  its 

amount  in  two  years,  and  the  form  = for  the  pres^it  value  of 

a  perpetuity  becomes  ,  when    the  payment  becomes   due 

every  two  years  instead  of  every  one  year. 
/.  we  have  ^  s=:  1000 

R2-1 

.-.  A  =  looo  X  (R«  -  1)  =:  -^  X  ^^0  -  1000 

^  ^  20« 

s=  m^  -.  10C)0=  llOft^  lOs.-loooje  =102£  10s. 
400 


282.    HereD  =  A  -  ^ =  12S£  10s.  -J^ J£ 

1+nr  l  +  HXyJir 

Now  J^^  £,  =  !£?22  £.  =  llo£  Us.  6d.  1  WfO. 


283.        Let  (n)  be  the  whole  number  of  years,  after  which 


PRCSCNX  WORTH,  AVD  aiiC0U1IT#  ^  >' 

* 

the  annuity  will  cease,  (R)  the  anMHml  of  l£  in  1  jear  at  tbe 
giTen  rate,  and  A  tbe  annnily.   * 

Then  tbe  present,  vfilue  pf  (A)  for  the' whole  te#m 

« »:  xA. 

B-l 

Alio,  the  present  Tiine  of  the  flnt  half  <rf  («)  yean 

n 


X  A.      >.   the  present  value  for  the  tetter  fa^lf 


£-1 

.-JL  »-i 


1 


Hence,  (^j  thfrqne9ti9n)<^3Y-x  A  c=  j»  x  |j~j  X  ^^r-If  / 

R"  V^f        R-^/ 

.-.  R"  =  m  R<  -  m  1 

'   u 

.-.  R*  —  m  R^  s  1   -  M  which  is  a  qnadkatic. 


••  ti»  s=  —  ±  — --^  —  ,n_l  or  1 

8  8  f 

•*•  r  log.  R  =  log.  (m— 1)  or  log.  1  (=  O) 

^  log.  (m-1) 
A  ft  s  8  ^  ^    p   ^  or  O 
log.  R 

fte  immber  of  yean 


« 1 


284.        Here   D  =  A  -  — ; =  100  -  -^^  =    100 

222  -  i2l£,   =  4£  15*.  U.  ^q. 
81  81  ^" 

18 
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Again,  Ifae  interest  of-—- £.  at  6  pear  oent.,fbr  one  year 

_    100  1    _    «         A      a±A 

-"«r^5o'"5r'=*''^^ 

285.       If  the  aunnity  be  (a)  potrnds,  the  som  due  efery 
inrtant,  ss  , 2 --  iL 

{S6Si)  X  M  X  60  X  60        m 

Whore  m  =  8600  X  6  X  1461  =81557600 
Let  R  be  the  amount  of  l£.  fori  instant 

Thenl  :  R::  A  :  RA  =  the  amoont  at  the  aid  rf  the  8nd 
instant  A  A  +  R  A  =:  (l  +  R)  A  s=  son  due  at  the  end  of 
the  tfi4  instant;  in  the  same  manner, 

R .  (1  «f  R) .  A  s  amount  at  the  end  oftbe  8rd  instant ' 
and(l  +  R+R*).As:samdiieattheeDdof8di]«tant 

8iBilafl7(l  +  R+R<+  R'  + Rr-«)  A  =  thesiBi 

R'  —  1 
diie  al  the  end  of  (p)  instants  ss --^----   x  A.     Now  the  nam- 

ber  of  instants  in  («)  yeuii  =  n  m.     Li^,  therefore,  (F)  be  tlie 
present  Taloe  reijinred. 

llien,  V  R"  =  the  amomit  of  one  poond 
of  (P)  in  (a)  jetts  s  P.R— . 

•*•  IT  R     ^  n  X  A# 

1 

.-.  P  =  1  -^ 


^R ^   ^ 

R  —1 


APVmoiCIMATB  SOUTTEOX. 


I4A  rbe  Ae  interest  of  one  pomid  ioroBe  jfeai. 
TbenRsl-f  —  (m  bein|^  the  oHaber  of  inslants  in  a  year.) 


PRMBNT  WOBTH»  AVD  OIMOUNT. 
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+  te. 


=  ^  +  ''+  i"  +  J;3  +   ••••  n«"ly»  when  m  ii  tery 
large  s=  ^  (e  being  tbe  bue  of  hjrperbolic  logiritfams.) 
•*•  R  sss  cS 

Hence  P  s  1  ~ -p;;^  X  A  nearlj. 

r 
6»   —  1 


i«i«piw«w 


lis 


EQUATION  OF  PAYMENTS. 


286.       Let  A,  B,  C, be  the  sums  due  after  Otb^e 

years  reqiectiTely,  (r)  the  interest  of  a  j^imd  for  one  year*  and 
(R)  its  amount  for  the  same  time. 

Now,  it  is  evident,  that  the  equated  time  ought  to  be  such,  that 
the  present  value  of  the  whole  sum  for  that  time  shall  equal  the 

sumof  the  present  values  of  A,B,  C for  the  times  a,  6,  c 

respectiTely. 

First,  let  simple  interest  be  allowed. 

Then,  the  present  value  of  (A)  s=  — -— 
'       r  ^  '      1  +  ar 

And  thalof  (A+B+C+.. .  .•)  for  (:r) years  =  Itlt^tr: 
(x  being  the  equated  time.) 

+  ,   ,   ,    +  . . . .  s  — —- — ^^*,  whence  (x) 


•  • 


1  +  or         l  +  6r  1+xr 

may  be  found. 
Again,  let  compound  interest  be  allowed. 

Then,  the  present  value  of  (A)  :r  ^ 
B  -B 

Aiidtliatof(A+B+C+....)=  ^ +»^C+ ....    ^^  ^^^ 

tbe  equated  time.) 

.ABC  _  A+B+C+....   _    S 


KQUATION  OF  PAYMKMT8.  H9 

^^^'=Aft>-^+BR^+ («=a  +  64-c+,fa.) 

log.  S+«  log.  R-log.  (AR-^+BR-*.t-CR'- +....) 

• '"  kins 

Here  A  ss  8 

a  =T 
b  s  t 

_  ST+rt  +  frT.(S  +  ») 
*~  S  +  »  +  r.(S<  +  «T) 


287.      Here  A  as  40,  a  s  —  year  :s  6  mmtlu 
B  =  60,  6  =:  1 
C  =  80,  c  =  1  —  =  — 
.%  if  (x)  be  the  equated  time,  we  have  (allowing  simple  interest) 

40         .       60  80  180       ^^^ 


1  ^^r        1  +  r         1  +|r         1  +  or 

S4  +  40r  +  Ifir* 
«r=  ,  ^  years 

48  +  84r  +  84r«  ^ 

If  r  s  —  or  the  rate  be  5  per  cent. 


10415 


jears  s  863  days  nearly. 


10457 
Allowing  compound  interest,  we  have 

40  60  80  180 


Ri  "  R  "  ai  ~  R' 

.-.  8R*  +  8R*+4ss9R*"* 

_  8  log.  S  +  i  loif .  R  -  log-  (8R^  +gR*  +  *) 
"~  log.  R 

Wbence  R  is  the  amoont  of  one  pound  in  one  year. 


lao 


TRANSFORMATION  OF  EQUATIONS. 


OQOOOOOOOIOOOOOOOOM 


288.  Let  y  s=  — : 


p  — « 

Then yp  --  yx  sz  \   .".  ar  =  ^~     ==  p 

+  ?*  =  w  -  ^ 


9  9*        9' 


in  whkh  eMatkms  the  vafaen  of  (y)  being  — =— ,  -,  ^ 

^  wx       -o  p_^    p— d    p  — € 

or  ,  it  is  the  efpMoti  fefpkelL 


ick  !y^  +  Py*  +  Qy  +  Ils:obeti!e  transfonoeA  eqwtioift. 
fhen  jfi  =  -^  +  -^  +      ^ 


p—a       p— 6       p— c 

_p'—  (^4-c)p4'6c4-p^  -  (a+c)p4-  oc -hp*  -  (a4-&)p 4 <i& 
"^  p»—  (o+6+c)p«+  (a5+ac+ftc)p— oAc 

—  8p^  -  2p«  -t-  y  ^  p»  +  ^ 

""    p^  —  p^  '\-  pq  —  r    ^~^  pq  ^  T 


T»Al(irOAIlATIOM.  09.  I^A.tl01lt.  It  I 

■as  P-«  T  »—•*»—«■  W»  .'.US 

1 


"**iC*^  "•**•'"*  **■'"*■*♦  "^^S^ 


ttd.       Ut  y*  -f  Py«  -Kly  4  E  ■<>  U  the  tWMfan— I 
•qMttM. 

Am (y  >  **).(y -  A*).(y  - e«)  aO  s (y^ -«) . (y^  +  «). 
(y*  - *)  K  (y*+») .(y*  -  «)  .  (y*+  «)  =  (y* -«)  .  (y*-  »)  . 

(ir* -«)  X  (y* +•)  .  (y*  +  »)  .  (yt  +  «)  «  (y*.  -  J»y  + 1»*  -  r) 

><  (A  +  »  +  w*  +  f)-y» -(?• -if)  y«  +  (f  •  -  «|») »  -  H 

.'.  P  «  -  (y«  -  •!) 
A  y«  -  (^»  •>  % )  y» -f  (t«  -  l|ir)  y  -  r«  B  0  it  Ih* 

r -«r  +  fy* -  n  ""i  y*  +  W  +iy*  +  rbti—tuB 

«M.  n»pi«*Mle!(y^-l>fyb-(nr+r)i(yt.h9i)+(l,.l.r)| 

«s(y*  -f  «y^)' -  (nr -^  r)*  s  y*  4  tiy* -I- f«y  -  r'y*- 

^r  y  -  »*  «  y*  -  (|i*  -  At)  y«  H.  (f*  .  i)ir)  y  -  H 


«•  —  jM»*  +  f«  —  r = o 
«fMli«  «e  nine  of  y  ai««*,  M,  c<.    b  is  .'.the 


P 


IM  TRMIBVaUiAnON  OF  IQUMMWk 


I«t  y'  +  ¥y*  +  Qy  +  R=  0  be  the  equation. 

/.  P  s=  •  (a*  +  6«  +  c2) 
Now  (a  +  6  +  c)«  =  a«  +  6«  +  c«  +  «o6  +  2ac+  «fc 

or  p>  s=  -  P  +  ^9 

.-.  P=  -(p«-29) 
Again,  Q  =  a«  ft^  +  a«c«  +  6« c« 

Wbw  (o6+ac+*c)«  =  a«^+  a« c«  +  *«c«  +  «a«  6c  +  26«  ac 
+  8c<  a6  s=  Q  +  2a6c.  (a  +6  +  c)=:Q  +  Srp 

.V  Q  s  f  >  -  9rp 

.    Alab  B  9=  -  a«  i«  c«  c=  -  r« 
/•  &c. ..  as  before. 


290.        Diminish  the  roots  hjJL  sz  ~=:6 

n  8 

.*•  Let  y  =:  «  -  6 

Henoe  »<  s  y<  +  jLdy  -f  S6 

-  ISj;  =  —  12y  —  78 
+  Bez  +  6 

ss  y^  —  81  is  the  traosformed  aquatioa. 


291.        Let  y  =  -i-     .'.  a:  a=  S-Hi  =  p  -  — 

p-»  y  '^       y 

^       .  iT-'  «-l     p— •  I 

y  8       y*  y^ 

^p:t«  =  ->  +  (n.l).^.(n.l).!i=^.  ^-   -T-J^ 


kc.  =  See. 

.'•  by  addition  we  hare 
(9p^-rp"^4-«p*^-  ....)  -(p— '+  (»-2^«.p-«-(ii-8). 


vMtinmMnAnoN  mf  wiwMmmL         i*' 


X  vP        *•    •  •  f  •    I      ■-  ■    'v*   •  •  •  •  WC» 


8P*^  ""  T^*^  +  V^^  "■ ^^ 


»-l  p*-*+ g jp^ J fp-<+..., 


ftc.  t=  O  is  the  equation  required. 


X  jT^  - 


292.        Lety*-Py"^  +  Qy»-»-....  =:  0  be  the  trana- 

Thai  Fssma  +  mb  +  mc+*. ..  :sm.  (a +  b -¥€+.. ):swp 

Q  s=  m*.  (afr  +  oc  +  ••••)  =  ^*9 
R  =  m'  (aic  +  oM'1-  ••  •)  s=  m'  r 
&c.  s  ftc. 

.*.  y*  —  wpy*"*  +  ^*  ^*^"  m*  ry*^. ...  8  0  is  the  equalkm 
required. 


293.  «r3  -  8«s  +  1  ts  0 

.•.  «•  +  to»  +  8Jf»  +  1  =  8«« 

.•.  x»  -  5ar«  +  a««  +  I  2=  0 
Let  now  y  =  «' 

Tlien  ys  —  5y<  +  S^^  +  1  =  0,  which  isan  equation  whoseroots 
are  the  cubes  of  the  roots  of  the  giiren  equation,  v  y  =  ^'• 

294.  Let  y^  -  Py<  +Qy-Rs=0  be  the  required 
c^oatiop. 

Then  P  2=  (a+6)  +  (h+e)  +  (a+c)  =  «  (a+6+c)  aa  %> 
P«  -  8Q=  (p-a)*  +  (P-^)*  +  (f-c)«  =p< -a<q>  +  «« 

+  6«  +  c«  =  p«  +  p«  -  2^ 


IM  TRJkNSFOBMATIOlf  OFEQUATRyNft. 

c5  p»  —  (a+6+c)p*  +  (a;(+ac+te) p-o&c 

=  P*  ""  P'  +  9P  —  '^ 
=  ap-r 

A  the  required  equation  is  y'  *  Spy*  +  (p*+f)y— ff  +  r=0. 

Otiierwifle. 

.  Let  y  s=  p  -  r  and  sobstitate  (p—y)  for  (x)  in  the  gitren  eqaa* 
tioa ;  the  result,  properly  arrauged,  will  be  the  equation  lequiied. 


395.         Let  y  =  — .    Then  x  =: -^  whioh  being 
tuted  in  the  given  equation,  the  result  is 

y*       '^  y*        y| 

A  y'  *fy«  +pry-r*  =  o,  in  which  equation  the  roots  are 

o&e       a6c       a&c      _ .  ,  .    . 

--r— ,  9  or  Ac,  aCt  ab^  as  required. 


Uty<  *-Py«  4- ay-R=rObe  the  equation  raquiied. 
ThenP=:«6+ac4-6e=:f 

R  ss  «i.«C  .  Ac  =  ^A'c' =:  r> 

^_J_^J_JI c  +  a-^b  _   p^ 

R       «A        6c         «c  "^        o&c        "".   r 

•  •    •***•    •    •    •    •    • 

(he  TCwbMg  «fM(iHi  it 

!»*«*  +  «j»»  **  -  SSp*  z  -i-  Up*  s=  o 

.-.  z* -Ir  tz*  -  Uz  +  14  s  0^  ia  ««uch  Ae  oodUMto  are 


297.        Let  a,6>^c  be  the  footi  of  the  givoi  equation     Then 

the  roGtB  of  the  required  equation  are  ±  ^  cmh  d:  V  ^  db  V  ^"** 
It  has /.  nx  dimensions. 
Assmneittobey^+Py'  +  Qy^  +  Ry'  +  8y<  +  Ty4-VsO 

Here-Ps+V  cm^tj  am+tj  hm-^tj  bm+ji/  cm— V^^^^O 
P'*8Qsam  +  ai>ft  +  6«  +  ifli+:cM  +  ciiiss  tap 
•*•  14  •--■  *■■  wtt) 
— R-s  —  am^bm  +  am  j/im^am  j^cm  +  am  i/cm 
—  fcsi.  jjam  +  mtjab.  jJcM'^mtJab.  tjem 


—  ta  y  a5.  Y  cm  +  m  y  oo.  y  cm  —  cm  y  am 

+  im  ij  am+  m  ij  ab  tj  cm  ^^mtj  ab.tjcmf^^ 

+  m  ^  ab.  tj  cm^m  $/  ab»  jj  cm+cm  ^  am 

ij  cm  *4"    V   ^'''*  V  ^^  ~"  '^  V   ^^ 

•4*  cm  y    bm^ 


8  s=  o&m'  -  am<  j^  be  +  am*  tj  be 
am*  ^  6c  -*  om«  sj  be  -^  acm« 
*m«  V  oc— &m<  V  «c— «•  i/I5c*  +  m«i/o6c* 
+  m«  j/¥ac'-m*  /b^  +  m^sj abc^-m^tfab^ 

+  icm< 

s  m*  (06  +  oc  +  ic)  =:  m<  g 
Similarly  T  may  be  fomid  s  0 
and  Vss—  m*a4cs=—  m*r 

.•.  the  eqnalion  is  yf  -ifip  y*  +  m*  jy*  -  m«  r  8=-o 

Otherwise, 
Theeqputfaon  is  eqoifalekit  to  (y -- V'miO  X  (y  4^ 

sic)s=  y«  -  m.  (a  4-  A  +  «)  y^  4*  ai*  (a6  +  ac  +  Ac)  y«-m* 
sic  ss  y«  —  aip  y«  ^.  m*  g  y*  -  m'  r  as  before* 

Othennw. 


Let  y  s  ±  V~M«  .-.  «  s  ^wUcfcbeiBg  tnhitiMedin  the 

•^  •  m 

pren  eqaalknt  the  residt 


l«6 


3»4](WQ9if Aoaov  9P.  s«ui,'no3ini 


18 


m' 


p^+9' 


r6    — 


—  r  rr  0,  whence 

—  m'  V  s=  0  as  before. 


298.        If  the  roots  be  rendered  fdl  poflM^  the  alternate 
sigPB  wOl  be  nqiative  and  positive.     Now  the  giPeatest  negative 
coefficient  +  !« is  >  greatest  root. 
Assume  •%  y  is  l  +  1  —  a?  ^  IK  ^  x  (ni  the  eqnattoa  a^  -^x^ 

+  -  x-  +  8  =  0)  and  X  =!  2— y 

.  /.  ^  will  be  always  positiTe. 
A  x»  =  8  — 18y«  +  6y«— y» 
-««fi=-4  +  4y-.y« 
6  3 


^=:ia._y  +  5y<.y3 


+  SSS   +  & 


—  y  —  10  =  OM4e  eqoatioo  reqwred. 


299.       Let  ^s  +  Py*  +  Qy  +  R  s  0  be  the  eqaatioa 
fequiied. 

TOxM  -  P  =  4  +  i  +  4  +  —  +  —  + — 

o«       6«       a«        c«       i«        «« 

-  o  ^  g'  y  -f  tf  c»  +  6»  c* 

Now  5»  s  (oi+oc+ic)'  ss  o*  6*  +  i^ <*  +  6«  c»  +  Softc*  +  8 
a^c  +  S  d*5c 

=  a»6»  +  o»c'  +  ««c»  +  So&c.  (o+6+c) 
.*.  o*V  +  «^c'  +  ft»c'sj»-  2a6c.  (a+ft+c)  s  9'  -  87> 

Hence  -  P  s  s  x  ^    f? 


Let  iSr,  =  a^+ft*  +  c* 

*.     "^  r»xa'         "^  f-x6*  r*xc* 

But  (iSf, -ii»).(5, -*0='Sf« -\i^+(i«)^ + WssS^ -(S, -of)  5, 

a*  c* 

r»x<»'  ==*«+«. 

&e.  -IS  ike. 
-Ill         _   .  «*A^+«V+*V 


Now  (9»  -  8iy)»=:  (o»y  +  (^ c»  +  **<!«)*  =  o«6*  +  oV  +  iV 
+  8o» .  a'  J*  c*  +  8  6'  .  a»  6*  c*  +  «c* .  a»  i^  c»  s:  o*  6'  +  o*  c* 

A  o«  i*  +  a*  C*  +  *♦  c«  ss  (9»  -  irpY  -  gr*,?. 
Again  -  R  =  (^+-^)  x  {^+^)  x  (^+ir) 

*~  r« 

*^  r* 

_fa«  -  8pr)  .  5,  -  f 

(y'-gpr)^,-**  _  ^  is theequation requited  (5,  being sp'-S?) 


Olherwiie, 

Fint  change  tlie  fooli  into  tlieir  iqiKUPes,  tbtiiae  in0  the  red' 
prooali  of  t^  Miwirei,  and  ftiAUyi  into  the  f^ 

of  WfttJ  tW0» 


300.       Diminish  the  woto  hy  the  qnnntkj  (e)  i^,,^  lumnie 
y  m  SB  ^  $9  :.  9  m  y  4*  « 

.  "h  fy  4-  f # 
Woir,  to  tafco  nway  tho  thM  t«nn  of  this  teangfonned  eqvilisB, 
IPO  nnst  hof  e  3e*  —  tip  4-  9  rs  0 

<  SftdunrB  that  (be  third  tmn  oannottb^  be  taken  away,  witb- 
fwdrtng  the  eoeflciewti  iaMglnafy. 


mt 


EQUATIONS  OP  THE  THIRD  DEGREE. 


oouoooafcoueoooaaooo 


301.        For  the  proof,  see  Wood. 
In  the  eqnatbn  x^  +  qx  +  r  szOihe  root  is 

whidi  may  be  nmnerically  espressed,  when  ^—  ^^  if  is  real« 
or  when  g  ts  positiTe,  or  eren  when  q  is  negatire,  provided 

^is  =  or>if.     VThms/^  +  2l  is  oftheformQ-V^* 
4  ^87  ^4«7 

« 

orwheo^isnegatiTeyand^  >  — *  we  must  have  recourse  to  the 

**  ilrilibM^  of  Sines"  to  obtain  the  numerical  value. '  This  is  the 
"  ineduciUe  case'*  of  Cardan's  rule,  which  may  be  solved  as 

foDowsc 
Since,  by  supposition,  q  is  negative,  we  have 

Now  -  ^  +  yilTi!  :=  .  I. .  ( I  .  y irZi!) 

*         ^     4  27  8      V  ^  «7r«y 

Since  2^  is  >  — ,  or  — .  3L.  >  1,  put  — .  *-:  =   — tj 

(aqoantity  necessarily  >  I,  since  thecos.  of  any  Z  >  0  is  <  l) 
/cog.  d _    rrr sin.  fl\  /7T\s  .    . 

( ^^76 j=-  y(-|-).(««fl-^-»«"«) 

VOL.    I.  K 


1^     EQUATIONS  OF  THE  THIRD  DBORBB. 

(cob.  d  +  /-^  »»•  ©* 


v4 


6 

Bin 


in.  -).  by 


==  —  S  V  —  •  c6b«  — ^  which,  by  means  of  reference  to  tri- 

gonometrical  taUes,  will  give  one  root  of  the  equation.    The 
other  two  nay  be  feondi  either  by  rddoction,  or  thus : 

COS.  0  =  *  COB.  (180®  -  d)  =  also  -  COB.  (180®  +  S). 

•*•  we  may  assume 

4       flS  1  i  1 

^ or  c=  —  - — rrrrrK — sr  or  s:  — 


W  r«^coB.«fl  eos.«(l80®-fl)"*"      coB.*(l80®-fd) 

whose  corresponding  results  will  evidently  be. 


Jl 


-  _  «  V  y .  CO*.  <«o  -  J  j 

For  anotbor  sdution,  (see  S04.) 

In  the  proUem,  ^!^  _  i!  =815.  ^ITs  is  imaginaiy. 


BWATIONf  or  TWTStRD  OXQKSB.  ,  ^^^ 

/.  Gurdan'f  rule  do9B  liot  here  i^ppibf .    We  will  trjr  Ike  Aboite 
fonD. 


44a        /l^ 

79     '   ^  TO 
442 


_  ^.^  ^  .6294794  nearly. 

TO  X  8^881044  ^ 

.*.  d  &s  My^  M'  II"  47^^  neariy. 

t 
A  06fi._  es  COB.  (16°  59'  4S"  55")  s  .0605814  nearly. 

/.jtssS  V  4-  COS.—  =  «  ipa  X  (.9605814)  =  17.06868595T9 
nearly. 

The  root  is  accurately  =  17,  as  we  find  by  trial.  If  more  deci- 
mal places  had  been  taken,  the  above  result  would  have  been  more 
exact.  The  other  roots  may  be  found  more  easily,  since  we 
abeady  know  0.  .  They  may  also  be  found  after  reduction. 


302.        By  assuming  a;  =  y  +  I9  we  take  away  the  second 
term,  and  get  y'  —  7y  +  6  =  0. 


Hence  J^TI^  ^    JTZ 
^     4  «7  ^ 


348 


27 

.*.  Cardan's  rule  does  not  apply. 

Butcos.d   :=,•!    yl  =,  i2i^  Jl  yi  =  .8416819 

2<7    ^     ^  2  XT  *!l  ^     7 

(see  801.) 

/.  fl  =r  82**  19'  54"  38"' 
a 

/.  Z.  S8  10^  46'  38"  12"' 

3 

.-.  y  =  -  «  V  -J-  «»•  -5-  =  -  (3.05505)  X  (.9847682)  nearly. 

=  —  3.0085008  nearly.    By  trial  we  find  (  —  3)  to  be  the 
exact  root.     After  reduction,  by  the  solution  of  quadratic  equation, 

K2 
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it  will  be  seen  that  1  and  S  are  the  other  roots  of  the  equation 

y»   -  7y  +  6  rr  0. 

.%  the  corresponding  roots  of  the  given  equation  are  —  3  +  Ir 
1  +  1,  2  +  ly  or  — 2,  2,  89  respectively^  two  of  them  being  of  the 
form  —  a,  +  «. 

Whenever  an  equation  has  roots  of  the  form  —  a,  +  a,  as  ia 
the  present  instance,  the  last  coefficient  has  a  divisor  of  the  form 
a*  J  and  thjs  last  but  one,  of  the  form  (a).  It  may  /.  abridge  labour 
in  such  cases  to  substitute  (a),  as  found  by  inspection,  for  (x),  the 
result  shewing  whether  it  be  a  root  or  not.  Thus  IS  =:  S^  x  3 
and  4  =  8X2.  /•  we  may  try  2.  It  verifies  the  equation,  and 
.%  is  a  root.  (—2)  also  succeeds.  Generally,  if  there  be  n  roots 
of  the  form  db  a,  the  last  (n)  coefficients  beginning  with  the  last, 
are  divisible  by  a",  a*^S  . ...  a^^a  respectively ;  for  the  last  coeffi- 
cient, is  the  product  of  all  the  roots  with  their  signs  changed,  the 
last  but  =:  sum  of  the  products  of  every  (m—  1)  roots  with  their 
signs  changed,  (m  being  the  whole  number  of  roots),  &c.  &c. 
Hence,  if,  by  inspection,  we  find  that  the  last  (n)  coefficients  of 
an  equation,  are  divisible  by  the  successive  powers  of  the  same 
quantity,  it  is  reasonable  to  conclude  that  there  are  (n)  roots  equal 
to  it,  or  only  differing  in  sign,'  and  trial  may  be  made  accord- 
ingly.   The  general  form  of  such  equations  is  .'. 

jr+A^af^^-^ Bi.a.j:^'  +  B,.a*.aj"-*+  B^,.a— ».ar 

+  B..a»=:0. 

If  there  be  also  roots  of  die  form  ±  6,  they  may  be  found  in  the 

same  manner. 

Ex.     x«— 3x«-llx*+39x«  +  IOx«-108a;+72=0 

Here,  72  =  2^  x  3*       ^ 

108  =  2^  X  3  X  9  VHence,  it  appears  there  are  three 
10  =  2   X  5        J 
roots  of  the  form  ±  2,  and  two  roots  ai  the  form  db  3.     By  trial> 
2,  2,  —2,  and  3,  —3,  are  found  to  be  the  roots. 


303.  Here  ^  =  - 


=  -  91  /7^~?  _ 

=  28     I      •'  V    T   ^    2T  - 


27 
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•"•  y"-  14  ±  IS  =:  -  1  or  -  8 

,\  «=  y-14  +  13  +  v^  — 14-13  (see 300)  =-1-8= -4 

let  a  and  b  be  the  other  two  roots. 
Theii(— a).(-6).4  =  28,  and  -  a-  6  + 4=0 
.*.  a6  =  7,  and  a  +  ]l  =  4 

and  4  a5  =  28 


/.  a«  -  20*  +  6«  =:  —  12 


/.  a  —  6=  ±  V  -  12  =  ±  *  V  -  3 
and  a  +  &=  4 


/.  a  =  ^ s=  2  ±  ^  -  3 


and  6  =  2  If  //  —  3 


.\  the  three  roots  of  the  equation  are  —4,2  +  ^  —3,2  —  ^  —3. 

N.B.  a  and  b  might  have  been  found  by  reducing  the  equation 
to  a  quadratic,  &e. 


304..        X*  —  p«  +  ^f  =  0. 

Let  the  roots  a,  b,  c,  be  real. 

Then  x«  —  (a'\'b)x  +  ab  :=:  0 

a 

or  ««+  car  4 =  0,  since  a+6+c  =  0,  and  ahc  =z  q 

c 

c  /c  ^         a 

Hence  «  =   -  —  ±    V  "j"  -    —  the  two  roots  a,  b,  which 

are  not  real,  unless —  be  >  -^  or  c^  >  4^ 

4  c 

Letc^  =  4g  +  m  ■ 

But  c^  —  pc  +  9  =  0  (c  beinga  root  of  the  equation.) 
:.  c^  szpc  —  9  =  4^  + 1» 

,.  p  —        ^        ""  (47  +  my 
.    P^  _    (5g  4-  my 
27  27(4^  +  m) 


IM     BQUATION8  OP  THE  THIRD  DSORBB. 

''  27 ""T""  108  (4g  +  m) 

898g«  +  873mo«  +  COm^q  +  4»i» 
=  I0S.(4y  +  m) =  a  positiTe  quantity. 

.    I''  ^  ?i 

/•  When  the  roots  of  the  cubic  ar^  real,  V  <  ^ 

or ^  18  <lor^v^— "^* 

4p*  ^        P 

Now,  since  the  cosine  of  an  angle  is  necessarily  less  than  the 
radius  of  the  dide,  or  the  cos.  6  to  radius  (1)  necessarily  less 


than  (1),  put  cos.  d  =  ±  ??  y/l^ 
But  cos.  6  =  4cos.« —  —  8  cos —  z=:  +  —  \/ —  =  ±  —X 

iff 

.-.  8  (P.ycoa.»l.  -  6  .  (£-)*  008.  A  +  g  =  0  (if  the  ne- 

\8/  8  \ S  /  3 

gative  Talue  be  taken.) 

oti^^y^cM'    —J    -p.(2  v^|-cos._)  +  g=0.an 
equation  haying  the  same  coefficients  as  x^  ^px+q.  /.its  roots  are 

the  same,  or  a;  =  8  \/^  «».  — 

^83 

Let  us  find  d  priori  the  assumption  for  cos.  0. 

d  Q 

4  cos.  ^—  -  Scos.  _  -  cos.  d    =  o|Xo  render  them  iden- 

Also  x'  —  px  +  9  =  0 

Put  X  =:  y .  cos ,  and  substitute. 

8 

6  6 

Then  y^  cos.^ —  —  py  cos.  —  +  o  sr  0 
^  3  3 

.'.  4cos.^ —  —  l^cos. —  4-  i£=:  O 
3         t/«  8   .      y» 


<>  I  To  rem 
f     tical, 
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Let  4  =  «,  A  COB.  d  =  -  H 

Bn  »>  s  fe 

'  8 


.'.y=.±»yi 


y»  8   ^    p'  8p 

8P        ^    P 


4P 


8  8  8 

For  another  method  of  proof.  Me  801. 
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EQUATIONS  HAVING  EQUAL  ROOTS. 


305.  If  an  equation  have  (n)  equal  roots,  the  equation 
of  limits  has  ^n—  1)  of  them,  and  the  two  equations  have  a  com- 
mon measure  of  the  form  (:p— 0)*"%  (a  being  one  of  the  equal 
roots,  see  Wood)y  which  being  found  in  the  usual  way,  will  give 
us  the  (n)  equal  roots. 

Equal  roots,  however,  may  be  found  from  inspection  of  the 
factors  of  the  coefficients.  For,  if  there  be  (n)  equal  roots  (a), 
the  last  (n)  coefficients  beginning  with  the  last  will  be  divisible 

by  a*,  a*~* a  respectively.     See  302. 

To  apply  these  two  methods,  we  have,  in  the  problem, 
(1.)  An  equation  of  limits  Sx^  —  lOx  +  8  =  0,  the  greatest 
common  measure  of  which,  and  the  given  equation,  is  (x — 8). 

4 

.*.  two  of  the  roots  are  8,  2.    This  third  is  = =:  1. 

2  X2 

2.  Wehave  —  4=r  (— 1)  x2«>„  ,^     ^ 

,  ^       ^      \        >  Hence  we  may  conclude  that 
and  8  =  4x2        )  "^ 

d:  2  is  one  of  the  equal  roots.     By  trial  we  find  that  +  2  is  that 

root. 


20 
306.         Bere,  the  Equation  of  limits  is  3x*  +  —  x  sz  o 

20 
/.  x  =  0  or  —  — - 

21 

SO 

/.  0  or  -  —  is  one  of  the  equal  roots. 
21 

20 
By  trial  we  find  that  —  —  is  that  root. 

Hence  the  third  root  =-—  +  —  =  —. 

7        21        21 
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4000 
9261 

0 


10 

X 

20\« 

21 

21 

20 

0 

X 

21 

Otherwise, 


20  . 


/.   ±  —  is  one  of  the  equal  roots,  &c. 
(See  305.) 


307.    Here,  the  Equation  of  limits  is  8x*  +  16x  +  20  =  oi 
The  greatest  common  measure  of  which  and  the  given  equation 
=:  x  -f  2.     .*.  the  two  equal  roots  are  —2  and  -*2.    Henee  the 
third  root=-8  +  4r=—  4. 

Otherwise, 


16  sr    4*    or  =    4  X  2« 

20=  5X4  or  =  10  X  2 
roots.    By  trial  we  find  —  2  is  that  root. 


?  .*•  db  4  or  ±  2  is  one  of  the  equal 


308.  The  greatest  common  measure*  of  the  equation,  and 
its  equation  of  limits^  is  x  ^  2.  »\  2  is  one  of  the  equal  roots. 
Hoioe  the  other  root  s:  1  —  4  =:  —  8. 


Otherwise. 


+  2 


12  ""  S  yc  2^1 

"^  >  Henee,  it  appears  ±  2  is  one  of  the  equal  roots, 

8r=  4  X  2  J 

the  equation,  and  is  .*.  the  root. 


309.        Here,  the  greatest  common  measure  between  the 
given  equation,  and  its  equation  of  limits,  3x*  —  lOr  4-  8  s  0, 
is  X  —  4,  /•  the  equal  roots  are  each  =  4. 
Hence  the  other  root  =  5  —  8  ==  —  8. 

Otherwise. 

*~  (  Hence  jt  4  is  one  of  the  equal  roots,  &c. 

8=2x4)  ^ 


)3S  BQUATIOMS  HAVlNa  8QUAL  AOOIB. 


310.  For  the  method  iof  findifig  equal  roots,  see  IFooe^  on 
Depression  ofEqwUions;  also  Problem  805. 

He  equation  of  limits  to  the  giren  equaticm  is  5«*  —  52x* 
+  201  x^  —  842x  +  216  =  0,  the  greatest  common  measure  of 
which  is  a:*  —  8«*  +  21 «  —  Id  :=  0. 

This  common  measure  evidently  does,  not  contain  three  equal 
roots ;  for  then  18  would  be  a  perfect  cube.  If  two  of  its  roots 
be  equal,  we  can  find  them  by  taking  the  greatest  OQmnum  mea* 
sure  of  it,  and  its  equation  of  limits.  This  comnum  measnore  is 
«  *-  8.  .%  two  of  the  roots  of  x^  —  Sx*  +  21«  —  18  ss  0  are  8. 
Hence  the  other  is  s=  8  —  6  =  2. 

.*.  the  greatest  common  measure  of  the  given  equation  and  its 
limit,  is  (a;  —  8)'.  (x  —  2).  Hence,  three  of  the  roots  of  that 
equation  are  8,  and  the  other  two,  2. 

If  the  greatest  common  measure  of  the  given  equation  and  its 
limit  had  all  its  roots  unequal,  they  must  be  found  t>y  some  other 
process,  and  the  given  equation  would  have  had  two  of  eadi  sort. 
Generally,  if  an  equation  have  A  roots  of  the  form  =  a,  B  roots 
cs  by  &d.«  dien  the  greatest  common  measure  will  be  of  the  form 
(i;  —  a)  ^>(  *  (  j:  —  &)  ^y  ^  &c.  =:  o,  the  greater  common  mea- 
sure of  which  and  its  limit  must  be  found,  and  so  cm  until  the  lait 
greatest  common  measure  shall  be  of  the  form  (x-^a)  .  (x— 6) . 

(x—c) =  0.     This  being  solved,  we  shall  have  the  means 

of  discovering  all  the  sets  of  equal  roots. 

The  second  process  (805)  is  shewn  by  the  present  problem  to  be 
much  more  convenient  than  the  common  one. 
Thus  108  =  8»  X  2«         ^ 

216  ss  8«  X  2  X  121 A  we  see  at  onoe  the  probabiUty 
171  ss  8    X  57         j 

of  there  being  three  roots  of  the  form  ±  8  and  two  of  the  form 
±  2.    By  trial  8,  8,  8,  2,  2,  ai^  found  to  snoceed. 

311.  Hie  equation  of  limits  to  this  equation  is  4  x^  —  ^ 
szo  .\  X  zz  ^is  one  of  its  roots.  This  root  is  found  by  trial,  to 
be  fiko  a  root  of  tbe  grmi  equation.    TherefiHe  the  equations  have 
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a  ooBunoimMnire  (x  ^  i).    Hence  two  of  the  roots  of  the  ori* 
equation  are  each  =r  |.    Dividing  it  by  (x  ^  |)>  s:  x<  — x 


+  i  the  quotient  is  x^  +  x  +  |s=o  whose  roots  are  —  i  +  V  ~i 
and  ~  I  —  ^  »  I  the  other  two  roots  of  the  gmn  equation. 

Otherwise, 
}  Hevoe  there  are  two  roots  of  the  form 

4*  2^    Bt  tiialf  i-  6tteoeed8»  and  «-  JL  does  not     .*.  &c. 

2  2  2 
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EQUATIONS 

* 
HAVING  PAIRS   OF  ROOTS   OV  THE   FORM  (±  a). 


oooooooooQoooooeoooo 


312.  If  an  equation  have  pairs  of  tooU  of  the  form  d!  (h 
±  6,  &c.,  it  will  be  of  the  form  Q  x  {x'-a*),  (««-6«)»  &c--  ==  O, 
(A).  Change  the  signs  of  the  roots,  by  changing  the  signs  of  the 
Snd,  4th,  &c.  tems,  and  the  resoltiiig  equation  will  evidently  be 

of  the  form  Q'  x  («*-,a*).  (a;»-6*)»  ^'  =  0»  C^)- 

Thus  A  and  6  have  a  common  measure  of  the  form  (j^— a*),  x 
(x*— &•),  &c.  =  0,  whose  roots  a,  —  a,  6,  —  ^,  &c.,  will  be 
roots  of  the  given  equation. 

Pairs  of  roots  of  the  form  ±  a,  may  also  be  found  from  the  divi- 
sions of  the  last  two  coefficients.  Thus,  if  the  last  coefficient  be 
divisible  by  (a*),  and  the  last  but  one,  at  the  same  time,  divisible 
bj  (a)>  '^^  ™Ay  conclude  that  two  of  the  roots  are  either  equal, 
or  only  differ  in  sign,  and  trial  may  be  made  accordingly. 
(See  808.) 

If  an  equation  of  an  even  number  of  dimensions  have  all  its 
roots  in  pairs  of  the  form  (d:  a),  it  may  be  reduced  to  half  the 
number  of  dimensions,  by  putting  y  =:  a:*.  Thus  in  the  equatbn 
whose  roots  are  a,  —a,  6,  —6,  c,  — c,  &c.,  to  2n  terms,  we  have 

(*•— a*),  (pf—b^).  («•—€*) ton  terms  =  0;  put  y:=ra^.    Then 

(y— a'),  (y—b*).  (y— O  ......  n  terms  =  0,  an  equation  whose  roots 

are  a\  &*,  c%  &c.  to  (»)  terms.    Hence  we  have  the  roots  of  the 

given  equation  =xs=d:V  y=:±a,  ±6)  &c. 

Equations  of  this  kind  have  only  the  even  powers  of  the  unknown 
quantity  a?,  and  are  hence  known  to  be  of  that  kind. 

In  the  problem,  4x3  -32  j:*  —  x  +  8  s=  0.  Change  the  signs  of 
the  roots;  then,  4x^+38  jit*  --  x  — 8£=:0. 

The  greatest  common  measure  of  the  equations  is  4  x<  —  1  =  0 ; 

or  a;2 r  =  0- 

4 


OP  THl  PORM,.  (±«)*  ^^1 

/.  +  JL  and —  — are  two  of  the  roots  sought. 

The  third  =  8  which  mig^t  at  once  ha?e  been  found,  and  the 
others  by  reduction.  The  mode  of  diyisors  will  eridentl;  lead  to 
the  same  result. 

313.  Here,  the  greatest  common  measure  of  the  given 
equation,  and  of  that  whose  roots  are  those  of  the  giren  equation 
with  their  signs  changed,  is  ;x*  — 9. 

/.  OP  s  ±  8  gives  two  of  the  roots. 
Let  a  and  6  be  the  other  two. 
Thena  +  6=  -  8 

a6  X  S  X  (-  8)  =r  -  18 
.*.  oft  r=  8 
Hence  a*  +  2ab+b*  s=  9 
and  4ab  =  8 


.-.  a*  -  8a6  +  fc^  =  1 
.'.  a  -  h  =  ±1 
But  a  +  6  =  —  3 


/.  a  =2  —  1  or  —  8 
&  =  -  8  or  -  1 
.••  the  roots  required  are  8,  —  8,  -1,-8. 

Otherwise. 

18  :=  8  X  8"^  >     ,   ^Ij^j^  ij^y  Y^  ^^^  ^^^  ^  Ijjg  fo^  ^  3^ 
87  =  9  X  8    S 
which  on  trial  we  find  to  be  the  case. 

314.  Since  one  root  is  of  the  form  ^  a,  there  is  another 
of  the  form  -  j/ai  (surd  roots  enter  equations  by  pairs).  Hence 
the  given  equation,  and  x»  +  4x«  -  8x  -  18'  =  0,  have  a  common 
meosnie  of  the  form  x'-i^a)*  =  x«  -  a,  which  is  found  by  ^ 
Qsual  method  to  be  x»— 8.  /.  two  of  the  roots  are  V  8  and  -  V  3- 
Hence,  the  third  root  =  4  -  V^  +   >/"8  =  4. 


^**  or  THK  FORBff  (±  a). 

315.         x*+x^  +  Uxi  +  9x+lSi=iO}  ^ 

A      t  .  ^,  o    ^    .  ,^       r  Toe  greatest  comiiioii 
X*  -x«  + 1 1x2— 9a?+ 18=0  i  ^ 

meiURure  of  which  equations,  is  fbcmd  to  be  ar*  +  9  s  0 

/•  X  =  ±  8  ^  —  1,  which  giyes  two  roots  of  the  equation. 
Let  a  and  b  be  the  other  two  roots 


Then  a  +  6s=—  l  +  S^-l  -3^-1=  -  1 
«naa6:^ — -x^     ■  =  —  g=  g 

8V-1  x(-8)./:ri      9 

/.  a*  +  2a*+  6«  =:  I 
and  4ah        ^  8 


Buta  +  6  =  —1 


a  = 


_  -l±V-7 


S 


and  6  = £Jl the  other  two  roots  of  the  equation^ 

N.B.   In  the  problem,   —  llx^  should  hare  been  printed 
+  11  x«. 

Otherwise. 

18  =  2  X  8S  =  -  2  X  (8  V"^*  1 

. ,     . >  Hence  the  roots  of 

9=:SX    8  =  -8V-lx(8V-l)J 

the  form  ±  a,  appearto  be  ±  8  ^-1.    By  trial,  8^—1  is  found 
to  be  a  root.     /.  -  3  V-1  is  also  a  root,  &c. 
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316. 


Let  a  +  6y  a  -I*  8i,  a  +  36, a  +  n6  be  the  roots. 


Then  (a+&)  +  (a+2b)+  ....  (a-f  ii&)  =:p  =  fm+  !LJLti  b 


and  a*  +  8a&  +  6' 
+  a*  +  4a&  +  4fr* 
+  o*  +  Co*  +  96^ 


+  a^  +  )Bwa6  +  n*6* 


=  P'"«9- 


But  2ai  +  4a&  +  ....  2naA  a:  Soft  (1  +  t  -f  3  +  ....n) 


=:  2oJ.n.2±l 

8 


ss  n.  n+1  a& 


and  6*  +  46*  +  9i*  +  n'6*  =  A«  (1  +  4  +  9  + n") 

Pat  1  +  4  +  9  +  n*a=  8      

TheD  A  8  =:  («+l)*  =  n+l    x  n+l=«.i»+l+n+l 

«       n— l.n.n+T    ,    n.n+1  • 

/.  8  == r + 


3 


8 


n.n+1    X  gn— 8-h3  ^  n.n+l.gn+l 
6  ^  6 


Hence  p«  —  Sg  =  na«  +  n .  n+ 1  a6  +  !il^i — : —  i« 

Also?!  :=ina»  +  n.^n^ab^  »JM^  j, 
n  4 


'^"^p^-g^rrA*  X  ^^^^^  X(«.«n+l-3.n+  1) 


n 


18 


-„        n.n+1        ,       ..        **(»*  — l)t« 

=  M   X  -—  X  (»-l)  =  — ^ ^6« 

18  ^  ^  18 
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n         ^  n*  —  1 

r 

—    P  »+l    I  _  P.  _  »+*  /8.(»— l)p*— 6ny 

""  "n  2    '      ~  n  «     '    '^  n«  —  1 


317.        See  818.    Whoe  n  =  3 

q=-4 


_ «  /8x(8-l)6'-t: 

•  ft— rx  V  ^i:r 


0X8X4        S 


8--  9-1  -TXV3fi=±4 

Let  6  be  positive,  or  the  series  ascending. 

/.  o  +    ft  =  -  .6  +    4  =  -  ^)vhichare.the three  rootsre- 

•  t     quiried. 

a  +  3*=-6  +  12  =  6       ) 

Otherwise, 

Let  a  —  ft,  a,  a  +  ft  be  the  roots. 
.Tben8a=:p  =  6 
/.  a  =  2 

I  i 

and  (a«  -  ft«)  a  =  -  24 
or4  +  12  =  ft« 

.*•  ft<  =  db  4  as  before ;  whence  we  baTe  the  roots. 


318.        See  316.    Where  n  sz  s 

p  =  9 

^  =:  28 


2        /sx  (3-1)81-6  XSX23         2        /36         2 

x(±|)  =  ±. 

Hence  a  =  3—  2X5J=-1 


ARITHM£TICAL  PROGEESSION.  ^^5 

/.  a  +     &  :=:  2  -  1  =:  n 

a'  +  £&  =:  3  Vwhich  are  the  roots  reqnijed. 

a  +  Sb=:  6  J 

We  find  upon  trial  that  these  valoes  do  not  satisfy  the  equation, 
unless  the  last  term  be  —  15  instead  of  -*  16.  Hence  it  appears 
there  is  a  mistake  in  the  enunciation. 

Otherwise. 

» 
Let  a  —  6,  a,  a  +  6  be  the  roots. 

Then  3a  r=  p  =:  9 

/.  a  =  3 
and  (a*  —  6*)  X  3  s  U 

.-.  87  -  15  =  36* 

/.  A*  =:  4 
and  6  =:  ±  2  as  before. 


319.        See  310.    Where  n  =  4 

p  =  8 
9  =  14 


2  y3X3X04-6X4»Xl* 

:,t^_y,^ 15 =  ±* 

8  5 

/.  as:— —x  2=2-  5r=— 3 

4  2 

a+  *  ==  -  3-f«  =  -  1 

^which  are  the  roots  required. 


a+9A=:  -  3+4=         1         .. 

>whM 
a-^Sb  =  -  3+6  =        3 

a+46  =  -  3+8  =        5 


Otherwise. 

Leia— 3Af  a— i,  o+6,  a+36  be  the  roots. 
Then  4a  =  8 
.".  a  =s  2 

▼OL.   I.  i 
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Also  (a*-96«)  (o»-ft»)  =  16  -  40A»  +  »6*  ==  —  1^ 


/.    M  -  —  6«  r=  -.  31 
9 


..      fe)         ^       /400~879         ^  11 
9  ^  81  ^9 

..        20±11  81 

/.    &•  s=  — = —  r=  —  or  1 
9  9 


If  6  s=  1  we  shall  obtain  the  roots  in  the  same  order  as  before. 
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320.  Let  —  a,  am  be  the  roots. 

m 

Then  —  xaxomssa'ssr 


A  ass  r^ 
Alao— +  a  +  ai»=:a(l+m  +  — \=p 

««+m  +  l=fxm  =  -£-  ^ 
-".  m«  + T-^  m  s=  -^  1 


,.  ^«-^!:L:^^^^^^-»^*-^p'  ^p^^»r--3r 


Bataisr^ 


a 


.*•  the  roots  — ^  ti^'am  ore  found. 


m 


N.  B.  When  the  equation  is  of  an  odd  number  (2n+ 1)  of 
dimensions,  the  middle  root  is  equal  to  the  (2n+l)'^  root  of  the 

last  eoeffident  with  its  siffn  changed.    Forif — ,   — ^, -^  a/ 

or,  ....  ar'^\   ai*  be  the  roots  and  L  the  last  coefficient  we 

bare,    --  x  ar^  x  -te-  X  o'^""*  X,  &c.  =  -  L 

1.2 


1*8  EQUATIONS,  &C. 


and  a  ==  (-L)1sir  -  «  (L) 


I. 

See  S20. 

Where 

r  =: 

27 

P== 

13 

/.  a 

=  S 

m 

—  13- 

-3  + 
6 

Ve*  _ 

18- 
6 

r  3 

.*.  the  roots  required  are  — ,  a,  ar  or  1,  3,  9. 


Otherwise.  ^ 

Find  the  middle  root  (a)  by  taking  the  cube  root  of  27.    Then 
depress  the  equation  to  a  quadratic,  &c. 

322.        See  820.    Where  r  =  8 

p  =s  7 
/.  a  =  2  ' 


7-2+V49-28-12        5+3       « 

4  4 

.*.  the  required  roots  are  -,  2,  2  x2,  or  1,  2,  4. 


323.         See  820.     Where  r  r=  64 

p  =  14 
/.  a  =  4 

_  14-4  +  ^^196  — 112— 48         ^ 

8 

.%  the  required  roots  are  2,  4,  8. 
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Transform  the  equation  into  one,  whose  roots  are  the  reci* 
procals  of  the  roots  of  the  given  equation,  and  are,  therefore,  in 
arithmetical  progression.  These  latter  roots  may  be  found  as  in 
(316),  which  being  reciprocated,  will  give  the  roots  required. 

The  general  equation,  however,  may  be  thus  solved  indepen- 
dently. 

First,  let  it  be  of^  odd  number  of  d^rees,  viz.  2m  +  I,  and 

the  roots  will  be  of  the'form ,    — '  — 

a-«d      a  -w-lrf  «  /" 

= — ,   » the  middle  term  being  — 

a-hm-ld      o+«rf  a 

Let  Pf  9)  ^9  ^'9  be  the  first,  second,  &c.  coefficients,  R,  Q, 
P,  &c.,  the  last,  last  but  one,  &c.,  coefficients. 

Then  Sl  =  (o-W)  +  (a  -  wi-ld) a (a+rn^d) 

+  .(a  +  wkf).  =  (2m  +  l)a 


.   a  =  —   X  — /.  the  middle  root  is  ^  ^±l2iA 

••  "       R    ^  2m+l  Q 

Again,  if  w,  n,  r,  8tc.,  represent  the  roots  of  any  equation, 
whose  coefficients  are  p,  9,  &c.,  we  have f-  —  -i. l 

=  { — I 1 +..  I    —  2  x(sumofthe  products  of  the  reciprocals 

\tt;       n       r  / 

ofeverytwooftheroots)=(|.y-2x|-  =  ^-^^. 
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Hence  a«  -  liamd  +  m^d»  +  a«  +»omd  +  m«d«^ 


a«-8a.m-ld+  (m-l)«c£«  +o«  +  2a  x 


Q»-SPR 


wt-ld  +  w-lV**"  )^ — R«" 

&c.     +     &c. 

a«  , 

{1     Q.*  —  2PR 

Put  1  +  8*  +  ....  w*  =  8 

Then  A  8  e=  (m+ 1)«  :=  m+ 1 .  m  +  m  +  1 

.    fi        m— l.m.m+1         iii.m+1      (Sm— 24-8)  Xmx(m+1) 

8_  ^  2  6 

—  »*  '  >^+ 1  .   .  8>»  +  I 


Hence  d»  x  g ^—  =         ^^^ («w  +  1) 

Q»              1 
^  fi?  ^  (2m+l)«' 
After  the  proper  reductions  we  find 


6 


whence,  as  we  have  already  found  (a),  we  can  easily  obtain  all 
the  roots. 

Secondly,  let  the  number  of  roots  be  even,  viz.  2m,  and  there- 

ibre  of  the  form _!1 _,   -J —^ — L-,  -J--, 

a  — (2m-l)d*   a-  (2mS)df        a-'da+d 

I  I 
a  +  (2m-8)d'   a+2mrid 

Then  —  =  sum  of  redprocals  of  the  roots  =  2m  x  a 
R  ^ 

•  a-     ^ 

•  •  a  cs 


2mR 
Again,  as  before,  the  sum  of  the  square)!  of  the  reopiocab 

+  a«  +  2a.(2w-I)d+  (2m-l)M« 
+  a«-2a.(2m-3)d+ (2m-S)«d« 
+  a«  +  2a.(2i»-S)d+  (2OT-S)«d« 
-f     Sec.  &c.  &c. 

=  2mo8  +  2(c?«  +  8«rf«  + 2m-8^«  d^-^-Sm-^i)^ d^) 


HARMONIC AL   PROORSSSIdH.  ^^^ 

Put  i+8<+5*+ «m^^«  +  Si«r-T\«  =8 

Then  A  S  ==  Qhn+iy=:(2m+\)  x<9fii-l)^  8x  (9m+l) 
'.   c     (2m— 8)x(8»-l) X(8m+ 1)^8 X(»m-l)x(«m+ 1)  .  ^ 

3X8  8X8  ^ 

_  (im>-^l)(2m  -3  +  3)  _  (4m*-l)xm 

Hence  .1.=  (Sl^  -  *...)    ,<  —  »j— , 

Abo  a  =  — — W--    Hence  the  roolfl  in  this  case  may  euilj 
Sin  A 

be  founds  and  the  general  eqoation,  whose  loots  are  in  hannomcal 

progressiDn,  may  thus  be  completely  solred. 

324.        Since  the  reciprocals  of  the  roots  ar^  in  arithmetical 

progression,  let  the  rMts  be  — IL,   J.,       ^    . 

a— d     o      a+d 

Then  X=:a  —  (f+a-ha  +  (f:=:3a 

r 

.-.  a  =  i 
3r 

Also  r  = r   X   —    X  — T— .  =  —    X 


a— d         a  a+d         a         a^—d* 

ar 

and  d*  =  o* =  —2- —  =  2 

or  9r^  q  9qr*^ 

.         ,1       /^3-87r« 
.".  a  £=  d:  —  V  ^'     '    '    "  aocording  as  the  series  isdescendiug 

or  asoaading. 

Ueacea±d^±  ±  L  ^9^^^^^  ^  ^±47^^ 

3r  ^  3r  ^  q  1^ 

I  3r9«  I  3r 


a  —  d 


^>*  -  a/7»  -  87r 


I    a  q 
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and      ^    as — ,which  are  tbe  three  roote  required. 

These  roots  may  also  be  expressed  in  terms  of  p  and  r,  or  of  p  and  ^. 


325.        Hence  Sx^  -  6ar«  —  8x  +  1  =  O 

/.  x^ ar« X  +  -  =:  0 

4  8  8 

Sr  8         8        , 


and  similarly 


8» 

i  1 


a+(2  4 


326.         See  324.     Where  q  =z  36 


7  =  36  I      r 
r  =  86  J 


a         1  1 

8r        8  a 


"""  86^-80^86-27  36^-8 


.       1             8X86^                              8  X  86* 
and  :  =  — E=  : =  6 


,1  3  X  SUi^  8X6 

and = ^  =  s=  2 

.*.  the  roots  required  are  6,  8  and  2. 


327.         Here  ay»  —  6y«  —  cy  +  1  =  O 
Lety  =  ± 


a: 


•VM  tt  6  c 

^«**  -T 5 +1=0 

,\  x^  -  cr^  —  62?  +  a  =  0  whose  roots  are  in  arithmetical 
progressioUt  and  .'.  of  the  form  m^d^m,  m+d 


HABMONICAL   PROGRB8810N.  1^^ 

Now  cssm  —  d-^m-^m  +  dssiSm 
c 
3 


Again  c"  +  26  =  m—dY  +  »'  +  m+  rff 


0 


.'.  ds=    ^/  ■ 


c«  +36 


3 


of  X,  are  —  —  /y/  - 


Henoe  the  values  of  x,  are  —  —  ^        ■    <   —  and  — 

3  3  3  3 


3  3  3  3 

3  8  3 

/.  the  values  of  y  are : —        ,   — ,and .. 

c-  V8c"+96      ^  c+  V3c'+96 
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HAVING   ROOTS   OF  THE   FORM  a,  — ,   6,  -r-,  fec. 

a         B 


aOQOOOOOOQOOOOOOOOOO 


(1)  If  all  Ihe  fools  are  of  the  above  form  (the  number  of  di- 
mensions being  .'•  even))  the  coefficients  equally  distant  from 
either  end  of  tihe  equation,  ne  equal,  and  of  the  same  sign.  (2) 
If  all  but  one  be  of  that  form,  (the  number  of  dimensions  being  .% 
odd)  and  this  one  be  i:  unity,  the  coefficients  equally  distant  from 
either  en4  will  be  equal,  bat  not  necessarily  of  the  same  sign. 
(S)  If  there  be  more  than  one  root  not  of  the  reciprocal  form, 
there  is  no  such  law  among  the  coefficients. 

To  solve  the  equation  in  the  first  case,  resolve  it  into  quadratic 
factors  of  the  form,  af  ^  mx  +  l^  kc.  (See  Wood  on  recurring 
Equations.)  In  the  second  case,  divide  the  equation  by  (x  d:  1), 
according  as  the  last  term  is  negative  or  positive,  and  the  result- 
ing equation  will  be  of  the  first  form,  and  may  therefof^  be  solved 
in  the  manner  of  the  first  case.  In  the  third  case,  find  the 
reciprocal  equation.  It  will  have  as  many  roots  of  the  reciprocal 
form  as  the  original  equation.  They  have  .*.  a  common  measure 
of  the  first  reciprocal  form,  which  being  found  according  to  the 
common  method,  and  solved  by  the  first  case,  will  produce  the 
roots  required. 

The  two  first  cases  may  also  be  solved  in  the  following  manner : 

First,  let  the  number  of  roots  be  even,  and  those  roots  be  of  the 

form  o,  — ,  i,  -r-,  fcc, 
a  0 

Let  M  r=  the  middle  coefficient,  p,  7,  &c.,  being  those  taken  in 

order  from  either  end  of  the  equation ;  in  short,  let  the  equation 

be  of  the  form 
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3^  +  |»a?«"^'-f  f  J^-*+ MjT  +....  gx«  +  j>»  -M  sr  0 

Divide  by  «"  aad  we  have 


Let  DDW  X  +  —  =  8008.  d 


Then  a:"  +  —  c:  8  coa.  (mfi) 
/.  by  siibstitatioD,  we  have 


%  CM.  (m  fl)  +  Ijp.  608.  (»^  fl)  +  «y.  COS.  (w-2  fl)  + 8Q.  X 

coe.  20  +  8  R  008. 0  +  H  =  0,  an  equation  which  may  be  re- 
dneed  to  the  form  008.  fl-  +  R'oos.fl— 1+ .. +  Q'co8.  fi«+ R'x 
008. 0  +  H'  r=  0,  or  to  an  equation  of  half  the  number  of  dimen- 
sions of  the  giTm  equation.    Having  finmd  the  values  of  cos.  9^ 

we  have  those  of  x  +  -L,and  henoe,  by  Ae  sohition  of  qnHdraticB, 

X 

we  arrive  at  fhe  values  of  x,  as  was  required. 

Again,  let  die  number  be  odd,  or  of  the  Ibnn  8m4- 1,  8m  of  the 
loots  being  of  the  reciprocal  form,  and  the  other  ±  1,  or  let  the 
equation  be  of  the  form  . 

a:«"+i  +  px«"  +  gjr*"^^  + q^^  +px±l  =  O. 

Divide  by  x  ±  1,  having  collected  the  terms  equally  distant 
bam  both  ends  into  pairs. 

Thm  :r«-qF  0  -P)  **"^'  =*=  (l-p+^)a:«— «  ±  -.±(1-? 
-f  fl)  x'  =p  (1  — p)  «  +  1  2=  0,  which  being  of  the  same  form  as 
that  of  the  first  case,  may  be  solved  in  the  same  manner.  This  equa- 

tfan  may,  however,  be  solved  independently,  by  dividing  by  X  8  , 
sod  after  aids  making  assumptions  similar  to  those  above:  or 
thus,  let  x«»+*+px«*4-?«*"^*+  •.?^*+P^+l=Oi  lety«=2X. 
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Then  y«X««+i  4.  py^y^*^  4. jy*  +  py^  +  1  =  0 

—L-)  +  ....  «M5.    +  Q .  (y»  +  -1)  +  R  .  (y  +  i")  =  0, 

y2«— 3  /  y^/  y  / 

the  number  of  teims  being  m,  and  the  powers  of  y,  vii.  2m  +  I, 
Sm—  1,  Sni  — S,  &€.,  being  odd. 


Now 


2««H-i  4-  ti;^*+"* 


=  ««"•  -  ^s*-!  w  +  a5«"^«  io«  — 


«  +  to 

Henoe,  dividing  each  term  of  the  equation  in  y  by  y  +  — 
we  have 

y2«    _y«— «+y«— 4_ 4. 


1 


/  =  o 


+  qy*'-*  - 

&c. 


«m-4 


y 

&c. 


+  R. 


±  (1  -P+?- ±  Q)  (»*  +  4)  T  (» -p+?  -  •••  T  R)  =  o. 

or  (X-  +  ±)  -  (1-p)  (x"-i  +  -1-)  +  (l-p+9  -  .... 

T  Q)x(x+i.)  T  0-P  +  ?-  ....  qiR)  =  o,  which  maybe 
reduced  to  an  equation  of  m  dimensions,  by  putting  x  -f-  JL  ^  j^ 

X  ' 

and  substituting,  or  by  putting  it  =:  2  cos.  g,  &c.  as  before. 


7  7  .^_ 

328.        Assume  x^ 5"^*  +  —  x-l=:  x— l  x  .(x« 


—  mx  +  1)  ss  x^  — .m+1  x«  4-  m-f  1  x  —  1 


OF  THE  FORM  o,  — ,    6,  J-,  &c.  ^^'^ 

a  b 


m 
■  • 

m  +  1  = 

7 

•• 

2 

• 
•  • 

7 

-   1 

5 
2 

•  • 

2 

«  s= 

-   1 

.  j:«  . 

2 

25  _ 
10 

25-16 
16 

:= 

9 
16 

/.    X 

_   6±S 

=  2 

or  -Lthc 

itVi 

^on 

4  2  • 

Otherwise. 
DiTide  by  x  * 

.-.   X*  -  ±  -  I.  .  (x^   -   ±\  =  0       . 
X*         «  xi/ 

orx  +  l+  —  =  — 

X  2 

/,  x«  —  —  X  =  —  1  as  before. 
2 

329.         Here,  dividing  by  x^,  we  get 

x«+J-  +  2+A.(x  +  J- I  =  0 
x«  2  x/ 

Potx  +  J-r=2co8.fl 

X 

Then  a:«  +  —  =  2  cos.  2fl  =  4  cos.  «6  -  2 

x2 

/.    4  cos,  «  d  +  5  COS.  9  :=  0 

/.  COS.  fl  =:  0,  or  cos.  fl  ^ 

4 

/.   j:   +   —  =  0  or  —  — 

X  2     • 

.-.  x2  =  —  1 
.'.  X  =  db  V  "  ^  =  V-  1  ^^J^  "-  V  -"  1  =  V  -  1  0' 

5 

and  X- X  =  —  1 

2 


V-1 


1^6  BQUATiaNS  HAVINO  ROOTO 


4  S 

/.  the  roots  required  are,  i/—  I,  ,   8  and 


/IT,  « 


330.         X*  +  p««  s=  —  1 


/.  X*  +  px«  +  C  = 


p«   _  p«  —  4 


4  4 


2 


. .  X  —  ±  V  g Hence  the  roots  are, 

2  8  2         ,   ' 

and-   v/z£z3Ef 

Now fi:£±/£!EiV 

+  ^Ap-Vp""-*^(-p-Vp«-4y^  ^       8       ^ 

2         ^      8      /    (-p+Vp«-4y 

/y«    -  p«    4-    4\| 


(-p+Vp"-A  4      (^zZIj/p!::!)  * 


Sioiilarly 


^  ^Ap-Vp^^  _ 


8        ^   -  (iiPiVpi::::*^* 


.-.  ^Ap+Vp!^-4  ^  ^/-p+/^?ri 

8  2  ' 


«'   ±  ^--g ^  (by    taking    the  root)   and    th«r 

recipreeals  are  the  roots  required.        ^ 

331.        Divide  by  x^,  then 


OP  THE  POBM  Uy—  b,  i-,  &c.  ^^^ 

ai       b 


««    +    ±  +  (x  +  ±)   +9  =  0    , 

Now  (x  +  ±y  =  a:«  +  ±  +  8 


X  2 


8 


.    jp  _    1  ±  V9-4y±  V    2  V9-4g  -  (4y+  6) 

4 
whence  we  can  represent  the  roots  in  their  reciprocal  form,  as  in 
the  preceding  problem. 
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OO00P0O000080000000P 


332.         ««  —px  =  q 

2  2     ^  ^  p^J 

Piittaii.««  s=l? 

p^ 

Tbea  ±  ^l  +  If  =s  sec.  « 
•.  j:  s=  JL .  (1  ±  sec.  «)  =5  -£-.  tan.  z  (cos.  2  J>; —  j 

2  coe.2  i  ±  1  -  1 

P   *•«       COS.  z  ±  1  »  2  ,  . 

=:  Jl-  tan.  z. iz_  =  J- X  tan.  z 

2  m.z  2  ^  .      z     ^         z 

2  sm X  COS.  — 

2  8 

COB.«i-  —   1 

=  JL  tan.  z.  cot.  -L,  or  JL .  *n».  ^ 

•  Sin.  —  cos — 

2  2 

Bntcos.*—  -  1  =  -  sin.«  — 
2  2 

:,  X  :=:  JL  tan.  z.  cot.  ^,  or  —  ^  tan.  z.  tan.  — 
2  2  2  2 


333.        Let  a,  2a  and  b  be  the  roots. 
Then  IS  =  8a  +  6 
Alsop^  —  jfty  —  a«  +  4a«  +  6«  =  169  -  100  ==  69 

/.  &<  =  169  —  78  a  +  9  a^  =  69  -  5a« 

.•.  14a8  —  78as=  -  100 


MIMBLLANBOU8   SQVATIOllfl.  l6l 


.  •  a*  —  —  a  £=: 

.7               7 

7                U«            14« 

1400  ^ 
14« 

Itl 
14S 

14 

• 

.*.  2a  =s  4  ' 

andiss  7. 

334.        a-  -t-  i.  s  6 

.•.  o*  -  6  a"  =  -  1 

4               4 

"♦)• 

S 

.'.  X  log.  a  ss  log.  (&  ±  ijh*  — 

.    ._log.(6±V*»-4)- 

H- 

S 

log.  a 


335.        Let  a  be  the  third  root. 
Then  ^  s=  the  second  root, 
and  9a  s  first  root. 
Now  10  £5  6a  +  8a  +  a  s=  10a 
a  :£:  1^ 

the  roots  required, 
and 


336.  Since  the  equations  hare  a  oonunon  root,  they  hare 
aeouion  measure  of  the  form  x  ±  tff  which,  being  foond  by  the 
eonmon  method,  gives  x*  »  1  =  0. 

.'.  x  =  d:  l»  +  1  is  found  oil  trial  to  be  the  common  root. 
Lei  a  and  &,  a',  6'  be  the  other  roots. 

TOL,  I.  M 


^^  MWCniAJMEOUS  B0UAT10M8. 

lien  2=z  a  +  b-f  4  =  «'  +  &'> 

But  o^  +  2ab  +  b^=:  4>:    and  al*  +  ta'V  +  t"*  ==  19 
and  Aah  =96  and  4a' 6'  s=  28 


.•.  a«  -  2oA  +      :=  -38  and  a'«  -  2a'b'+y^  cs-  18 

/.  a  -  6=  ±4  V  -8    and  a'  -  6'  =  ±  8  V  -  3 
But  a  +  6  r=  8  a'  +  6'  =  4 


A  a  =  l±2V-8  .\  a=  8±V-"3 

6  s=  8  If  V-3 


6  =  iq:8V-« 

Hence 

we  have  all  the  roots. 

337. 

a~  +  o"*-'  =  b 

a" 

o""    =: 


a 

ab 


/•  iiMP  log.  a  =  log.  (a&)  -*■  log.  (a+ 1) 

.-.     X  —  ^^^'  fl  +  log«  &  -  log>  (a+ 1) 

in  X  log.  a 


338.        «*  -4«»  .  8^  +  6ar«.  8*  -  4x  .  8^  +  8*  =: 0,  which 
Wte  see  is  the  fonrth  power  of  the  binomial  x  -^  2* 
:.  (x-8*)*  =:  (a:-8*)  x  (*-8*)  x  (ar-S*)  X  (x-^Mi)  zzO 
A  the  four  roots  are  equal,  each  being  8"^. 

Again,  let  x^  +  Tx^  +  Qx  +  R  =  0  be  the  equation  sought. 

Now  P=  -  i-a-  v^-±o«   -  ±a+  ^-±a«  +a 

8^4  8^4 

:=:0 


p.-«(i4+ay:x;.-|a.+^.«y:4 


a* 


-  ±  a«  +  a«  =  O 

4 


/ 


.'.  Q  r:  O. 

=  (^,a*  -f  ±  a2)  X  a«  =  o» 
\4  4 

.'.  x3  +  a*  ao  gme  equation  reqiared. 

339.        Since  1  -^  ij  Sisa,  root,  1  +  ^fs  is  also  a  root, 
and  tbe  equiOion  is  divisible  by  (x  -  1  +  j/T)  x  (*  —  1  —  ^"5) 

cs  (x  -i)«  -  6  =  x«  -  «x  -  4.    The  quotient  arising  from  tbe 
divisioots 

x^  +$x  +  Us:  0 

.'.  ««  +  3a?  +  i-  ==  •Z:5  =:  JL 

4  4  4 

•  •    X  :=  .  r=   —  1  or  —    2 

8 


340.  Since  surd  roots  of  tbe  form  a  ±  ^  6,  enter   eqoa- 
tioDs  by  pairs,  8  —  j/^  is  also  a  root. 

Let  a  be  the  third  root. 

Then  11  =  8-  j/^  +  B  +  ^l+a 
.\  as:  S 

.*.  the  roots  are  3  +  ^T,  3  —  ^/2  and  5. 

341.  Let  a:- +  pjc*-«  +  yx^  +  ^x  +  p'r=  0  be  the 

equation    to  be  transformed,  and  y"  +  P  y*~i  +   Qy"^^    + 

ft'y  +  F  =  0  the  transformed  equation.    Also,  let  a,  i,  c, .... 

A',  d',  represent  the  roots  of  the  former  equatiouyA,  B,  C,  ....F,A' 
of  the  latter. 

Then,  since  there  are  n .  ..       combinations  in  »  things  taken 

two  and  two  togedier,  » is  the  number  of   roots  in  the 

transformed  equation. 

M  2 
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m  :=:  A . 


n-l 
2 


But(a-6)«+(a-.c)«  +  (a-d)«+....(a-.a0*=^ 


(^-a)«  +  (6-c)«  +  (6-cO*  +  ....(*-a')« 
Again,  -  2P  s=  |  (c-a)«  +  («-6)*  +  (c-d)'  +  ....  (c^a*)^ 

&c.  &c.  Iec.  ...«     &c. 

(o'-.a)«  +  (a'-6)*  +  (a'-c)«  +  ....(a'-O* 

a>-2a&  +  6< 

a<— 2ae  +  c^ 
&c.     Ice.     &€• 

a«-2aa'+*'* 
=  (n-.l).a«-2o(-p— o)+Bj-.a« 
=  na<  +  2<;p  +  S, 
Similarly(6-ay+(6-cy+....=  «.6«  +  8ftp  +  S, 

&c.  ==  &c.  to  n  terms. 

Whence  S^  s=  sum  of  the  sqiiaies  =  a*  +  fc*  +  .,.. 
/.  -  2P  =  « .  Sj  +  Sp .  (-  p)  +  n .  Sj 
£=  2n .  Sjj  -  2p« 

.'.  Ps=p«  — nS^=p«— n.p«  +  2nj  =  2iig -  n  - 1  .p« 


Again  2 .  (P>  -  2Q)  =5 


Lets,  =  a»  +  6^  + 

S^  =  a*  +  6*  + 

(a-6)* 
+  (a-c)* 

+  (a-cO* 
+  Jtc. 


(a-6)*  +  (a-c)*  + (a-a')* 

(6-a)*  +  (6-c)*  + lb-ay 

kc.           &c.  &c. 

(a'-a)*  +  (a'-i)*  + (a' -6)* 


a*^4an  +  ^a^V^Aiah^  +  6* 
a*-4a»c  +  6oV-4ac»  +  c* 

&c.  &c.  dec. 

a*-4a3a'  +  6a«a'*-4aa«  +  o'* 
=  (n*-l).o*-4a».(-p-a)  +6a»(S,-a») 
-4a.(S,-a»)  +  S^— a*=na*  +  4a»p+6a«S,-4aS3+S^ 
Kiuilar^  (6-oy+(6-.c)*+....=«^*  +  4*«p+66*S,-46.S3+  S^ 

&c.     =r     &c.  to  n  tenns. 
:.  2 (P*-2Q)  =  2n  . S^  +  4p.  S,  +  eSI  +  ^^^  +  nS^ 
/.  P  -  2Q  =     n  8^  +  4p  .  S3  +  3S;. 


.  MlflOlLLAKSOirS   BQUATIOlM.  ^^ 

• 

8,  =  -pS. -gS, -Sr 

8,=-p 
.%  ».  8^  s «p*  —  ^f'q  +  4iyr  +  gng*  —  4tu 
4p.  83  =s  —  4p*  +  18p"^  —  18pr 
SSj  =  8p*  —  I9j^q  +  IS?" 
.-.  P«  — 2ft=(«— l)p*— 4njp^+4(»-.S).pr+«.(n+6)j« 
—  4ns,    or  r:4nV— 4».(n— l)9p*+ (n— lyp*  — «Q,  since 
P=  8ng-.(«-l)p« 

/.  +  ^  =  (n-1)  .  (n-2)  .p*  —  4ii. (a— 2)9p'  -4(ii-«)X 
ft  +  «(n-2) . (Sn  +  S)  9*  +  4iu 

.-.  a  =  (jiZI^JjLlfi.p*  -  8n  .  (n  -  2)  gp*  -  2.  (n-3)x 

pr+  «.(ji-S)  .  (2n  +  8)  9*  +  4iw. 

By  proceeding  in  a  similar  manner  we  may  ind  all  the  eoeffi- 
dents  in  succession.  Thns,  hating  given  («;— 1)  of  the  first  coeffi- 
cients P,  Q,  &c.,  let  it  be  required  to  find  the  vf^  eoefficient  X.!  i 

If  £q,  Zj,  t, represent  the  snms  of  the  successiye  powers  of 

the  roots  of  the  transformed  equation,  it  is  known  that  Ti  inrohes 
Uie  first  coefficient  P  only. 

£2  involyes  the  first  and  second  P  and  Q  only. 
Hence  £«  involves  the  first  w  coefficients,  (w-^l)  of  which 
given,  let  as  find  the  u;"*. 

\a^hy  +  (a-^c)^  + (a-oT 

^>^^^-\       Ac.  &c.  &c. 

(a'-a)-  +  (o'-A)-  + (a'-^O*- 

Now  (a-fc)*-  I  2 

+  =     I  * 

&c.        tow — 1  terms 

—  (tt,—!)  a"*— 2w .  a'^'  (S,  -  a)  +  2w^       o*^' .  (S,  -  a) 

+  S^-a- 

=  iw»'-  —  8wa»-*  S,  +  810  ?!f! la'—'  S,  - +  S, 


16$  MIftCBIiIdkNBaVB  BQUATIQIIS. 

Let  9w  ss  C,2w^^^=z  C-,  &c.  3=  Ae. 

Then  (o-A)"'+(a-c)»»+  ...  =  M;o»"-Cia«^'S^  +  GiO^^X 

S.  - +  S^ 

Siiiularly(6— a)-+(ft-cy  +  .„  =  i«6»'-Ci  6*^»  S,  +  G»**^  x 

s,  — s^ 

Sec.  ss  See.  to  to  terms. 

.V  2  X  X^  =  8t£,S^  —  2C,  Sj  S,^  +  2C,S,  84,,^  — ± 

C«8»  S„C«  8.  6«,  or  C«S;^,  being  tbe  middle  term  (the  lorms 
equally  distant  from  either  end,  being  the  same,  are  collected.) 

where   +  or  —    is   used  according  as  tc;  is  even  or  odd,  and 

C,  =2u;,&€.C.  =  2«;.!!iLZLi.?!!L-! JL+i, 

£  8  w 

Let  w  take  for  an  example  the  general  cubici  w^  +  px*  +  qs 

+  r  =;  0»  and  suppose  P,  Q  given,  required  R« 

Theii£3=SoSe-6fil,ft,  +  i^.  S.S,  -  |2ii^  x  Sj 

2  2X3X2 

=5  SS^  -  68^85+158,84  ~  loSJ 
Now  S3  =  - Pr^-QSi  -  sRss  -  P^  +  PQ-aR 


S  "  '     "  •     '        8 


IS 
3 


8  3 

By  finding  the  values  of  8^  8^,  &c.,  in  terms  of  the  coefficients 
p,  9,  r,  &c  R  may  be  expressed  in  terms  of  these  coefficients, 
and  of  P  and  Q. 

For  the  use  of  this  transformation,  see  Oartder's  Analyse  Algi^ 
brique.  Chap.  II. 


342.        For  the  investigation,  see  Wood  or  Mciclaurin. 
The  equation  completed  is  x^  zb  0  x  «^  +  3x*  ±  0  x  x^  — 
4j:«±0xx-12=0 

In  the  series  — ,   — 1   — ,   — ,   — ,   — ,  if  each  term  be  di- 

12       8        4       5       6 


Tided  bj  that  which  immediat^lj  precedes  it,  and  the  resolts 

'K 
K  A  Q  fk  K 

— .,   — ,  — ,   — ,  — ,  be  placed  orer  the  temis  ,#ooordQoff  to  the 

12     16      16      15     18         *^  '.  ^  ^ 

nde,  we  obtain 

aiid+-  +  ++  -  + 

are  si^  corresponding  to  the  terms  under  which  tl^y  are  placed, 

since  0  x— <3,  9x  A>oxo,  Ox— >-l2 

IS  16  16 

16  X— >OXO,aBd(^X-l<  (-4)  X  (-18). 
15  12        ^       ^        ^         ^ 

There  are  four  changes  of  signs,  and  •*•  fov  hnpossiUe  roots. 
The  roots  are  (as  we  find  bj  the  solution  of  a  cubic)  ±  i/  -2^i 
V  —3  and  dt  mJ2 


343.  Since  impossible  roots  enter  equations  by  pairs,  an 
equation  of  an  odd  number  of  dimensions  must  eridently  hay^,  at 
least,  one  possible  or  real  root. 

Again,  the  pairs  of  impossible  roots  being  neeessarilj  of  the 
form  a  ^  h  *J  —l^a  —  6^  —  1,  and  the  last  term  z:  the  pro- 
duct of  all  the  roots  with  their  signs  changed ;  if  this  last  be  ne« 
gative,  or  have  a  sign  different  from  that  of  the  firsi  tenli,  such 
sign  cannot  have  been  introduced  by  the  impossible  roots,  since 

a  positive  quantity.  /•  there  must  be  at  least  one  negative  real 
root.  H  the  number  of  dimensions  be  even,  and  the  last  term 
negative,  there  must  be  at  least  two  real  roots,  one  nejgative  and 
the  other  positive ;  for  there  must  be  one  negative  real  root,  and  as 
inpDsdUe  roots  enter  by  pairs,  and  a  positive  quantity  oiidtiiiyed 
by  a  negative  one  prodnoes  a  negative  result,  there  must  he  at 
kast  another  real  root,  vts.,  a  positive  one. 


im 


MIMfiliLANBOUB  BqfUATIOKfil. 


344.        Let  ^TT  =  Xy  j;  being  the  general  represenlatiTe  of 
the  roots  of  nnitj. 

Then  x«  =:  1  =2  ooi.  9p  v  +  V  ""  ^  8™-  ^JP**  where  p  ii  asaj 
whole  number  whatever. 

••.  X  =  cofl,-^  »  +  a/  — 1  sin. — vy  by  I)emoiTre's  Theorem, 
ti  ^  n        " 

Let  cos.  —  +  V  —  1  «M»- —  srr,  then  0,1, n  — '  i  being 

suooessiTely  substitnted  forp,  the  corresponding  values  of  x,  will 

^  . .     ^ 

be,  060.   —  «  +  V  —  1  sin.  —  »  =  r^  =:  1 


d 


COS.  —  »  +  V  —  1  sin.  —  »  =  r« 

&c.       =       &c. 

S.(n-l)       ,      3 — r    .     g  (»  -  1)  .,„. 

COS.— -^^j — -'+  V-lM«i- ;^ »  =  r««-'> 

8n  , 2ft 

Now  f^  s=  cos.  — »  +  a/  — 1  8in.  —  w  s=  oo8.8ir+  a/— ix 


sin.  Sv  s  1  a:  r^ 


rt*^'>  sscoB.  -i— i--^r  +  ^  -  1  sin. 


,^  «(n+l)    ^   _ 


8 


2 


cos.(2«'+ —  it)    +  V  —  1  sin.  (2w  +  —  »)  ==  r« 

Similarly  r*<»+^>  =  r*,  &c.  =  &c. 
/.  there  are  but  n  different  values  of  x 

Agam,  COS.  ilmi)  »  =  cos.  (2»  - -i  ir)  =  coB.-i» 

n  n  m 

But  sin.  IkLzJlw  =  sm.  (Sir  -  A«^)  =  -  sin*i.» 


s 


•%  r*<***>  ss  COS.  —  »  —  i/  - 1  sin.  —  w  which  differs  from  r« 


only  in  sign.  Similarly  it  may  be  shewn  that  r<*~^  dififers  from 
H  only  in  the  sign  of  its  second  term,  and  so  on,  in  pairs  through* 
out  (n  being  an  odd  number).    Hence,  it  appears,  there  arp 


MliCKLLAIIlOVB    BQITATIOKS.  ^^ 


n-^l 


pain  of  roots  of  the  form  A  d:  V  ~~  ^-^  when  nis  odd  num- 


ber.    We  shall  /.  hare quadratic  factors  of  the  eqnatioii 


4f  -  1  of  the  form  («-  A-  V  -1  B).(4P-A+V-l  B)  =(x 
-  A)«  +  B«  =  x«-«  Aop  +  (A«  +  B«),  where  A,  and  B  are 
the  cosine  and  sign  of  the  same  angle  respectitely,  •*.  since  A*  + 
B<=:   1  these  factors  will  be  of  the  form  x<  -  8  A  x  +  1 

Hence,  sabstitoting  for  A,  coa.  A  v,  cos.  —  v cos.  ^i!!Zli)  w 

n  n  n 

imooessiTely,  we  shall  have  x"  -  1  s:  (x  -i-  1)  •{«<  i- 
4  eoi.  iL  v.x  +  1)  x(4:«  -  tooa.  -1»  .  x  +  i)  x  —  (*»  - 

n  It 

^  COS.  -i ^  W  .  X  +  0 

n 

The  roots  haye  been  fomid  to  be  r®,  r«,  r*»  r*, ....  r«<*-*>,r  being 


=  COS.  — +  V  —  1 8*^«  1" 


345.        x^  +  1  s  0,  let  y  =:  —  X,  then,  since  m  is  odd 
—  y*  +  1  ss  0,  or  y**  —  1=0,  whose  roots,  by  the 
preceding  "problem,  are  r^  r«,''r*.  r*^  ....  r«*"«,  r  beings 


A  the  roots  of  X*  +  1,  or  the  oorreqwuding  tallies  of  x  will  be 

thoae  of-i!L,orof-lUand  /.  -ll.  (=  - 1),  ^4*   ~ 

^Tp  r*  -1  ^  r-     r* 

1 or  r", - ,   — -, ....  r^*  are  the  roots  of  x»  +  1, 


according  to  the  enundatioa  of  the  problem. 


no. 


LIMITS  TO  ROOTS. 


•OOOOOOOOOOflOOOOOOOO 


>  :s:  0    in  which,  if   all  the 


346.  Diminish  the  roots  by  such  a  quantitj  that  every 
ierni  9hall  be  positive ;  then  moe  all  the  roots  are  negative  that 
quantity  is  evidently  greater  than  the  greatest  positive  root. 
Again,  change  the  signs  of  the  roots,  then  the  quantity,  (found  m 
above)  which  is  >  greatest  positive  root  of  the  transformed  equa- 
tion, will,  when  its  sign  is  changed,  be  less  than  the  least  negative 
root 

Thus,  let  X  =:  y  +  e 
Then  y»  +  Sy«c  +  Se^y  +  e« 

-     y-    • 
.  +20 

terms  be  positive  we  must  have  3e  >  4,  3«<  >  8e  +  1,  and  e^  + 
20  >  46'  4-  « ;  3  when  substituted  for  (e)  answers  &€se  condi- 
tions.    .*•  3  is  >  greatest  root 

Again,  change  the  signs  of  the  roots,  then  x^  +  4x*  _  «  -. 
20  =  O  » 

Then,  putting  x  =  y  +  e 
yi  +  Sy«e  +  8c«y>  e^  ' 

+  4w«   +  8ey  +  4€«  .       , .  ,    .i.   «  • 

>  =  0  m  which,  if  all  the  terms  be 
-      y  -    e 

-    20 

positive,  we  must  have  Se"  +  8«  >  1,  and  c«  +  4€«  >  c  +  20. 

X     *%  is  the  least  whole  number  that  answers  these  conditions,  and  is 

/.  a  limit  >  greatest  root  of  the  equation  in  y,  and  /.  —2  is  a 

limit  less  than  the  least  root  of  the  given  equation. 


M7.       Diniitid^  the  vooii  bgr  tfe>  wuahtt  B,  of  ^ftsmiie 
jf  ::£  «  —  a  and  .*«  X  s:  3f  -f  8 
Than  IT*  +  Oy«  +  »y  +  «T 

+  10 

which  eqaalicMi  hu  two  negatiire  roots ;  and  only  one  of  the  voote 
of  the  pf&k  equation  is  negatiye ;  A  one  of  the  poiitke  roots  is 
greater  than  3,  and  the  other  less. 


348.        The  limiting  equation  is  8x^  —  q  tz  0,  whose  roots 

/.  if  a,  5,  c,  be  the  roots  of  the  given  equation  taken  in  order, 
j^/  ^  lies  betw€«i  a  and  h. 


Lin,  since  t^  —  qX'\'r  ^  0,  dhninish  the  roots  by  ^  g,  and 
we  haye  y*  +  8  i/  j  y*  +  89y  +  9*  ' 


4 


>=0 


+  r    -» 
=^  y^  +   8  V  7  y'  +  ^^  +.^  every  term  of  which  being 
positive  V  9  ^  greater  than  the  peatest  root.     /.  a  lies  between 

V  g  and  ^3^  and  a*  lies  between  q  and  — 


Otherwise, 
As  befiire,  ij  q\^  greater  than  (a)  the  greatest  root. 

Also  y/ 1- —  is  <  than  the  greatest  root,  (Ifoo^  or  \/  ^ 


8 
is  <  a. 


/.  a  lies  between  ^  ^  and  i^— . 

3 " 


t7fi  UBtlTS  TO  ROOTB. 

349.  TUs  ai  evUent,  fiwi  the  consideration,  tbal  there 
most  be  one  result  at  least  £=  o  in  passing  firom  +  to  — ,  or  ftom 
—  to  +•  If  ^»  indeed,  rejHresent  the  abscissa  of  a  conre,  the  re- 
sults arising  from  the  substitution  of  different  numbers  for  x  in  the 
equation  will  be  represented  by  the  corresponding  ordinates, 
which  increase  to  their  maxiitium,  after  which  they  decrease  to  0, 
then  become  negatite,  still  decrease  to  a  minimum,  return 
to  0^  ftc.  &c,  ' 


350.  Take  the  most  unfavourable  case  in  supposing  all 
the  coefficients  from  M  negatire,  and  equal  to  P,  and  find  such  a 
▼alue  of  OP,  that  this  value,  and  all  greater  than  it,  when  substi- 
toted  in  the  form  «•  — P  (x  ^"^  +...«■  +  a:  +  1)  shall  give  posi- 
tive results,  and  /•  d/or<ton,  in  the  given  equation,  whose  negative 
part  is  less,  and  positive  part  greater,  than  those  in  the  above 
form ;  that  is,  find  x  such,  that 

of  shallalwaysbe>  p(£ll!lzi>  >  Z**""^*    -     ^ 


Now,    — — J—  is  always  > 


1 


Assume  /.  x*  =  or  > 


or 


ora*-»  X  (J?-1)  >  P 
-_  X  (x-l)*  >  P,  which  is  the  case  when  (x— 1)* 

=:  or  >  P,  and  .'.  when  x  ^  1  s  or  >  P^,  or  when  x  :=  or  > 

1  +  pi. 

.%  X*  -  P .  («•"•  +  X*  +  X  +  1)  is  always  positive  when 

_i 

X  s=  or  >  1  +  P=,  and  /.  ^fortiori. 

X*  +  px***  +  ....  -  Mo^"*^  —  ....  =  0  is  always  positive  when 
X  =  or  >  1  +  pi. 

.'.  1  +  P«  IS  greater  than  the  greatest  root,  5lc. 


r 


17S 


APPROXIMATION, 


351.        With  regard 
Wood. 


Affnxinaie  values  of  «  and  y  are  9  and.~  retpectively. 

let  z  SI  2  + 
V 


=  .5  +  «  5 
Then  x<  +  Jy=:4+4v  +  v*  ?— 5 

1  +.5V+  zv  +  8«  5  ^ 
and  2xy  -  y«  =  2  +  v  +  2«v  +  4«  1  —  o 

—  .  85  -.,  +  ««/  — 

Or  neglecting  tenns  of  two  dimensions  front  their  aNBiparatifV 
smallness. 

5+ (4.5)  v  +  exr=5  1     ,    4,6v+9t:=i0      1 
1.76  +  t>+««=:Si"         v+Szs  .85) 

_        ^     —     ^        -.-v  +  i         —411+1 

8  4  3  18 

.•.  27t;  =:  4v  -  1 

.*.  83t;  c=  -  1      .*.  w  =  -  —  =  —  .043478861. 

83 

and  *  =  ^O^^ygggl  +  ■  gg  -  .om8M87 

3 

.*.  X  =:  1.956581739  more  nearly  ) 

and  y  =    .597886087  more  nearly  3 

By  repeating  the  operation  with  these  new  values,  new  ones 

again  will  be  found  more  accurate  than  the  former,  and  so  on, 

without  limit. 

X  and  y  may,  however,  be  found  by  the  solution  of  a  quadratic, 

as  follows :  let  j:  =  vy. 


^74  APPROXIMATION. 

Then  i;«y«  +  tw«  =  5  1        .    t,«  +  ^         6      . 

o.  «  a      «  f      ••  ^        ;  =  A  whence  t>  may 

be  found  by  the  solution  of  a  quadratic,  from  which  x  and  y  may 
also  be  found. 


352.        For  the  accuracy  of  the  operation,  see  Wood. 
By  trial,  4.1  is  nearly  a  root  of  the  equation. 
Let  •*.  a:  rs  4.1  +  v 
••.  x^  cz  68.921  +  50.43V  nearly  % 

x^  =  16.81  .  +    8.2t;  nearly     V  =  90 
ar    s=    4.1       +  V  5 

:.  59.46V  s  90  —  89.881  s=  .169 


•.  V  zz =  .00284 

59.46 

.-.  X  =  4.10284  nearly,  which  being  used  aa  a  new  value  of  x^ 
and  the  operation  repeated,  the  root  may  be  more  nearly  found,  &c. 

353.        For  the  accuracy,  &o.,  see  Wood. 
By  trial,  8.8  is  nearly  a  root. 

Let  .*•  j;  =:  8.8  +  V 
:.  x^  -  «  -  50  s=:  54.872  +  44.42 v*\ 

—  (S.8)     -  V  >  s  0  neariy 

-  50  J 
.-•  1.072  +  43.42t;  =  0 

/.  V  =  —  .0246. 

.'.  x  =  S.8  -  .0246 =  8.7754 nearly,  and  similarly 

the  operation  may  be  repeated. 


354.        «»  +  2a?  -  80  =  0,  of  which  2.9  is  found  by  trial  to 
be  an  approximate  root. 
Let  .*.  0?  =:  2.9  +  V 


{24.889  +  25.23  v\ 
5.8     +  2v         >  nearly. 


Tlien  x«  +  2ar 

SO 
.%  .189  +  27.^3  v:=i  0  nearly. 


APPROXIMATION.  175 

.\  V  =  -  .00694  nearly. 
A  X  s=  8.89806  nearly. 
Agsin,  let  X  s  S.893  +  v't  and  operate  as  before,  ftc.  &e. 


355.        x'  -  &r  —  5  s  0* 
By  trial,  x  =:  2.1  nearly. 
Let  X  =  2.1  +  V 
Then  x^  )  9.26 1  +  (4«4l)  x  3v* 

ftv  Vnearly  s=  11.28v  +  .061sO 


tenx'^  9.261 4- 

—  «xV=:-(4.2)  - 

-  5  5      -  6 


/.  vs: — £21=:  -*  .00548  nearly. 
11.28  . 

/.  X  =  2.09457  nearly.    With  this  new  valne  of  x  repeat  th^ 

q)eration,  and  it  will  be  found  that  x  more  nearly  m  2X>945515 

For  the  required  explanation,  see  the  TntroAtcHon  to  Sarhw^s 
MaihemoHcal  Tabks^  page  81,  where  the  defects  of  the  iiiei 
methods  of  Approximation  are  clearly  pointed  oat  This  falnaUe 
book  shonld  be  in  the  hands  of  OTery  mathematiciaB. 
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SYMMETRICAL  FUNCTIONS  OF  THE 
ROOTS  OF  EQUATIONS. 


356.        Let  the  general  equation  be  ar*  +  pj  afi^  +  p^  jf^^ 

+ +p««"*^+ p«  =  0,  where  pj,  p,,  &c.,  are  positive, 

negatiye,  or  zero,  its  roots  being  a,  6,  c 

Assume  SjSa  +  6+c+ =  —  pj 

S,  =  a*+  i»+  c*+ &c.  &c. 

Also  let  *S»  s  sum  of  products  formed  by  the  combinations  (m 

and  m. together)  of  a,  i,  c into  which  a  enters,  "*S«  =: 

into  which  (6)  enters. 

&c.  s:  &c. 

Then  *S.  s=  ax(sum  of  products,  Ac.  (m-1,  and  m-1) 

into  which  a  does  not  enter.) 

:=:  a.  (±Pm.,  -^  sum  of  the  products  into  whi  ' 
does  enter,)  according  as  m  is  even  or  odd. 
A  «S.r=a(:fp«^,-— 'S.) 
Similarly— S.  =  a{±i>^  -  — S.) 
--•S.  =  a.(Tp^--*S.) 
&c.  =  &c. 

/.  "S.  =  ±  (ap_,  +  o*  p.,^  +  a*  pin-,  +  &c ) 

Similarly  -S»  =  ±  (6p^,  +  6«p,^  +  J»p^  +  Ac.) 
dec.  s=  &c. 

/.  «S.  +  -S»  +  ....  =  ±  (SjP^.  +  S,p«  +  S,p^  + ) 

But  this  sum  evidently  =  ^  ^"Pm  =  T  SoP«>  <>ccording  as  m 
is  odd  or  even.    Divide  /.  by  ±  1  and  transpose. 

and  So  p«  +  SjP.^,  +  S,p«^,  + S^.p.  +  S^  =:  0. 

Now  in  the  example  j:*  -  1  =  0,pi,p2,p,,p4 p*"*  are 

each  equal  to  lero. 
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/.  Sj»  S^y  83 S»^  involTiiig in  each  tormsomeone  of  theae 

aeros  as  a  multiplier,  most  ))e  =  0. 

BatS.=  -  Sop.  =  (-n)x(-l)=:n.    Again.  8^^=:  ^ 

*•  -  Sop,  ==  -  n  +  n=:  0.    Similarlj  S^^.,,  8^3,  8,^^ 

each  =  0.     But  8^  =  -  8,  X  p»4.,  -  So  p,  =  0  +  n  c=  » 
(sinoe  p,^,  =  0).    Hence  the  tnith  of  the  problem  is  eyident. 

Otherwise 
8ine  a:"  —  1  rs  O 


.'.  :c*  =:  1  :=:  COS.  Sjpr  +  i/  —  1  sin.  fpwjp  being  any  integer. 

2p  — ^-        9p 

/.   «  c:  COS.  -^sr  +  s/  —  1  sin,  — 9 

n  n 

Andx*  =  COS.  ZE—  ^  j.  ^"31  sin.  -^—  «"  *^  **'"*  exhibiting 

the  in^  powers  of  the  roots  of  of —l,p  being  sussed  0,  1,  2  .... 
a— 1  sQOoessiTely. 


Let  —  s  10  a  whole  number. 


Then  af»  =  cos.  (2p«;»)  +  V  "  1  sin.  2pw»=:  1  whatever  is  the 
▼aloe^f  p.  Hence,  when  —  is  a  whole  number,  8«  =r  l  4-  1  + 
...  n  terms  =r  n.    The  other  condition  may  be  similarly  ^yed.  . 


tpms 


367.  Let  4e  general  equation  be  a*  +  p  J:^*  +  p,  a*^ 
+  ...p,  =  0,  then  the  equation  of  limits  is  naT-*  +  C»""l)piX 
:^»  +  (it— S).  pj  a:""*  +  ....  and  it  is  known,  that  if  a,  *,  c,  &c., 
be  the  roots  of  the  equation, 

a*  +  Pi  a:*"'  +  ....  p.  *-«        «— * 

Let  ^  ss  1  and  divide  each  of  the  terms. 

f  1  +  a  +  o«  +a»  +.... 
.j^»+(n-l).  Pi+(n-2)pg4-...  -  ^1  +  6  +  6«  +  63  +_ 

I  +  Pi  +  P«  +  ••••  P»  t        &c.        &c. 

=  n+A+B+G+.- to  infinity 


TOl.  I.  ^ 
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,.  A  +  B.+  C  +  ....=  n+(n^l)p,+(n-a)p,-f.>..p^.  ^  ^ 

I+P1+P2+— P- 
-.  _  Pi4-2pg-f3p^  +  ....(»-l)p— +np. 

*+Pi+Pa+Ps  +  '-P« 
N.  B.  By  the  aid  of  this  fona  we  may  ium  a  great  variety  of 

infinite  series. 


368.        I^t  S  be  the  value  required. 

Then  S  =  i.(6  +  c  +  ....)  +  J..(a+c+....)+~(a+6+....)+ 
a  be 

ftc. 

-  L.  (jp^a)  +  ±  {p^b)  +  i..  (p^c)  +  .... 
a  0  c 


'^     \  a       6       c 

O 

:=z  p,  -^ n  the  value  required. 


369.        Let  S  =  the  sum  of  the  functions. 

ThenS  =  a«   (L  ^  JL  + )+*•  f  JL+-L+,.)+c«x 

\6  c  \a      c 

( —  +  "T  +  )  +  *C. 

,=-(4-i)-K-t-i)-(-2-i)-»^ 

s=  (a«  +  6*  +  c«  +....) -^  -{a+  b  +  c+  ....) 
.\  S  =  (p<  -  2q)     ^    —  p  as  was  to  be  demonBlntted. 

/ 
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MISCELLANEOUS  ALGEBRA. 
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360.  The  equation  is  (x-  V  -  8) .  (x  +  ^^  - «).(«- 3).(x- 4) 
=:  (jc»  +  2).  {9*-7x  +  12)  =  a:*  -  7ar»  +  l^x^  -  14x  +  84 
/.   X*  ^  73fi  +   14cc*  -  14ar   +    24  :=  0  is  the  equation 
fequired. 


361.    The  equation  is  (x-1  -  V  -  2).  (x  -  1  + V  -  2)  x 
(j:^2-  V"-2}  .  (x-2  +  /^2) 
=  (x- ly  +   2)  X  (x  -  2\«  +  8)  =  (x«-2x+8)  (x»-4x+6) 
=  x«  -  dx»  +  17  X*  —  24x  +  18  =  0 


362.  Since  I  -^  ij  a^  is  a,  root,  and  ^  a^  is  supposed  a 
8vd,  1  »  i^  a^  is  also  a  root.  Also  —  ^^  —  6  is  supposed 
imaginary  or  b  is  positive,  /.  +    ^  -^bisa,  root. 


Hence  (x-  1-V«*)(«- 1  +  V  a^)(*+V -*)•(*- V -0= 
(x-  lY  -  a3)  X  (x+6)  =  (x«  -  2x  +  1  -  a»)  .  (x  +  6)  = 
or*  -  2x*  +  (l-a»+6)  x*  -  26x  +  6.  (!-«*)  =  O 


363.     The  eyiation  is  (x  —  2  -  V  '-'  ^)  (^— ^+  V  ~S)«  X 


(JT-  1).  (x+5)s:  (x-§\«  +  8)  (x«  +  4x-5)  =  x*-14x«  + 
48x  -  35  =  O 


364.        Let  it  be  continued  to  n  factors. 
Assomea.  (a  +  r)  (a+2r).(a+Sr)...(a+(ii— l)r)=sa*+Pj  x 
•^  +  Pj  a— •  +  P3  o*-^  +.... 

N  2 
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Then  it  is  known  that  P  c:  r  +  2r  +  Sr  +....  (n— l)r  = 


n.n— 1 
r 

2 
Also  P«— 2Q  =  r«  +  4r«+....(n-l)«  r«=:  r«(l+4+....(n-.l)») 
Now,  let  1  +  4  +  ....  (n- 1)*  =  S 
Then  aS  i=  n*  =■  (n-l  +  l)  n  =n.(ii-l)  +  n 

n  — 2.n  — l.n    ,    (»-0»**i.       l  •  -^• 

/.  S  = +  i ^—  there  being  no  correction. 

.   g  ^    n.(n-l)  _  4  +  3)  =  «.(n  -  1)  .  (8n  -  1) 

8  8X3 

.   2  Q  _  n«.n-ll«  ^j  _n.(«-l).(gn-l),, 

4  8X8 

_  (6ng  -  14n  +  4)  ^^ 
^  2.3.4 

2.3.4 
By  the  same  process  the  remaining  coefficients  may  be  found, 
and  thence  we  shall  have  an  expression,  such  as  was  required. 
The  last  coefficient  P.  =  r  x  2r  x ,  &c.  x  0  =:  0 


365.         Log.     AVBa-C^   _  j^^    ^^,  jWZ^     - 

C  V  D^  E  F 
log.  (C  V  DHTF) 

But  log.A»  V  B*  -  C»  =  2  log.  A  +  log.  (B*  -  0^*=  2log.  A 

+    1  log.  (B'-  O),  and  log.  (C  D^  E^  F^)  =log.C  +2  log.  D 

2  5 

+    llog.E+ilog.F. 
■Mog,  ^'^^^=2log.A+  i  log.  (B'-C-)  -  log.  C 

C  i/WWP  * 

_  1  (8  log.  D  +  log.  E+  log.  F),  whence  the  log.  of  the  quantity 

will  be  found,  by  means  of  which  as  a  reference  in  the  tables,  the 
quantity  itself  may  be  found. 
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366.        Besides  the  m  real  roots,  there  can  only  be  pairs  of 

imaginary  roots  of  the  form  aiib/J  —\y  where,  a  is  positive  nega* 
tive  or  zero,  (h  is  necessarily  unequal  to  zero).  Now,  the  differ- 
esDxxA  arising  from  combining  imaginary  roots  of  the  form  a  ii 

6  V  ""^  or  of  ±  6  >/  —  1,±  6V  ""  ^  ^'i  ^'^  of  *®  form  ± 
{h  -k-  V)  ij  ^\^  whose  square  is  negative.  All  other  differences 
in  which  two  imaginary  roots,  or  in  which  an  imaginary  and  a 

real  root  are  involved,  are  of  the  form  a  i:  b  ^  —  1,  the  square 
of  which  is  imaginary. 
Again,  since  there  are  m  real  roots,  taking  them  two  and  two  we 

form  m.  differences,  the  squares  of  which  are  positive. 

2 

m.  -^    1 

/.  wiUi  regard  to  sign,  m.  y  of  the  roots  of  the  trans- 

formed  equation  are  positive,  and  the  rest  either  negative  or 
imaginary. 

Hence,  the  last  term  being  =  product  of  all  the  roots  with  their 

signs  changed,  can  only  be  affected  in  sign  by  the  m, real 

roots.    It  is   .'.   positive  or  negative,  according  as  fit. is 

even  or  odd. 


367.  This  can  be  effected  by  the  Method  of  Divisors,  sinae 
there  must  be  corresponding  rational  factors  equal  to  these  roots 
in  the  last  term  ;  unless  any  of  the  roots  are  reciprocals  of  others. 
In  this  case,  the  method  of  finding  reciprocal  roots  may  be 
applied. 

The  doctrine  of  limits  will  also  shew  the  value  of  rational 
roota. 


368.         For  the  proof  of  the  rule  see  Wood^   Metliod  of 
Divisors. 
To  apply  this  rule, 
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Let  or  ==  1,  0,—  1,  --i?,  &c.,  be  sabstitnted  sncceBsively,  and  the 
eorresponding  results  ^vill  be  12,  112,  890,  &c.,  which  haTin^a 
great  number  of  divisors,  it  will  be  convenient  to  diminish  the 
roots,  and  thereby  the  coefficients.  Diminish  the  roots  by  e,  i.  e., 
assume  y  z=:  x  —  e,  and  in  the  resulting  equation  it  will  be  seen, 
6  =  2  will  be  a  convenient  assumption ;  for  then  the  equation  will 
become 

y%  —  9y3  4.  loy'  4.  8y  =  0  of  which  one'root  =  0 

.'.  a:  =  y  +  2  =  2     /.  2  is  a  root  of  the  given  equation. 
But  y^   -  9y2  +  lOy  +  8  i=  0 

For  y  substitute  1,0,  —  1,  —2,  kc,  successively,  and  the  results 
will  be  10,  S,  — 12,  whose  respective  divisors  are  1, 2, 5 ;  1, 2,  4 
and  1,2,3,4,  6.  /.  the  sums  and  differences  of  these  divisors 
and  of  1,  0,  1  are  — 4,-*l,  0,2,3,  6;  —4,-2,  —1,  1,  2,  4;  and 
—  6,  —3,  —2,  —  1,  0,  2, 3,  4,  5,  7  respectively,  in  which  the  pro- 
gressions are,  6,  4,  2  ;  6,  2,  —2  ;  3, 1,  —  1  ;  3,  —  1,  — 5  ;  2, 1,  0; 
&c.  &c.  /.  the  divisors  to  be  tried  are  y«  —  2y  +  4,  y*  —  4y 
+  2,y*  —  2y  +  1,  &c.,  whence  we  have  two  roots  of  the  equa- 
tion in  y,  and  thence  x  =  y  +  2  is  known,  &c. 


369.        Since  1764  =  C«  x  r 
Log.  (1767)  =  log.  (1764  +  8)  =  log.  1764.  (1  +  -^) 

=  log.  (1764)+ log.  (I  +^) 

=  log.  (6*  X  7^  +  -i-  -  '^\      +.... 
^  ^      ^         1764    2(1764)« 

3       9 

=  2  (log.  6  +  log.  7)  + — nearly. 

^  1764   6228392      '' 

=  2.  (log.  6  +  log.  7)  +  .001699 ....nearly. 


370.        Let  the  equation  be  divided  byx-a,  till  the  re- 
mainder, R,  contain  no  power  of  x,  and  let  Q  be  the  quotient. 

Then  x»-pa*^*  +  ±  W  =  Q  x  (a:— a)  +  R  =  0 

Now,  let  X  =  a,  then  R  =  —  Q  x  {a-a)  =  0 
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.'.  the  expression  of  — ±  W  is  dirisible  by  x«-a,  if  a  be 

a  root  of  tbe  equation  a:*  -pj?^+ db  W  =:  0. 

r 

Otherwise. 

Since  a  is  a  root  of  the  equation,  we  hare 

J-  -  pjr-»  + ±  W  =  0   > 

a*  -  pa—'  + ±  W  =  0  5 

.'.  a"— a"— p  .  (a:—*— a—*)  + ±  V  (x— a)  =0,  an  expres- 
sion which  is  divisible  bj  x— a ;  for  put  x  —  a  =  y 
Thenjc"— a"=  (y+a^^^a^szy^+may^'^-^- mo*"*y 

.. =  r:  y     *4"»»ay"^*+ ma^^^ 

x—a  y 

.*.  X*— a"  is  divisible  by  x—  a,  and  .'.  the  above  expression  ist 

Hence,  &c.  I^c. 


371.        The  hyp.  log.  e  s=  1  (e  being  the  hyperbolic  base) 
•.  ^  =  6.  hyp.  log.  e.  ==  hyp.  log.  c*. 

.-.  hyp.  log.  ^^"-^"^-^^  =  byp.  log.  c* 

c»-l 
.-.   a'+x'=a'.r?;±i)' 


4aV 


(c*-l)' 
.-.   x  =  ±    ««^^ 


e*-l 


372.         Let  a  and  a+S,  6  and  c  be  the  roots  of  theeqnation. 
Then  2a  +  3  +  6  +  c  =  45 
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Also  a:"  +  Ba-^  ab  +  ac  +  ab  +  8i+ac  +  8c  +  &cr=-.40 
ota*  +  2ab  +  2ac  +  bc  + Sa  + 8b  +  Sc  s=:  -40 
andp*  +  iqszMSS  +  80  =s  a*+a*  +  ««  +  9  +  i*  +  c*=  2105 

2a  +  b  +  c  =:     48V  from  which  we  can 

and  a*  +2a(6+c)  +  3 . (a+6+c)  =  -  40^ 
find  a>  6,  and  c. 

By  snbstitation  a*+8a. (42— 8a)  +  3 .  (48-a)  =  —  40 
.••  a«  +  84a  -  4a*  +  126  —  Sa  =  —  40 

/.  So*  -  81a  5=  166     /.  a*  -  87a  =  i^,  whence  a  can  be 

3 
found,  and  umilarly  of  the  rest. 
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NOTATION. 


373.  Let  the  multiple  m.  (a  —  I)  of  a  —  1  consist  of  n 
digits,  do,  d, dL-.,. 

Thoido+d/a-f-ds  a*  + ct_,fl»-»  =  m.(a-l) 

Bntdjassdj  .(a+l-l)  ssdj  +  di.(a-l) 

d;a«=:d; .  (a^+  !)•  =  d,  +  2(4  (a- 1)  +  d, .  (a-I)» 
&c.  =:  ftc. 

.%  «.(a-l)  =  do  +  di  +....ft  X(x-a)(Q  =  di  +  2d.+d|X 
(a- 1) +  ....) 

/.  m  £=  °o'^°i'^'—  4.  Q,  and  m  is  a  whole  number. 
.*.  do  +  dj  +  ....  d^-i  is  either  :£  a^l  or  a  multiple  of  it. 

374.  Let  the  multiple  of  1 1  be  (do  +  di  10  +  dg  10*  +  .... 
<t_,10*"')  X  11  =N,  do»  dj,  &c.,  being  the  digits  of  the  mul- 
tiplier. 

Then  N  =  do  +  (do  +  d^)  10  +  (d,  +  d,)  10»  +  (d,  +  d,)  10^ 
+  ....(d^3+d^  10*-  +  (d^  +d^0  lO'-'+d..,  10" 

But  the  number  represented  by  these  digits  inverted  (M) 
=  dL.,+  (d^+d^d  10  +  (dL^  +  d^.)  10»  +  ....  (do  +  d  J  lO^-i 

+  do  10- =  d^,  X  (1  + 10)  +  d^  (10+ 100)  +  d^ .  (100+ 1000) 

+  .....d, .  (10— +10^0  +«'o  (10  — +  10-) 
But  10— +10*-'  =  10—  Xl(10+1)  =  11   X   10— 
and  10  —  +  lO**   =  10—  X  (10+1)  =  11   X  10— 

.\  M  =  (d».,  +  d^«,10  +  d^l02  +  ....d^  10—  +  do  X 

io*-«)  n 


^86  NOTATION. 

•*.  —  and  —  have  the  same  digits,  the  order  of  them  only  being 

different. 

N.  B.  It  can  evidently  make  no  difference  in  the  value  of  (M), 
whether  any  of  the  compound  digits  of  (N)  be  less  or  not  less  than 
10.  For  suppose  cfg  +  dj  =  10  +  a,  then  we  have  (d^-^d^)x 
103  +  (^3  +  d^)  10*  =  a.  103  +  (^3  +  d^  +  1)  10*  and  the 
corresponding  part  of  (M)  =  a.lO*~'  +  (^3+^4  +1)  10"^ 
=  (a  +  10).  10-^  +  (ds  +  ^4)  10"-*  =  {do  +  rfa)  10^  + 
(dj  +  d^)  10"-*  the  same  as  before.  The  same  may  be  proved 
of  all  compounds  d^  +  d^,  d^  +  d^,  &c.  /.  &c. 


375.        Let  the  number  (N)  =  do  +  «^k  ^^  +  ^t-  10*+... 
d^i'  10^» 
Then  H  zs  d^  +  d^,  11  +  d^.  IV  +  dj.  IP  +  &c. 

—  dj         -  adjj.  11  -  adg.  11» 
+  dj         +  M3.  11 

,=  llm-lln+11  x|di+d2.(ll-8)+d3.(ll'-8.11+3)-f....[ 
s=  11.  (»i-n  +  dj  +  9d,  +  90d3  +  909d^  +  9090d5  +  &c.) 

=  11  !«•  —  n  +  lln  +  e  +  9  (dg  +  10d3  +  lOld^  +  ....)    I 
=:   11  |»i  +  n  4  c  +  9.  (»  +  dg  +  lOd,  +....)       | 

•*•  Ti — T"  = r +  n  +  d«  +  lOd,  +  ....  whence  the 

11X9  9  -  3 

proof  required  is  manifest. 


376.  Let  N  =  d^,  10—  +  d«  10"-*+  ....  dg  10*  +  d^  10  4-do 
N'  =  dL-i+d«  10+....  dj  10"^+d,  10-*+do  ^0""* 

.-.  N-N'  =  d,.,.  (l0"-»-l)  +  10  d^.  (10"-»-l)  +...  10  dj  X 
(1-10—*)  +  d^.  (l-10"-»)  which  is  divisible  by  10— 1  or  9, 
since  every  term  is  divisible  by  10—1. 
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377.  Let  —  be  the  fraction,  its  corresponding  terminat- 
ing decimal  being  d^d^d^,..d^,  d^d^,..,  being  the  digito  of  the 
dedmal^. 

Then  ^  =  ^i  ^e  <^s  -^"  ^m  ^y^^^  ^jj^  reduced  to  its  lowest 

terms,  must  have  powers  of  2  and  5  only  in  the  denomuiator,  be- 
cause 10  is  divisible  only  by  2  or  6,  and  .'•  10*  is  divisible  only  by 
a  quantity  of  the  form  2'  x  5^  p  and  q  being  integers. 
.-.  D  is  of  the  form  2'  x  5<. 


378.  Every  square  number  may  be  thus   represented, 

(do  +  dj  10  +  dg  10*  +....  d^,  10"-»y=  do*  +  «^o-^i  10 
+...  from  which  two  first  terms  will  evidently  be  found  the  two 
first  digits. 

Thus,  let  d^  =  1,  2,  3, 4,  5,  6,  7,  8,  9  successively,  and  let  the 
corresponding  values  of  d^  be  1,2,  3,  &c.  the  results  shewing  how 
many  substitutions  need  be  made,  to  ascertain  the  truth  of  the 
poblem.  It  is  found  that  when  d^  :=:  2,  and  d^  =  1,  or  when 
do  =  0  we  have  the  two  first  digits  =:  4,  or  ss  0,  and  in  no 
other  case  have  they  the  same  value.  See  ako  Barlow*s  Theoiy 
of  Numbers,  p.  84. 

379.  Nc=ao  +  a^.  10  +  a,.  10«  +  a,.  10» +...a».  10^ 
=  «o  +  aj  7  +  ag  7*  +  kc. 

+  ttj.  3  +.aj.  6x7+fcc.  S=:ao-f3ai+3'a,+...3"o, 


f  ttg  7-  -f  «c.  1 
a  J.  6x7+fcc.  >=:a^ 
+  Oo.  S*  +  &c.J 


'8' 

+  Q.7(Q=:  a^  +  aj.  (7+6)  +...) 
•   —  r=  «o  +  3a^  -f  3*ag  +....  3*a,        ^ 
"7  7 

.'.  5cc.  &c. 


380.         It  is  evident  that  no  weight  exceeding  the  sum  of 
«•  +  8»  +  »•  +  23  +....  2r"  can  be  weighed. 
Now  it  is  also  evident  that  this  sum  may  be  represented  by  the 
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number  11111...  n  fenns  expressed  in  the  binary  scale,  and 
similarly,  any  part  of  that  smn,  S"  -f  2'  +  2^  may  be  expressed 
by  1001001. 

Hence,  if  any  proposed  weight,  is  tb  be  weighed,  and  we  bare 
weights  2%  2*,  2*...  2^S  the  sum  of  them  taking  not  less  than  the 
given  weight,  that  weight  can  be  balanced  by  a  certain  number  of 
them,  which  are  foui^d  by  transforming  the  number  expressing 
the  given  weight  into  the  binary  scale.  Thus  required  what 
selection  must  be  made  of  the  weights  2^,  2\  2"....  to  balance  459 
pounds. 

Divide  459  by  2  successively,  until  the  last  quotient  is  1 ;  then 
the  corresponding  remainders  will  be  the  successive  digits  of  the 
number  in  the  binary  scale,  beginning  with  units,  and  the  last 
quotient  will  be  the  last  digit.     (See  Barlow). 
These  digits  are  1, 1,  0,  1,  0,  0,  1,  1,  1. 
/.  459  r=  2»  +  2*  +  2»  +  2«  +  2'  +  2« 


381.        Divide  1317  by  2  successively,  and  the  remainders 
1,  0,  1,  e,  0, 1,  O,  0,  1,  0,  1  are  the  digits  in  the  binary  scale,' 
(see  the  preceding  problem)  of  the  number  1317,  beginning  vrith 
units. 

.*.  that  number  is  10100100101,  and  the  weights  to  be  se- 
lected are  2»,  2%  2*,  2%  2". 

N.  B.  Problems  of  this  kind  may  be  much  diversified.  TKus, 
suppose  I  wish  to  pay  P  £,  but  have  coins  of  the  value  of  p\  p\ 
p%..,  pounds  only ;  how  am  I  to  make  the  payment  without  ex- 
changing any  of  my  coins  ? 

Transform  the  number  P  into  its  equivalent  expressed  in  that 
system  whose  radix  is  p,  and  the  digits  will  exhibit  how  many 
coins,  and  of  what  kind,  are  to  be  taken. 
Thus,  let  P  =  820 

Dividing  320  successively  by  5,  we  get  0,  4,  2,  2  for  corres- 
ponding remainders. 

.*.  2240  is  320  expressed  in  the  system  whose  radix  is  5. 
/.  320  sr  4  X  5  +  2  X  5^  +  2  X  5^ 
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/.  4  of  the  coins  each  =  5£l 

8                           £=  d5£  lare  to  be  taken. 

2                             2=  l«5£j 

Verbum  sat. 


382.  Let  t;  be  the  radix  of  the  system ;  then  since  there 
are  (n—  1)  .  (n— :8)  ...2x1  permutations  in  (n—  1)  things  6,  c,  d, 
&c.,  taken  «— 1  together  there  will  be  (n— 1)  .  (ii-2)  ...  2x1 
nnmbers  in  which  a  is  the  first  digit;  similarly  it  may  be  shewn 
that  there  are  (n-  i)  .  (n-2)...  2  x  1  in  which  6  is  the  first  d^t 
and  so  on.  In  the  same  manner  it  will  appear  that  the  numbers 
a,  b,  c,  d...  are  each  repeated  (n—  1)  .  (n— 2)..,  2x1  times  as  2^, 
3^,  &c.  digits. 

Hence  the  sum  of  the  numbers  (A)  whose  digits  are  a,  6,  c...  n 
terms,  taken  in  every  order, 

=  (n— l).(7i— 2)...2xl  Xa+6+c+i...  x(l+v+v'+...  n  terms) 
And  similarly  the  sum  of  the  numbers  (P)  whose  digits  are 

py  jr,  r...  n  terms,  taken  in  every  order, 

=  (»— 1).  (n-2)...2xl  x(l)  +  9+  r  +...)  X  (1  +  v  +  t;'+ 

...  91  terms.) 

.-.  A  :  P::a  +  6  +  c  +...  :p  +  v  +  r  +... 

Otherwise. 

Since  by  the  question,  the  quantities  a,  6,  c,  &€...  are  to  be 
permuted  n  and  n  together,  there  can  be  no  reason  why  one  of 
them  should  be  repeated  more  times  than  another  in  each  phice  of 
the  digits,  or  that  any  one  place  of  the  digits  in  the  sum,  should 
involve  a,  6,  c...  difi^erently  from  another.  Also,  since  the  number 
of  p,  9,  r...  IB  the  same  as  that  of  a,  6,  c...,  thes^  must  be  similarly 
involved  in  the  sum  of  the  numbers  formed  from  them.  Let  /. 
a  be  the  first  digit  m  times,  then  b  is  first  digit  m  times,  and  so  of 
the  rest.  Also  a,  6,  c...  are  second  digits  m  times,  &c.  &c.  /.  A 
=  »ix(a+6  +  c  +...)  X  (1  +  V  +  t;«  +...) 

Hence  also  B  =:  m.  (p  +  ^  +  »•  -I-....)  (1  +  v  +  v*  +...) 
.'.  A  :  B  ::  a  -f  6  +  c  +*...  :  p  +  7  +  r  +.... 
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383.  Any  number  in  common  notation  may  be  represented 
bythe  form  d^  +  d^.lO  +  d^.  10"  +  ....  d^,.  10"^*  (n  being  the 
number  of  digits).  These  digits  may  evidently  be  any  of  the 
numbers  o,  1, 2,  3, 4, 5,  6, 7,  8, 9,  without  deranging  the  formula ; 
if,  however,  any  of  them  be  10  or  >  than  10,  the  ten  can  be 
transferred  to  the  next  digit,  and  the  excess  less  than  ten,  will 
remain  as  a  new  digit.  As,  indeed,  in  the  common  system, 
d^,  dj...  serve  to  exhibit  the  number  of  units,  10,  10*,  10^..  it  is 
e^dent  they  ought  to  be  less  than  ten,  when  the  formula  is  re* 
diiced  to  its  most  simple  terms.  There  cannot  A  be  more  than 
ten  diflbrent  digits,  0,  1,8,  3,  4...9,  and  there  may  be  as  many  as 
ten  used  in  the  representation  of  any  number. 
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POLYGONAL  NUMBERS. 


oooDoonooooDoooeooon 


384.  Triangular  numbers  are  the  successiye  sums  of 
arithmetical  series,  whose  first  term  is  unity  and  common  differ- 
ence is  also  unity. 

Hence  the  general  triangular  number  may  be  expressed  by 

1  +  2  +  3  +  ....  n  =  (1  +  n).  - 

2 

Now  (!  +  »).-   X   8  +    1  =  4n«  +   4n  +   1  =  (2n  +  l)« 
which  is  a  square  number,  /. ,  &c. .. . 

385.  Heisagonal  numbers  are  the  sneoessiTe  sums  of 
arithmetical  series,  whose  first  term  is  unity  and  common  differ- 
ence ==  4. 

/•  the  n'^  term  in  the  series  of  hexagonal  numbers  =  1  +  5  + 

9  +  ....  1  +  4  (n-1)  =  (8  +  4.  («-l).)  —  =  (4  n-«).  —sz 

8  28 

a.  (2n—  1) 
The  (Sfi  —  1)'*  term  in  the  series  of  triagonal  numbers 

=  l+«+8+....t»-l=r(l  +  8n-l).i^Zl  =  ??  X  (tn  -  1) 
=  ».  (2»-l) 

/.  the  n'*  term,  &c....&c. 
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cooeaooDQOooeooooooo 


386.        If  (m)  be  integral,  every  coefficient  in  the  expansion 
of  (a  +  b)*  is  integral  {Barlow^  p.  17).     The  general  coefficient 

is  of  the  form  m.  ^^""  .    _Z — .  Hence  when  m  is  prime,  ^""  , ' 


....  must  be  integral;  i.e.,  every  coefficient  except  the  first 

and  last,  is  divisible  by  m,  and  .'.  the  sum  of  the  intermediate 
terms  is  divisible  by  tn. 

Now  a*  =  (x-  1  +  1)*  =  (x-l)"*  +  1  +  »i.  Qj,  Q,  being 
the  sum  of  all  the  terms  except  the  first  and  last,  divided  by  m. 
Similarly  (x— l)*  =  (ar-S)*  +  1  +  m.  Q^ 
(x-g)-  =  (x-S)*  +  1  +  m.  Qa 
&c.   =£  &c. 

(x-x-1)*  =  (x-x)*  +  1  +  in  Q, 
/.  x*  =  1  +  1  +....  X  terms  +  tn.  (Q^  +  Q^  +....  Q«) 
=r  X  +  «.  (Qj  +  Qj  +....  Q,) 

HI         111 

.\  leaves  the  same  remainder  as  — 

m  m 

Similarly  if  m  be  any  prime  >  2, ,   leave  the  same 

2m       2»i 

mM  mm 

remainders ;  also  if  m  be  any  prime  >  2  x  3,  ^    

leave' the  same  remainders,  &c.  &c. 

Again  —  = X  n  =:  (w+  -)  n  =:  nio  +  - 

P  P  P  P 
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But  —  leares  the  same  remainder  as  — 
P  p 

•'.  p'*  remainder  :=  first  remainder. 

Again  a^  -  !^  X  n*=  (w  +  ±V=^  "'^  +  — 
P  P  p/  P 

•*.  and —  leare  (he  same  i^mainder. 

P  P 

.'. and  —  l^ve  the  same  remainder 

P  P 

Generally  —  =r  -^  x  n»+»  =  («,  +  ±\    x   nH-i    =- 
p  p  p/ 

"pT 
/.  the  (p  +  9)'*  remainder  =  the  (q  +   1)'*  remainder,  | 

being  any  number  whatever. 

/.  after  the  (p- 1)'*  remainder,  they  recim 


387.  a*  =  (a  -  1  +  l)''  =  (a  --  l)"  +  1  +  «.  Q^ 
wha«  Q  is  integral,  sfnee  every  coefficient  of  (a  -f  b)*  expanded 
is  integral,  (see  Barlow^  p.  17),  and  n  is  prime. 

Similarly  (a  -  1)"  =  (a  -  2)*^  +  1  +  n.  Q, 

&c.  =  &c. 

la  -  (a  -  1)  J*=  (a  ~  a)"  +  1  +  n  Q. 

/.  a^::ia-\-  n.  (Q^  +  Q^  +  Q,  +....  Q.) 

ft 

/,  a.  i is  divisible  by  n  ;  but  a  is  not  divisible  by  n ; 

n  •^     ' 

/.  is  an  integer  (A), 

Jt 

Similarly is  an  integer  (B) 

71 


/.  — = IS  an  mteger«  Q.  E.  D. 

n  n  n 

TOI»-  I.  O 


1£M  PRIMB   KUMBSRIf. 

388.        Let  a  :=^  mp  +  n^  (n)  being  less  than  (a). 

/•  ^  ^y  f.,  &c.  leave  tbe  same  remainders  as  n,  n\  n*, 

^      ^      ^ 
&c.  since  every  term  except  the  last  of  the  expanrions   is  divi- 
sible bj  p. 

Now    ■  is  an  integer,  and  since  n  is  less  than,  and  .% 

P 

prime  to  p,  is  integral  (see  preceding  problem.) 

Put  /, =  w 

P 

.•.  :=:  w  +  —  or  we  obtain  a  remainder  =  1  when  we 

P  P 

take  the  (p- 1}'*  t«rm. 


389.         Let  ^   !L.,  be  the  two  fractions. 

Then  -!L  +  !^  =  !!  =  ^^  +  ^'^ 
d        (T         45  dd' 

Assume  dd'  =  45  =s  .5  x  d*  and  /.  nd!  +  n'd  =:  88 

But  since  d  and.  d!  are  prime  to  each  other,  d  s:  S-, 

« 

and  cf  =  9 

.-.  9n  +  5»'  =  38 

/.  n  +  r/  +  l!?  =  6  +  :! 

5  5 

Alii.  S  % 

Put  _  -  —  =  w  (a  whole  number) 
5  5 

.•.  n  =  10  + 1    - 

4 

Put  ■    "'"  ^  =  i;  (a  whole  number) 

4 

/.  w  =  4t;  —  2 

Hence  n  s  4v  -  «  +  ?+^^^^  =:  5„_2 

4 
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talues  V  may  =  0,  ±  1,  ±  2,  ±  s, 

Let  v  ==  0 
Then  n  =:  -—  «  and  n'  r:  10 
Let  V  ^  1 

Then  n  ts  3  find  «'  :r  1 
Sic,    &c.    iic. 


^«»n» 


OS 
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CONTINUED   FRACTIONS  AND  INDE 
TERMINATE  PROBLEMS. 


390.       ^2=1  + -/i"- ls=  1 + 


J»+y 


V2+  1  =2+ V2— l=:8+-.si 


V2+1 

&c. 

= 

&C. 

2= 

Sec. 

.♦.  J»  = 

1 

2 

=  1   + 

2  + 

* 

•  ••• 

Now    * 

2+i 

= 

2 

5 

and 

f+2 

r= 

6 
12 

1 

:=: 

12 
29 

A+2 

1 

= 

29 

70 

M+8 

&c. 

— 

&C. 

'Ik 

4 


.%  ^  2  =  1  +  —  nearly,  =  1  +  —  more  neariy, 

6  12 


12 

s:  1  +  —  more  nearly,  kc.  &c. 
29 


CONTINUED   FRACTIONS.  ^97 

391.       /i=l  +  /l  -  I  =  1 +--i — 

VT+  I  =:  2  +  /i  -  1  =  8  +  — =i 

ya  +  1 

8 

S                            2                           VS  +  1 
V«+  1=2+ i/?-  1  =2  +  -—1 

Va+  1 

&c.  =  5(c.  =  fcc.  * 

/.  vT=  1  +  i— 

i+4 

«+i 

1+1 

8+1  &c. 
Henoe  the  firactions  cooTerging  to  y  8  ar^ 

'  ,+i_i+i_    i  +  » 


1  l+i  ,^.1 ,  +  » fcc.&c 

«+ 


«+l*  «.» 


l+i 

8 


or  1*  8*  •^ta— I   — >«   — — «  occ 

3       4       9 


892.  X»  -  Y*  s=  84  . 

A  (X  -  Y)x(X+Y)=:l     X84 

or  8  X  18 
or3  X  8 
or  4  X  6 
or  6  X  4 
or8  X  3 
or  18  X  8 
or  24  X     I 


/ 


"X-Y=i  5*^-Y:=  2$    X-Y~8f^X-Y=45 

X  +  Y=:«     X+Y=ai      X+Y=  8>     X+Y=  i> 

'''x-Y=65"X-Y==8r'X^¥-i2rX-^T=c;4 

/.  theTaIueBrf*afe^,7, 11,  S,  5,  11,  7,  "and  the  correspond- 

I 

ing  values  ojPy  are  i£?,5,i.,  1,  -i,  JZL,  -5.  .  C  j 

i'        .  ..2  2  2 

^or  the  complete)  solutioh,  see  BarJou^  page  109. 


«       • 


393.         an»  4-  My  3t  J^ 
WidyrriL-  ^, 


» in  which,  if  m  he  prime  to  jn,  the 


'  least  integi:al  values  of  y  and  or,  wjtdcb  will  render  x  and  y  inte- 
gral/ are  m  and  n  respectively ;  aioce  p  is  divisible  both  by  m  and 
ff.  If  m  and  n  be  not  prime  to  e^ch  other,  these  are  not  th^ 
least  values  of  m  and  n.  *      "'*  "  .4. 

let  p  =5  9m  =  r»,  ^%  »l  qp  iLfc  n  ?=  J^ 

.     •    ^   •<     .     •  -    y  ••   •  .r 
A  -L  ^  +  il  y  1=  p 

.•.  rx  +  qy  azr^ 

^      >  in  wbicb  .the  feast  integral  vfdi]^  of  y 

o      J 

iind  j:  are  the  nearest  integers,  which^  when  fruhsitijtirted  fopy  and 
^  in  X  .  y,  .^  •  OTf  render  them  ktegral*        ■  "  - 

r  a 
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MISCELLANIES. 


ooooooooaaooeaoQMo* 


394.        Let  X  be  the  number  reqiired. 

Thep  «  ss  8f  -f  I  =  89'  +  a  :«  55^'  +  S  (g.  g'»  9^^  keing  *•>« 
•quotients  correspon£ng  to  the  divisois,  2,  8  5,  respectively). 

Now,  these  quotients  being  integral,  we  must  seek  integer 
jnipes  of  them  from  the  two  eqiiatiDU^ 


5/  +  8  =  air  ^  «  S 


2q    =:  Sg'  +  1 

5f  «8?'^1 

^9  =  ^+^'*^ 


Put  JLJl s=  w  an  integer 

A  ^  :f=  Sicf  -»  I 

tet  ^LZjt  z::v     .••  w  =  5v  +  4, wherett  may  =  0, 1,  a^&^J. 
5 

The  conrespooding  values  of  w  ara  4p»    9, 14,    19,  ^t* 

and  of  5' ....  7, 17,  27,    37,  ^etk 

and  of  X....  28^  58, 88,  118,  Sec. 


395.        Let  f  be  the  nepresentative  of  the  toota  of  unity. 
Then  x*  =  1  =  cos.  2mir  +    V^^  sin.  3wv,  »i  being  any 
-iatejer. 


^OQ  MISOELi^ANIfiS; 

A  X  ==  cos..^l  +   V—  1  sin. i!!!!!l, by Demoivre's Theorem 

3  8 

/.  a:*  =  COS.  i22I-  +  /Zl  sin.  ^^^^  (n  being  int^ral) 

s=  (cos.  Smnv  +  >/  —  1  sin.  £mnflr)*  £=:  (l)*  =  ap>sinoe  2m» 
is  an  even  number. 

Again,  let  n  he  fractional  and  c:  JL 

9 

/,  x¥  =:  (oofi.  Smpir  +  ^  —  1  sin.  Smpr)!* 

.  :?:  (cos.  Smpr  +  Vr^  sin.  Smpir)*^  (by  PenuuTre.) 

.  *        *         '  ,  "  *  •         * 

c  (1)^'  =:  or  =  cube  root  of  unity. 
Generally,  it  may  be  shewn  in  the  same  way,  thfit  any  pow^ 

of  any  root  of  unity  is  itself  a  root  jof  imi{y*  ' 

■'  ..    -    r  .     r.  ^     .    , 

396.        Let  xbe  one  part,  then  2  —  or  i&  ^  other,  and 
4?  —  8  +^^or  So?  ^  S  :=  diiTerence  of  the  parts. 

But2  -0?  +  ir*  -  (a?  +  (2  -  ar))«=:  2  -  a:  +  a^  -  (x+4- 
4x  +  a^)  sz  2  --  X  +  0^  -^  X  —  4  +4ar-.«*2=:2«-.2  = 
difference  of  the  pwts,  Q.  E.jP.  .    '    ^    ;  -^ 


>    ♦ 


397.        Sinee  S,  R,  Q,  P,  &c.  s?  sum  of  products  of  the 

roots  with  their  signs  changed,  taken  n  and  n,  »  '^  1  and  n  *  i, 

n  —  2  and  n '—  2,  &c.,  tog^her  iHtepect^vely,'  and  the  nuq^bers  of 

combinations  of  n  things  taken  n  and  n,  n  —  1  and  n  —  1,  dce^ 

^     \i.  *'*   -.^'W""*     «.(n-^l).(n-'2)   ^       '[ ".    , 

together  are   1,  n, ,   — i ^  ^'    .  \  See.  resgectively, 

_1.8  I.8.O.' 

/.  Sconsistsof  one  term    ' 
R  consists  of  n  terims 

n.n— 1 


Q  consists  of 


1.2 


P.   -         «  Jl.Tl  —  1  .tl  —  2 
consists  of ^ 

&C.         &c.  \ 

Again,  since  in  (n— 1)  roots  (all  exqi^t  (a))  taken,  n- 1  a 


MISCfSLLANIES.  ^^ 

di— 1,  n—2  and  n->S,  »— 8  and  »— 8»  &c.,  there  nuKj  be  formed 
I,  n-l,  (^^0'(«"'^)^  ^c.,  products  resj^ectively. 

•'.  R  contains  only  1  term  ss  (r)  which  is  9ot  diYisble  by  (a) 
Q....  contains  (n*-l)  terms  s:  (9).... 

P..,.  contains (i^IlUlfcl^  terms  =  (p).... 
^  '  1.2 

&c.  &c. 

Hence  S  contains  one  term  s=  (s.a)  divisible  by  a, 

R  contains  n— 1  terms  =  (/.Xa)... 

q  contains  ^'(^":.^)-fn>l)=(^-"^)-C^-"^)    terms 

«=  (^  X  a).... 

^.  &c. 

Jience  S  =  m 

R  s=  r  +  ar',  Q  =  f  +  a^',  &c.  =  &c.  ^to. 

Now  — =  $  c  —  (product  of  all  the  roots  except  (a)  vith 
a 

iheir  signs  changed)  =  —  r  evidently. 

A  A+R='^  +  r+r'xa=:-r+r  +  /xa=?r'a 

•  •  ■  »—    # 

a 

Again,  5!  +  Q  =  /  +  g  +  09' 
a 

But,  since  a/=-ax  (-/)=-aX  (sum  of  the  pro- 
ducts of  (n-1)  roots  with  their  signs  changed,  taken  (n— 8) 
iogether  :=  —  a  X  9 

Similaily  9'  =  —  p 
&c.  =:  &c. 

/.  5^  +  Q  =  ofl'  s:  Q' 
a 

•  •  —  ==  ^ 

a 

/.  5L  +  P  =:  an  integer  =  9'  +  p  +  ap'  =  c^' 


...  £1 = p- 

a 

N.  B.  This  elegant  property  of  th^  coefieients  which  may  also 
he  proved  by  substituting  a  for  or,  &c.  &e.,  may  be  applied  to  And 
the  roots  of  equations,  provided  those  Toots  be  integral. 

Thusx*  /-  ajF*  +  ai"  «•  — 52ji«  -i-  &&r  -  24  ::=  0 

Since  R'  =  ^  +  R 

a 

q:  s  5!  +  a  =  — +^  +  q 

a  a^      a 

» 

F  =  Sl  +  P  =  -5.+^+^^  +  P 

a  a^*     a*      a 

S(Q.     ;p     &C. 
.*.  if  by  trial  we  find  such  a  value  of  a  as  shall  make 

«  +  i  +  -^  +  ....  to(m)  terns,  or  S+«R  +  «-ft+" 


or       ar^^        ar^  a 

an  integer,  that  value  will  in  all  probabUUy^  be  a  root,  a^d  sub* 
stitution  may  be  made  accordingly.  Three  or  fbur  terms  wttl  be 
sufficient  for  this  trial. 

In  the  above  equation  S  =  —  94 

R  ==        66 
Q  =:  -  24 
,    -  24  +  3  X  56  -  «  X  24  ^    — a24  ^        .^ 

3'  27 

.*•  we  may  conclude  3  to  be  a  root. 
Other  applications  may  also  be  made,  which  we  leave  to  the 
ingenuity  of  the  reader. 

398.        Let  X  be  the  number  required. 
Then  x  ^  Sq  +  1  =  5^  +  3,  ^  and  g'  being  the  <{iiotients 
corresponding  to  the  divisors  3  and  5  respectively. 
Hence  3^  :=z  5q'  -{-  2 


MIM^HiJ'ANifSf  ^Q> 


f*at  ZJjI —  =  w  an  integer. 
,V  9'  9  Sip  -^  1 

3 
JLet  w  c:  0,  1, 2,&c.  th^n  9  :;:  -  l»  4,  fi«  Aie. 
X  =  —  2f  13, 88,  Sec. 

/.  the  least  yaiue  of  x  is  13 


399.        Ijeto^6+x     Aa-6=:x 
pThen  a"  =  6»  +  n.*^*.  x  +..,.V 

-•.  a*  —  5*  is  divisible  by  a?  or  a  —  6 
But  a"  +  6»  5s  «i"  +  n.  ft-'  oj  +  ..-  «"  which  i&  »ot  toiwbte 

by  X,  or  <K  —  6,  unless  8i^^  is,  i.e.  unlesa  -^ —  w  — —  be  an 

a— 6        a— 6 

^nteger. 

Again,  let  a  sx— &orx=:a  +  ^ 

Then  a"  =  x*  —  ».  x^'  6  +...•  ±  6*  acQording  as  n  is  even  or 

.•.  a-  —  &•  =  x»  —  n.x*"'  6  +....  qp  «•  «  ^'  +  ^  oi"  ""  *** 
•%  a*  —  6*  is  divisible  by  x  or  a  +  &»  if  ^  he  even,  or  if  n  be 

.odd,  provided be  an  integer,  but  ia  aB  oAer  cas^  a"  —  b* 

pa  not  divisible  by  a  +  6. 


'  4(KK  Let  to  -I*  1  ^present  the  add  Bwnber,  x  k^ing  any 
integer  whatever. 

Then  (2x  +1)*  +  3  r=  4  x*  +  4x  +  4  vhicb  is  evidently 
divisible  by  4. 


401,         (i»y  =  8n*  which  is  even. 
(2«+l)*  =:  8»'  +  12n«  +  6tt  +  1  =  8.  (4»'  +  6»«  +  3n)+l 
is  odd. 


^M  MISCELLANIES. 

A  the  root  of  every  odd  cube  is  also  odd« 

> 

Let  .'•  8x  4-  1  be  the  root  of  the  given  cube. 

Then  the  middle  term  of  the  series  (te  +  1)*  s=  4x*  +  4kr  +  l 

and  the  common  difference  =  I 

A  the  last  term  ss  4x*  +  5x  +  1 

and  the  first  term  =s  4x'  +  &v  +  1 

/.  the  sum  of  the  series  :=  (8ar'  +  8a;  +  2)  !fJLi 

=  (4«»  +  4kc  +  1)  .  (ar  +  1) 
=  8a?»  +  18«»  +  6*  +  1 
=  (Sx  +  1)"      Q.  E.  D. 

402.       This  is  nothing  more  than  finding   two  squares 
ogether  =:  a  given  sqaare,  the  sides  of  those  squares 
alional. 
Let  a*  be  the  given  square,  and  «*!  y*  those  sought. 
Then  a«  =  «•  +  y* 
.••  a"  —  y*  ss  «■  ss  (a  —  y).  (a  +  y) 

Puta  +  ys=?f 

9 

and  a  —  y  ^  2f 

P 


8y»£ 


P9 

P«+«« 

y  r=  ^  ""?    X  a  where  p  and  a  may  be  assumed  of 

any  magnitude.    If  a  s:  two  squares,  put-  p*  +  9*  =  a  or  any 
factor  of  it,  and  we  have  the  above  forms  integral. 

Let  a  =:  5  =  S*  +  1 

Thenp'  a=  2«,  9'  =  1 

5 


MISCELLANIES.  ^^ 

Let  a  =  30 

Thenx  =  JfP2.==.^ 

v  =:  P  ~^     x30    Letp  =  »andor=l 

5 

^  8Xi2  =  18 
*  6 

/.  if  the  hypothenuse  be  80,  the  legs  will  be  84  and  18.    Simi- 
lar Tesults  may  be  found  ad  UbUum. 

403.     Log.  N  =  log.  (N  X  1)  =  log.  N  +  log.  1. 

Let  e  be  the  hyperbolic  base.       «  ^ 

Then  006.  0  +  V  -  1  sin.  0  =  e*"^ 

.-.  COS.  2nw  +  aT^I  sin.  2n»  =  e*^^^ 

/.  1  =  e**'^^ 


.-.  log.  (1)  =:  «nir  V  -  1  "^^^  «  "**y  •»  ^^J  number  from 
0  to  oc  ;  when  n  =  0,  log.  1  ss  0. 

/•  k^.  N  =  log.  N  and  is  real  in  this  case  only,  since  all  the 

other  values  involve  >/  —  1. 

Again, log.  (-N)  =  log.  N  +  log.  (- 1) 

But  since  cos.  O  +   V  ""  ^  s">-  •  —  ^^^ 

and  /.  COS.  (2n+l).  w  +  V-  *  sin.  (2n+l).»  = 

.-.  -  I  =  e^**'*"*^*''^ 
.-.  log.  (-  1)  =  (««+ 1)»  V"^^  which  for  every  vahie  of  n  fa 
imaginary.     /.  log.  (- 1)  is  always  imaginaiy. 
Hence  log.  (-  N)  =  log.  N  +  log.  (- 1)  is  always  fanaginary. 


0» 


ARITHMETIC  OP  SINES. 


oaooooo6ooo8coooDua» 


404.        Let  (a)  be  the  giren  angle,  (x)  one  of  the  parts  anJ 
A  {u—x)  the  other  part. 

Then  ^•('^"'^^   =  2,   ?  being  the  given  ratfo. 
tan.  X  11® 

tan.  a  —  tan.  x    ^     . 
. .  1       ,^ ■.  =  n  tan.  x 

1  +  tan.  a.  tan.  a: 
/.  tan.  a  —  tan.  x  :=  n  tan.  x  -{-  n  tan.  «.  tan.*  st 

:.  tan.*x  +  _^ilJL  tart.  A  =i  i- 
ntan.  a  k 

:.  tan.  *  =  ±       /(«+!)-  +  ~^  _      n+I 

^     471^  tan.^a       n  2ntan.  a 

But  (""^0"^     +  —  =  ^^  +  'g»"»*^'^^^^^''f» 
4n^taB.'a         n  4n*tan.'a 

_  n»-2fi+l  +  4n.(l+tan.*a) 

4n*  tan.^a 

(n— IV  +  4n.8ec.*a 

4n*tAn.»a 

Sn  tail,  a 
known,  and,  by  reference  to  the  table  we  KhaH  obtain  x.    Hence 
a— « is  known. 

The  tan.  x  may  easily  be  constracted,  and  thence  will  appear 
the  geometrical  solution  of  the  problem. 


A.  ^^  Jm.  a. 

Sin 2  sm.  —  cos.  — 

405.        Tan.  A=  *  "  *  «  -  ''"•  ^- 


2               A  ^        o  A  1+cos.A 

COS. 2  cos.  2  — 

2  2 


AiiiTHiiit'ric  ov  nNf  ST.  <07 

Since  cos.  A  =:  cos.*  A  -  mo.*  A  s  2  gob.s  A  -  i,  lec« 

2  2  9 


may  be  proved  gtometricaUy  by  taking  in  the  circle  wboee 
radius  AB,  or  AC  c=  unity,  tbe  Z  BAG  xs  Z  A,  te. 

Thus,  produce  CA  to  D,  join  DB,  and  bisect  BAG  by  the  radius 
AE,  and  draw  the  tan.  ET  meeting  AB  produced  in  T.  Also  draw 
TN  perpendicular  AG. 

Then  Z  TAB  =  ±  Z  TAG  =  Z  D 

2 

.-.  AE  is  parallel  to  DT. 
and  the  triangles  TAE,  TDN  are  .*.  similar. 
.-.  TE  :  AE  ::  TN  :  DN 

A 

or  tan.  —  :   1  : :  sin.  A  :   l  4-  oos.  A.     /•  &c. 

2 

406.    Sin.  (a+b)  =  sin.  a.  Cos.  b  +  cos.  ••  »n.  6>  ,^     ^    , 

J   •    /      r\        •  r  ---it"  (See  Wood' 

and  sin.  (a—  6)  =:  sin.  a, cos.  6  ^  cos.  a.  sin.  6)  ^ 

house  or  Creswett)^  and  generally  (x-by)  •  (^"-y)  =  J^— y* 

.*.  sin.  (a+i)*sin.  (a— 6)  =  sin.* a. cos.* 6— cos.* a.  sin-'ft 

=  6.in.*a.  (I— sin.*6)— (l-sin.*«).sin.*6 

=  sin.*  a—  sin.' 6. 

The  geometrical  proof  will  not  be  difficult. 


407.        Cos.  2a  =  cos.  (a+a)  =  cos.  a.  cos.  a— sin.  a.  sin.  a 

=  cos."a  —  sin."a  :=  co8.*a  —  (1  — cos.'a) 
=2Scos.*a  —  1. 


408  sin,  (g— fe)     ,     ^in.  (6— c)     ,     sin,  (a-^c} 

sin.  a.  sin.  b        sin.  6.  sin.  e        sin.  a.  sin.  c 
^  sin.  c.  sin.  (a— ft)    ,   sin.  a.  sin.  (6-c)    ,   sin.  6.  sin,  (a  —  c) 
sin.  a.  sin. 6.  sin.  c       sin.  a.  sin.  6.  sin.  c       sin.  a.  sin.  6.  sin.c 
But  sin.  c.  sin.  (a— 6)  +  sin.  a.  sin.  (6-c)  +  sin.  6.  sin.  (a  — c) 
=  0. 
For  sin.  c.  sin.  a.  cos.  ft  —  cos.  a.  sin.  ft.  sin.  c  ^ 
+  sin.  a.  sin.  ft.  cos.  c  —  cos.  ft.  sin.  c.  sin.  a  ^  =  0 
+  sin.  ft.  $in.  a.  cos.  c  —  cos.  c.  sin.  a.  sin.  ft  J 


I     1 


<0B  ARITHMETIC  OF  9INB». 

.     sin,  (a-6)    ^    siO-  (fr-c)_  +    ^n.  (g^c)   _  ^  ^^ 
sin.  a.  sin.  b        sin.  6.  sin.  c        sin.  a.  sin.  c 
common  denominator  sin.  a.  sin.  6.  sin.  c.  be  finite ;  i.  e.  if  a,  6,  c 
be  each  >  0,  and  <  «>,  >  v  and  <  2  y,  fcc.  &c. 


409.        Let  X  be  the  arc  required. 

Then  cos.  or  s=  tan*  x  s=  1 —  to  radius  zsr.  K 

cos.  X 

\  COS.*  X  r=  sin  x 

'.  1  —  sin.'x  =  sin.  x 

\  sin.*  a;  +  siir.  a?  =  1 

and  sin.' a:  +  sin. «  +  —  =:l+^s_ 

4  4  4 

:.  sin.  *  =  "^^^^ 

2 

.*.  X  is  that  arc  whose  sine  =  ■  ^    ,  or  that  wHdse  sine 

2 


_- 1  - V5 


,  the  radius  being  unity.    Reduce  these  surd  Talues 


2 
to  decimals,  and  refer  to  the  tables  (HutUm*s)y  where  are  ta  be 

found  the  rules  necessary  for  finding  the  arcs  corresponding  to  the 

two  sines. 


410.        Let  a  be  the  given  Z,  x  one  of  the  parts  required, 
and  /.  a  —  X  the  other  part. 

Then  Jl^i^Z^   =  ^  iL  being  the  given  ratio, 
sin.  X  11 

•*.  sin.  a.  006.  x  —  cos.  a.  sin.  x  =  n  sin.  x 

.  COS.  X  . 

.'.  sin.  g.  .,  =  COS.  a+  n 

sin.  X 

.'.  cot.  X  =  ^^  ^.  +  n  £=  cot.  a+n  cosec.  a 
sin.  a 

whence  x  is  known,  by  reference  to  the  tables. 

/.  a  -  X  is  also  known. 


ARITHMETIC  OP  SINES.  ^      «09 

410.        Let  the  two  arcs  be  a  and  b 

2  COS.  r-ZL:.  COS.-- — -        cot.  --!--. 
Then    ^^^'  ^  "^  ^^'  ^  —  8 8      ^  8^ 

Gos.  a^cos.  6         ^   ._    a+fc    •    a—b        ..^    a— 6 

2  sin.  — !^.  Bin tan.  

8  8  8 

For  COS.  (A  -f  B)  +  cos.  (A  —  B)  =  8  cos.  A.  cos.  B  s  8  x 
COS.  A-fB+(A-^B^    ^  ^^     A+B^(A^B) 

8  8 

and  COS.  (A+B)  -^  cos.  (A— B)  =  8  sin.  A.  sin.  B.  r:  &c. 

.'.  COS.  a  +  COS.  6  :  COS.  a  —  cos.  b  ::  cot  — L-  :  tan.  -ZLi' 

8  8 


411.        Sin.  (60+A)  s=i  sin.  60.  cos.  A  +  cos.  60.  sin.  A. 
sin.  (60— A)  s  sin.  60.  cos.  A  —  cos.  60.  sin.  A. 
A  sin.  (60+A)  —  sin.  (60— A)  =  8  sin.  A.  Cos.  60  =  sin.  A 
.*.  sin.  (60+A)  s=  sin.  (60  —  A)  +  sin.  A. 


r.i«       .  -:«  j;      8sin.?!-t-  COS.  ^ sin.  fLlZ 

4J2  sm.  g  +  sin.  6  8 8  8^ 

COS.  o+cos.i=  a+6        o— 6~  o+6 

2C0S.— ILr  cos.  -I — -.       co«.  -2-: 
8  2  8 

r=tan.f±i 


For  sin.  (A+B)  +  sin.  (A-B)  =  8  an.  A. cos.  B 
and  cos.  (A+B)  +  cos.  (A— B)  =  8  cos.  A.  cos.  B. 
i.  e.  Ae  sum  of  the  sines  of  two  arcs  =  8  x  (the  sin.  of  half 
their  sum)  x   (cos.  of  half  their  difference),  and  the  sum  of  the 
cosines  of  two  arcs  r=  8  x  (cos.  of  half  their  sum)  x  (cos.  of  half 
their  difference). 


413.    Tan.  8A  g  tan.  (A+A)=  ^'  ^+  ^°'^=  2tm.A 

1  —  tan.Atan.A    1  —  tan.*A 
Let  tan.  8  A  =  8  tan.  A  +  i: 

.-.  :r  +  8  tan.  A  =r  ^  ^"' ^ 

1  -  tan.'A 

T^OL  I.  •         p 


210        ^  ARITHMBTIC  OF  8IKB9p 

.   -—  2  1an.  A— atan.  A  +  2tan,*A 

zz  ^  ,  which  is  positive  when  tan.  A  is  positiYe, 

l-taiL«A  ^ 

and  less  than  unity  (the  radius),  or  negative  and  gpreater  than 

unity ;  i.  e.  when  A  is  positive  and  less  than  45^|  or  when  it  is 

negative  and  greater  than  46^. 

.*•  tan.  SA  is  greater  than  2  tan.  A  when  A  is  positive  and  less 
than  45^,  or  when  A  is  negative  and  greater  than  45. 

N.  B.  If  an  arc  lying  on  one  side  of  the  diameter  be  called 
positive,  the  arc  adjacent  on  the  other  side  of  the  diameter  is 
termed  negative. 

The  limits  of  tan.  SA  with  respect  to  8  tan.  A,  may  similarly  be 
found,  for  the  other  quadrants.  Also  when  tan.  2A  is  less  than 
S  tan.  A.    This  we  leave  to  the  reader. 


414.     Let  2C0S.  fl  =  «+  J- 


u 


Then,  if  2  cos.  (m-l)  $  =  u""^  +   -J-- 

and  2  cos.  m  0  =:  v*  + we  shall  have 

2cos.  (m  +  l)fl  =  tt-+'+  --L- 

For  COS.  (A+B)  +  eos.  (A— B)  =:  2  cos.  A  cos.  B. 
Put  A  =  »i  fl,  B  =  fl 

Then  cos.  (m  +  1)6  +  cos.  (m^  1)  j^  :=  2  cos.  mQ  .  cos.  ^ 
/.  COS.  (m  +  1)  fl=  (II-+-L')  («  +  JL)  X—  -  («— •  + 

I— V        2 
.-.  2  COS.  (i»+l)fi:s:  u«+»  +  -L.  +  tt— '  + 

—   r=    u"^'  +   — L- 
.•-1  „*+» 


i--«-- 


i 


ARITHMETIC  OF  SINKS.  ^ '  I 

.*.  if  tlie  propoiitkm  be  true  for  any  two  successire  ralues  of  m 
(»  being  integral),  it  is  also  true  for  the  next  higher  value  of  m. 
But  2  cpff.  S  0  =  2  (2<  COS.  9  *-l)  =  4  COS."  $  —  2 

It*  u* 

and  2  COB.  0  =  v  +  #-  by  supposition. 
.'.  2  COS.  Sfl  =  i/»   +  — 

fcc.  cr  &C. 

2  COS,  n0=  tt"+  —  ifttbe  integral.    For,  greater  in« 
fonnation  on  the  snbjiect,  see  Wopdhause's  Trigonometry. 

Otherwise. 
Sinee  u*  -^^  2u  cos,  d  =:  —  1,  solve  the  equation  in  «. 

/.  u  =  cos.  9  +    v'cos.'  8—  1  =  cos.  fi   +    V  "- 1  sin.  fl 

Hepce  i.  = 1=^ =   COS.  fl  -  yTrj  sin,  d 

«        COS.  6  +  V  -  1  sin.  fl  cos.»  fi+  8in.»  6 

2=  cos.6  —  i^  —  i  sin.fl 
Hence  we  have  u"  =  (cos.  d  —  V  ""^  sin.  fl)*  z:  cos.  n  fi  + 

V  —  1  sin.  n  $ 

and  -^  =  (cos.  fl  —  </  —1  sin.  $)"   rt  cos.  n  fl    *- 
tt" 

V  --  1  sin.  n  d 

.'.   ii"  +  -^  =  2  COS.  nfl 
«"  ^ 

and   «■  —  —  =  2  i/—  1  sin.  nQ,  where  n  may  have  any  value 
whatever. 


tt' 


415.         Tan.  (45+A)  ==     tan.  45  +  tan.  A    ^1  +  tan.A 

^  i  —  tan.  45  x  tan.  A      1  —  tan.  A 

tan.  (45 -A)  =     tan.  45  -.  t*n.^^l  -tan. A 

1  +  tan.  45  X  t«n.  A,     I+MMi.4 


[ 


^^^  ARITHMETIC,  .F  SINEB. 

/.  tan.  (45+ A)  -  tan. (45- A)  =  '  ">"  ^'^  -   l^JanJl' 

-  1-tan.A        1  +  tan.A 

^  1  +gtan.A  +tan.gA-l  +  2tan.  A-tan.»  A 

I  —  tan.  2A 

^     4  tan.  A 

"~  I  — tan.  2  A 

But2tan.2A=8tan.(A+A)=2  X  <^'^+^A  ^  4  tan.  A 

1-tan.A.tan.A      l-tan.«A 

.-.  tan.  (45+A)  r.  tan.  (45-A)  +  8  tan.  8  A. 

416.        Let  the  arc  be  A 

,-»       ^       A    .       «    A         sin.  A     ,     COS.  A 
Then  tan.  A  +  cot.  A  = +  -- — -- 

COS.  A  sm.  A 

^  sin. « A  +  COS.  *A  ^  1 

sin.  A  X  COS.  A         sin.  A  cos.  A 

IS  A 

=  =  s=  S  cosec.  2  A 

sin.  2  A        sin.  2  A 

2 

since  sin.  8  A  =  2  sin.  A  cos.  A,  and  cosec.  2  A  =:  -: — 

sm. 


sin.  2  A 


4  L7.        Let  A  be  the  angle 
Then  tan.  A  -^  cot.  A  =  tan.  A  ^ 


tan.  A 

=  tan,  g  A  ^  1 
tan.  A 

I    _  ♦on    2  A 

=  ±  : — LJr,  according  as  tan.  A 

tan.  A. 

is  less  or  greater  than  unity  (the  radius). 

Bntcot.8A=:-_i_=  I =*-*"''^ 

tan,  2  A  2  tan.  A  2  tan.  A 

1  —  tan.  « A 

.•.  tan.  A  ^  cot.  A  =;  ±  2  cot.  2  A. 

418.        By  the  above  problem,  we  have 
tan.  A  :=  cot.  A  ±  2  cot.  2  A,  according  as  tan.  A  is  less  or 
greater  than  the  radius,  i.  e.  as  A  u  <  or  >  45^ 
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r.  50°  =  cot.  50*^  -  2  cot.  (100°) 

But  cot.  100°  =  cot.  (90  +  10)  =  l-tim.90xtan,lo 

tan.  90  +  tan.  lo 

_  —  00  X  tan.  10  ^ 

s=   —  =s  •—  tan.  10 

00 

and  cot.  50  =:  tan.  40 
.'•  tan.  50  =:  tan.  40  +  8  tan.  10. 


419.        Let  tan.  A,  and  tan.  B,  be  the  given  tangents. 

Then  tan.  (A±B)  =  ""' (^^g 
^   "^    ^      cos.(A±B) 

_  sin.  A.  cos.  B  ±  sin.  B.  cos.  A 
cos.  A.  cos.  B  qp  sin.  A.  sin.  B 
Divide  by  cos.  A.  cos.  B 

sin.  A     I     sin.  B 
Tk      ♦«/AJ-nN       C0S.A  COS.  B  tan.  A  ±  tan.  B 

Then  tan.  (A±B)  =  .^^    sin.  B    =  l^tan.Atan.B 

cos.  A'  COS.  B 


420.        Let  the  radius  :=  unity. 
Then  cos.  (A+B)  =  cos.  A.  cos.  B  —  sin.  A.  sin.  B 

and  cos.  (A— B)  =  cos.  A.  cos.  B  +  sin.  A.  sin.  B 
/.  cog.  (A+B)  +  COS.  (A— B)  =  2  cos.  A.  cos.  B,  and  to  in- 
troduce radius  r,  we  must  divide  each  function  of  the  arcs^  by  (r). 
(see  Woodkottse.) 

.    cos.  (A+B)        COS.  (A-B)   _  gcos.A         cos.  B 

r  r  r  r 

.    COS.  (A+B)        cos.  (A—B)   _   cos.  A  x  cos.  B 
8  9  r 


421.        Let  A  be  the  arc  whose  sine  is  s 
Then  sin.  A  =  s 


8 


cos*  A.=:  i^  1  —  s 
vers.  A  =  1  -  cos.  A  =  I  —  V  *  -  ** 
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fiec.  A  := 


tan.  A  :£: 


COS.  A  ^  I  -  5« 

sin.  A  s 


COS.  A 


Vl  -  «* 


^.    A        COS.  A         a/  ^  —  «* 

cot.  A  :rz  ^ . —  ==   2l 

sin.  A  s 


422.  Tan.  (A  +  B  +  C)  =  tan.  wur  :=:  0 

But  tan.  (A+B+C)  =  ^^°'  ^  +  ^'  ^^"^^lo    ^.  =  0 
^  ^  I  -  tan.  A  X  tan.  (B+C) 

/.  tan.  A  +  tan«  (B  4-  C)  =:  0 

*.-  4««   A    •    t*"i-  B  +  tan.  C  ^  -, 

or  tan.  A  +   ■ -^  ^  ^ 

1  —  tan.  B  X  tan.  C 

A  tan.  A  4-  tan.  B  +  tan.  C  —  tan.  A  x  tan.  B  x  tan.  C  =  0 

A  tan.  A  -f  tan.  B  +  tan.  C  =:  tan.  A  X  tan.  B  x  tan.  C 

423.  Let  *A,  B,  C  be  the  three  parts  of  the  quadrant, 
llien  tan.  A  X  tan.  B  +  tan.  A  X  tan.  C  +  tan.  B  x  tan.  C  =  r« 

For  tan.  A  x  tan.  C  +  tan.  B  x  tan.  C  =  (tan.  A  +  tan.  B) 
tan.  C  =  (tan.  A  +  tan.  B)  x  cot.  (A  +  B),  since  A  +  B  +  C 

and  cot.  (A+B)  =  l-tan.Axtan^ 

tan-A  +  tanTB 
.'.  tan.  A  X  tan.  B  +  tan.  A  x  tan.  C  +  tan.  B  x  tan.  C 
£s  tan.  A  X   tan.  B  +  1  —  tan.  A  x  tan.  B  =  i,  to  radius 
±s  unity. 

^  tan.  A  ^  tan.  B  ,  tan.  A  ^  tan.  C  ,  tan.  B      tan.  C 

or X  .^   ■      4" X    >         4- X -1  =  1 

r  r  r  r  r  r 

to  radius  =  r 

W  tan.  A  X  tan.  B  4-  tan.  A  x  tan.  C  +  tan.  B  x  tan.  C  =  r« 


4fl4.        Let  A  4-  B  4-  C  =  (2ii4-l)  — ,  where  A,  B,  Cai« 
the  parts  of  the  odd  multiple  (2»4'  1)  of  JL 
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Then  cot.  (in+  J)  —  =  <»*•  (««^  +  — ) 


s:  1— tan.  nvxtau. — 

2 

^^^— ^"^  f"    111 

tan.  nw  +  tan.  — 

a 


_  1—0x00  ^  1— finite  quantity  ^  ^ 
"~    0  +  00  00 

.•.a,t.(A  +  B+C)=  cot.(A+B)xcot.C-l  ^^ 
^  cot.  (A+B)  +  cot.  C 

/.  cot.  (A+B)  X  cot.  C  =:  1 

o  •     «  /A  .  UN        cot'  A.  X  cot.  B— 1 

But  cot.  (A+B)  =  2 7-n- 

^         ^  cot.  A  +  cot.  B 

...  <^t.Axcot.B-l   ^  eot.  C  =:  1 
cot.  A + cot.  B 
or  cot.  Axcot.  Bxcot.  C-cot.  C  =  cot.  A  +  cot.  B 
.-.  cot.  A  +  cot.  B  +  cot.  C  =  cot.  A  x  tot.  B  x  cot.  C 


4215.  (cos.  a  +  V  —  1  8"»* «)  X  («>«•  6  +  V  —  *  sin.  *) 

=  COS.  aXoos.  b  +  jj  —I.  (sin.a.  cos. i+cos.a.  sin. 6)  — sin.  aX 
sin.  b  =:  cos.  (a +b)  +  ^  —  I  sin.  (a+b) 

Similarly  (cos.  (a+&)  +  V—  ^  8i°«  •(«  +  *))  X  (cos.  c  + 
^TTsin.  c)  =cos.  (a+b+c)  +V  -  1-  s>"-  («  +  *+0> &c.=ifcc. 

/.  COS.  (o+i+c+ )  +  a/  -^  I-  sin.  (a+6+c+  ....)£=  (co8.a 

+  ^—  1  sin.a).(cos.  b  +  ^  -  l'Bin.6).(coS. <;+  V  —  1  sin. c)  fcc. 

or,  dividing  and  multiplying  by  cos.  a,  cos.  6,  &c. 

COS.  Ca+i-f  c-|-....)i,  ^  ^— T  ".°(«tH;<',+  -n>^  (.  u.  ■/■^Ts. 
008.  a.  cos.  6.  COS.  cA  cos.  (a+o+c+.;J 

tan.  a).  (1  +  ^—  1  tan.  6)  x  (1  +  V  -  *  ^*°'  c)  X  &c. 

-  1  +  jrz^  A+  V-  ixV^-^B+V-  1  X  V-  1  X 

^"ZT  C  + ....  by  the  theory  of  equations. 
But  V-  1  .A  =i:  ^  -  I  A 
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/^^  X  V"^x  V^-^x  V^^D  =  D 

COS.  a.  COS.  b.  cos.c*. 

C08.(a+ft+c+....)  _  J  _  B  +  D  -  F  + +  V"^^  X(A- 

cos. a.  cos. 6. cos.c... 
C  +  E  -  ....) 

/.  equating   the  real  and   imaginary  quantities,  we  have 

co8.(a+6  +  c4-....)  :=i^B  +  D-F.+  ...: 
xx>s.  a  COS.  b  COS.  c... 

and  tan.  (a+6+c+ ...)  x  (1-B+D-F...)  =  A-C+E-G+... 

•••'"•<°^'^'-^'=tg:g:?:.:: 

Henoe»  also  we  hare  co8.^a+6+c+.*-)  =  cos.  a.  cos.  6. cos.c... 
{1-B+D-F } 

and  sin.  (a+6+c+.7..)  (=  tan.  x  cos.)  =  cos.  a.  cos.  b.  cos.c.. 
{A-C+E-G+...} 

Many  curious,  and  perhaps,  useful  propositions  may  hence  be 
established. 

Required  to  express  tan.  (a+6+c+— )  in  terms  of  tan.  (2a), 
tan.  (26),  &c.,  or,  generally,  in  terms  of  tan.  (ma)  tan.  (m6), 
tan.  (mc)i  &c. 

Let  ^Sj  =:  sum  of  tangents  of  a,  6,  c,  &c. 

*S  J  ::=  sum  of  tangents  of  Sa,  26,  Sc,  &c. 

&c.         =        &c. 

'Sg  =:  sum  of  products  of  every  two  of  tangents  of  a,  i,  c, 
Ac.  &c.,  and  generally,  let  *S. express  the  sum  of  the  products  of 
eyeiy  n  of  the  quantities  tan.  (ma),  tan.  (m6),  tan.  (mc)^  &c. 

Then  by  the  above  form  we  have 

witan.  fl)  -  >« .  ^Zi  ^Llf .  tan.  »d)  +  Ac. 
tan.  (mf)  zz 

-  Ill— 1^        a^   ,  HI— 1    HI— 2  IB  — 8    ,    ^  A^       m. 

1-m. tan.'^+w.-_^  , .tan.>— Ite. 

2  2*34 
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Also  Uuk.(ma  +  mb  +  fnc  +...)=  "^t-^Ss+^Sg...... 

Put  a  -}-  b  +  c  +....  =  f 

m  (an.  ^  *  m.  .   tan.'^  +  &c. 

j_      8  3 l^ 

1  -m.  ^Z}  tan •  ^  +  &c. 
2 

A  we  have  an  equation  involyiug  tan.  f  or  tan.  (a+&+c+....) 
and  tan.  (ma),  tan.  (m^),  tan.  (mc)y  &c.,  and  consequently  by  soIt- 
ing  that  equation,  or  finding  the  values  of  tan.  f ,  we  can  express 
tan.  f  in  terms  of  tan.  (ma)y  tan.  (mb)^  Sec* 
Let  HIS  2 
ltentan.2»  =  ^S,  ->«S,  +  ^S,  -..  ^     2tan,^ 

1     -  «Sj  +  ^S^  -..        l-tan.'f 
Let  A  'S,  -  >S3  +  «S,  -..  ^  Q 

/.  Q  -  Q  X  tan.«  ^  =  8  tan.  9 
/.  tan.'  f  +  ^  tan.  9=1 


If  m  =  Sf  a  cubic  equation  must  be  solved,  Sx,  &c. 


426.        This  is  Demoivre's  Theorem,  which  is  deducible 

from  one  more  general,  viz.  cos.  (A  d:  B  ib  C  ±...)  ±  V  ""  ^  x 

sra.  (A  ±  B  ±  C  ±...)  =  (cos.  A  ±  V^-^   ««•  A),    (cos.  B 

±  V  —  1  sin.  B)  X  (cos.  C  ±  jJ  ^  I  sin.  C)  x  &c.,  to  prove 
which  we  proceed  as  follows : 

Put  cos.  A+^— lsin.A  =  a,  cos.  A  —  ^  —  ^  sin.  A  =  a 

cos.  B  +  ^  —  1  sin.  B  =  6,  cos.  B  -  V-  1  sin.  B  =  6' 

&C.      £=      drC.  &C.      =      &C« 

a  X  6   =  COS.  A.  COS.  B  -*  sin.  A.  sin.  B  +  V  *~  ^  (^^n.  A.  x 
COS.  B  +  COS.  A.  sin.  B) 
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rr  COS.  (A  +  B)  +  V  -  1  sin.  (A  +  B) 


Similarly  a  X  ft  X  c  =  cos.  (A  +  B  +  C)  +  V  —  1  sin.  (A 
+  B+C) 

&c.        =        Sec. 

(1)  and  a  X  6  X  c  x  rf  x  &c.  =  cos.  (A  +  B  +  C  +  D+...) 

+  V^-^  sin,  (A  +  B  +  C  +  D  +...) 
Again  a'   x  b'  :=:  cos.  A.  cos.  B  —  sin.  A.  sin.  B  — 

i^  —  1  (sin.  A.  COS.  B  +  cos.  A.  sin.  B.) 

=  cos.  (A  +  B)  -  V-  1  sin.  (A  +  B) 
Similarly  a  x  6'   X   c'  =  cos.  (A  +   B  +  C)   - 

V"^  sin.  (A  +  B  +  C) 

&c.        =        &c. 

(2)  and  a'  X  6'  X  c'  X  d'x&c.  =  cos.  (A  +  B+C  +  &c.)  - 
^"Z7  sin.  (A  +  B  +  C  +  &c.) 

Again  a  X  ft'  =  cos.  A  cos.  B  +  sin.  A  sin.  B  + 
^  —  1  (sin.  A  cos.  B  —  cos.  A.  sin.  B) 

(3)  =  cos.  (A  -  B)  +  V"-^  sin.  (A  —  B) 

OP  =  cos.  (B  —  A)  —  a/  —  I  sin.  (B  —  A) 

From  (1)  it  appears  that  when  all  the  factors  are  positive,  the 
result  is  of  the  same  form  with  any  one  of  the  factors  ;  the  angle 
in  both  of  its  terms  being  the  sum  of.  the  angles  in  the  factors, 
and  both  terms  positive. 

From  (2)  we  learn,  that  when  each  of  the  factors  is  negative 
in  the  second  term,  the  result  is  also  negative  in  the  second  term, 
and  the  angle  in  each  of  its  terms  is  the  sum  of  the  angles  in  the 
factors. 

But  from  (3)  we  ^tind  that  when  one  factor  is  positive  in  the 
seoond  term^  and  the  otiber  negative,  the  tesnlt  of  the^e  iwo  fkc- 
tors  is  positive  or  negative  in  the.  second  term,  according  as  the 
first  factor  (arranging  the  angles  in  the  order  of  the  factors)  is 
positive  or  negative  in  its  second  term ;  and  the  Z  in  this  result 
==  the  difference  of  the  angles  of  the  factors. 

Hence  then  it  is  manifest  that,  generally,  cos.  (A±B±C±....) 

±  if^l  sin.  (A  ±  B  ±  C  ± ...;)  =  (cos.  A  ±  V"^  ^'  A) 
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y  (<56«.  B  ±  V  - 1  sin.  B)  X  (cob.  C  ±  V  -^  »»•  C)  x  &c., 
where  the  signs  are  taken  acooTding  to  the  above-mentioned  cir- 
cofflstances. 

The  above  very  general  theorem  is  more  so  than  it  appears  to 
be,  inasmuch  as  it  comprehends  the  form  oos.  (A  ±  B  db  &c.  ±  A' 
±B'i:&c.)  ±  V"^8in.(A±B±&c.±A'±B'&c.) 
^  (cos.  A  ji:  ^  —  1  sin.  A)  x  (cos.  B  ±  V  —  *  sin.  B)  x  &c. ,  ^ 
(cos.  A'  ±  i^  —  1  sin.  A!)  x  (cos.  B'  ±  ^  —  1  sin.  B^  x  &cc. 

_  COS.  A- qp  V^H  sin.  A-   _  ^^^  ^, 


cos.  A'  ±  V  -  1  sin.  A'  cos.  « A  +  sin.  «A' 

qp  v'-  1  sin.  A' 
Now,  letA==±B=±C:=:±D&c.  torn  terms 


Then  cos.  (m  A)  ±  ^  —  1  sin.  (m  A)  =  (cos.  A  ±  V  ""  *  8in.A) 
X  (cos.  A  it  V  "  1  ^^°-  ^)  >^  ^c.  to  m  terms  =  (cos.  A  ± 
V  -1  sin.  A)",  the  signs  being  taken  -f  and  +>  -  and  —  only, 
which  is  the  solution  required  when  rn  is  integral. 

The  case  when  m  is  any  rational  fractional  of  the  fonn.£. 

maj  be  proved  as  follows : 

Let  A=:l.   X  Q 
P 
thenpA  =r  qQ 

and  (cos.  A  ±  ^  —  1  sin.A/cscos.pAiV  —  ^  sin.pA=oos.|yfl 

±  V-  1  sin.  qd  =  (cos. d  ±  V  -  ^  sin.  fl)« 


/.  (cos.  A  ±  V  ""  1  8""-  ^y^  =  COS.  j  ±  V  —  1  sin.  fl 

r:  COS.  iA±^  -  1  sin.^A 

Let  now  m  be  irreducible,  and  of  the  form  s  +  r » .  Then  by  a 
similar  train  of  reasoning  we  shall  prove  the  truth  of  this  itase,  and 
also  that  of  any  other  which  may  present  itself.  This  we  leave 
to  tbe  student. 

Otherwise. 

By  expanding  sin.  ^  and  cos.  Q  and  e  it  will  be  seen  that 

COS.  9  ±  V  —  1  sin.  fi  r=  e       "*  (e  being  the  hyperbolic  ba&e.) 
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.'.  COS.  (A±B±C± )  ±  V-  l-sin.  (A±B±C±....) 

=  e    \  '      *  =  e  X  c  X  &c. 

=  (cos.  A  ±  ^  —  1  sin.  A)  x  (cos.  B  ±  ^J  — l  sin,  B)    x  &c. 
as  before. 

This  method  proves  the  problem  in  one  step,  thus, 

COS.  i»  A  ±  V  —  1  sm.  mA=:e  =Vc  J 

=  (cos.  A  ±  ^  —  1  sin.  A)*  what- 
ever may  be  the  value  of  m. 

It  is  not,  however,  founded  on  such  obvious  principles  as  the 

preceding  method. 


427.  The  sine  of  an  arc  is  the  perpendicular  let  foil  from 
one  extremity  of  the  arc,  lipon  the  diameter  passing  through  the 
other. 

By  the  perpendiculars  let  fall  from  each  extremity  of  the  arc 
upon  the  diameters  passing  through  the  other  exl;Temity,  two  right- 
angled  triangles  will  be  formed,  having  one  angle  at  the  centre 
common  to  the  triangles,  and  their  hypothenuses  being  radii  of 
the  circle,  will  be  equal.  .*.  the  sides  opposite  equal  A  are 
equal ;  or  the  sines  are  equal. 

428.  Let  the  sin.  A  =  a  be  given. 

Then  cos.  2  A  s  cos.  (A  +  A)  =r  cos.  A.  cos.  A— sin.  A.  sin.  A  > 

=  COS.  *A  —  sin.  «A 
s=  1  —  sin.  «A  —  sin.  «A 
=  1  —  2a^,  the  radius  being  supposed  equal  to 


unity. 


429.        The  chord  of  an  arc  =  2  sin.  of  half  that  arc. 

/.  chord  of  120  =  28in.  60  =  ^'"'  ^^ 

(i) 
sin.  60 


COS.  60 


==  tan.  60 


AaiTHMBTIO  OF  SINfiB*  ^^ 

430.  The  cosines  will  be  sides  opposite  equal  angles  in 
similar  right-angled  triangles,  formed  by  the  radii  r,  R,  co- 
sines c,  C,  and  sines  5, 8. 

But  the  versed  sines  v,  V ,  are  equal  to  the  differences  between 
the  radii  and  cosines. 

and  f  :  R  ::  c  :  C  from  similar  triupgles 
/.  r~c  :  R— 0  ::  r  :  R 
orv  :  V  ::r  :  R. 


.  431 .        Since  the  sine  lies  on  the  same  side  of  the  diametef 

as  the  arc,  with  respect  to  that  diameter,  it  must  have  the  same 

sign  as  the  arc. 

/.  sin.  (—  A)  =  —  sin.  A. 

The  cosine  is  identically  the  same  for  (—  A)  as  f<Nr  +  A. 

/.  cos.  (—  A)  =  COS.  A 

The  secant  is  referred  to  the  centre  and  not  to  the  diameter, 

and  therefore  suffers  no  change  of  sign  with  regard  to  that  of  the 

arc 

.'.  sec.  (  -  A)  =  9&6.  A 

Otherwise, 

sin.  (—A)  £=  sin.  (0— A)  ==  sin.  0  x  cos.  A  —  eos. 0  x  sin.  A 
:=  —  1  X  sin.  A  sr  —  sin.  A 
&c.        &c.        &c. 

Otherwise, 

A  rariable  quantity  cannot  change  sign  without  passing  through 
aero,  or  infinity,  and  vice  vend. 

Hence,  the  sine  passing  through  zero,  when  A  changes  its  sign, 
dbanges  its  sign  also. 

The  cosine  does  not  pass  through  zero  during  such  change,  and 
•*.  does  not  change  its  sign. 

The  secant  never  =  zero ;  it  =:  00  when  A  s  90,  and  after* 
wards  changes  sign,  &c«  &c. 


99A  A.RITHMETIC  OF  SINBS. 

432.         'n.ecot.(A±B)=*^(^^g 

Sin.  (A±B) 

_  COS.  A.  COS.  B  q:  rin.  A.  sin.  B 

sin.  A.  COS.  B  ±  cos.  A  no.  B 

Divide  both  denominator  and  numerator  by  sin.  A.  sin.  6- 

J           4.     «  /  A  -L  DN       <?ot-  A.  cot.  B  qp  1 
and  we  get  cot.  (A  ±  B)  = X- - 

^  ^  ^         cot  B±  cot.  A 

cot.  A      cot.  B 
,    cot.  (A±B)  _        r  r      "^     _  cot.  A.  cot.  Byr» 


cot.  B     ,  '  cot.  A 


r  (cot.  B  ±  cot.  A) 


/.  cot.  (A±  B)  =  eot.  A   cot.  B  qp  r* 
^  ^  cot.  B  ±  cot.  A 

The  rule  for  introducing  the  radius  (r)  is  obvious. 

It  is,  multiply  every  term  by  that  power  of  r  whose  index  =: 
difference  between  the  highest  number  of  dimensions  in  any  one 
term,  and  that  of  the  term  itself. 


433.        Tan.  ^60  =  3  tan.  60 

_  _*  _ 

/,  tan.  »«0  =  (V  8)'  =  V  27  =  3  V  *  =  8  tan.  60. 


For  tan.  60  =  ""•  *" 

cos.  60 


434.        Let  a  +  mb  be  the  mean  arc, 
a  +  (m — p)  6,  tf  +  (w  +  p)  6  be  the  extremes 
a  being  first  term,  and  b  the  common  difference 

Then  cos.  (a+«— p.6)  =  cos.  (a+mb'-pb) 

=  cos.  (a-hmb).  cos.  pb  +  sin.  (a-{'inb),  ain.  pb 

and  cos.  (a-hm+p.b)  =  cos.  (a+mb)»  cos, pb'^  sin.  (a+m^)-  sin.p6 

•*•  cos.  (a+m— p.6)  +  COS.  (a+w-fp.^):::  2 cos.pft.  cos.  (o+wi6) 


2 


/.  COS. '(a-^w— p.6)  +  cos.  (a+m+p.^)  =  ...  cos.p6.cos.(a+9i6) 

r 


/.  r :  2  COS.  (p6) : :  cos.  (a + mb) :  cos.  (a+m  — p.^) + cos. (a+ wt  +p.*) 
a  result  which  indicates  an  error  in  the  enunciation  of  the 
problem. 


ARITHMBTIC  OP  SINES. 


^25 


435.      tan.  (45  -  .1^    = 


and  tan.  z  +  sec.  z  =:  i!12LL  + 

COB.  Z 


l-tan._ 
2 


1+tan.— 


1        ^   sin.  2+1 


COS.  z 


COS.  z 


^   '      z            z    ,         *z  .     •    ^z        f       z    ,    .      z  \' 
%  SDL  — .  COS V-  COS —  +  Sin. —        (COS —  +  sin ) 

_  %  %  %  8_^2  8/ 


O  —  9.     mm 

"Z  .        *  Z 

COS. —  —   Sin.  — 

%  2 


COS.  — +  sin.  —        1  +  tan.  i. 


COS.  —  —  sm. — 
8  2 


2 


1 


COS.  —  -  sin.  —        1  —  tan 

8  8  8 


tail,  ^tt 


in,  tan.  z— sec.  z=: 


8sin.—  COS.-  -  (cos. — + sin, —  i 
sin.z~l_         8         8^8  8/ 


cos.  z 


COS —  sin 

8  8 


—  (cos. —  —  sm 1  —  (cos —  Rin i 

_  _  8 87      _       ^       8 8/^ 


COS.  - —  —  sin.  -~ 
8  8 


z  >        z 

COS.  —   +  sin.  — 
8  8 


1  —  tan. 


:=  —  tan.  *«. 


1  +  tan.  ^ 
8 


.'.  !/  tan»  z  +  sec.  z  +  i^tan.  z  -«  sec.  z  = 


1 


^  tan.  ti 


tan.  tt 

tan.  tt 

=  8X— !— 

tanSu 

=  8  X  cot.  8u. 


436.  The  terms  of  the  equation  being  expanded,  we  have 
8]n.B+sin.A.  cos.  B— cos.A.  sin.B+sin.  8  A.  cos.  B+cos.  2A  x 
8in.B=:sin.A.  cos.  B+cos.  A,  sin.B+sin. 2  A.  cos. B- cos. 8 A  x 
sin.  B. 


***  ARITHMETIC  OF  6mES« 

:.  sin.  B  -  Scos.  A.  sin.  B  +  2  cos.  2A.  sin.  B  =  0 
.'.  3  COS.  2  A  —  9  COS.  A  =  -  1 

/.  2  COB.  2  A   -  1  -*  COS.  A  =:  —  -L 

2 

.•.  COS.  «A  —  —  COS*  A  =  -L 

2  4 

//cos.  A  =  Jl — ,  whence,   and  by  reference  to  tbe 

4 

tables,  the  numerical  values  of  A  may  easily  be  obtained,  one  of 
irhich  is  72®. 


437.         Tan.  SO  =:  tan.  f? 

2 

But  tan.  60  =     ^*^'^    to  radius  =  unity 

1  -  tan.^30  ^ 

and  tan.  60=  ^2l£?  =  7i    _     ,-= 

cos.  60        — T  —    V  » 

/.  /I  —  ^"s  tan.«  30  =z  2  tan.  30 

:.  tan.*  30  +  -£-.  tan.  30  =  1 

V  3  

.%tan.30=--±,±       /m  =  ^^-^ 

V  3  ^3  V    3 

1  3  _ 

-"7=0""-    ■^(=-  V  3)toradius=:l 

10000  

•'•  **"•  30  =  — -=•-  or  -  10000  V  8  to  radius  10000 

V   3 

_        10000 

^     1.7320508"'   ^'  =  ■"  '^^  ^  (1.7320508) 

=:  5773.50....  or  s=  -  17320.508.... 


438.  Sin.  (A-  B)  =  ^  =  sin.  30<>  or  =  sin.  (»  -  30) 

or  c=:  sin.  (2t  +  SO),  &c. 

and  generaUy  sin.  (A-B)  =  sin.  (2wr  +  so)  or  =: 
«n.  (2m+ 1»  -  30)  where  m  is  any  number  whatever. 


ARITHMETIC    OF   SINBB;  ^^ 


.\  A-B  c=  flimr  +  SO,  or  =  2m+l.«r-l-30 

Also  COS.  (A+B)  =  —  =:  cos.  60,  or  s  oos.  (Sv— 60),  &c. 

and  generally  cos.  (A+B)  =^'cos.  (StiMr— 60) 
.-.  A  +  B  =  Snv  -  60 


and  A  —  B  =  9m«r  +  80  or  8m  +  l.«  —  SO 


=  («+m)— 15,  or  =  («+m>+45  J  ^^^  ^^^  j„.  ' 
=  («— m)»— 46,  or  s=  (n  — »»)»— 75  J 


.'.  A  =  («+m)»— 15,  or  =  (n+m)«+45 
andB 

nomerable  values,  since  n  and  m  may  be  any  positive  integral 
numbers  whatever. 

Let  »  =  0  and  m  =  o 


ThenA=-l50,or45-      J  which  are  particular  values  of 
B  =:  -  45^  or  -  75®  > 

A  and  B. 


439:      Let  it  be  required  to  find  the  sine  of  any  arc  between 
45®  and  90®,  as  45'  +  a,  where  a  is  less  than  45. 

Then  sin.  (45  -f  a)  =  sin.  (90  —  45  —  a)  =  cos.  (45  —  a) 
which  is  known  by  the  table. 
Again  cos.  (45+ a)  :=  cos.  (90— 45+ a)  =  sin.  (45-*  a)  which 

•  •  •  •  * 

is  also  known  by  the  table. 

.'.  the  table  exhibits  the  sines  and  cosines  of  every  arc  in  the 
first  quadrant. 

Suppose  now,  the  arc  to  be  between  90  and  180. 

Then  sin.  (90  +  45  +  a)  =  sin.  (180  -  45  —  a)  =  sin- 
(45  -  a)  =  which  is  known  by  the  table. 

and  cos.  (90   +    45  +   a)  =   cos.  (180  —  45  *  a)  =  - 
006.  (45  —  a)  which  is  also  known  by  the  table. 

Again,  let  the  arc  be  between  180  and  270. 

Then,  sin.  (180  +  45+a)  =  -  sin.  (45+a)  =  -  cos.(45-a)> 
and  COS.  (l80+45+a)  =-  cos.  (45+a)  =-  8in.(46-a)5 
whidi  are  known  by  the  table. 

Again,  let  the  arc  be  between  270  and  360. 

TOL.  I.  €t 


M6  hmvnmaric  or  mam. 


Tlien8iii.(270+45+a)  r3aiii.(86a— 4&-a)s--  011.(46-6) 


and  oos»  (S60— 45— a)  s=:        .    .    .     .    ss      O08< 
which  are  known  by  the  taUe. 

/.  the  table  exhibits  the  ones  and  co6ine»  of  any  arcs  whafefer. 


440.        Tan.  SO''  = 


_  sin.  SO®  _       i       _ 


But  tan.  sa  =  tan.  (8x16)  =    ^^'^^     =  — 1— 

"^  '      l-tan.n5        ±^3 

.*.  s/s.  tan.  15  s=  1  —  tan'  15 
.-.  tan.'  15  ±  8  Afs  tan.  I5  4'asl  +  Ss=4 
.%  tan.  15s  ±9qp  V^»^  radina  ss  unity. 


441.        Sin.  (a+b)  s  sin.  a.  cos.  6  +  cos.  a.  sin.  6 
sin.  (a— i)  as  sin.  a.  oos.  6  —  cos.  a.  sin.  5 
.%  sin.  (a  +  5)  =:  8  sin.  a.  cos.  b  <-  sin.  (a  — *  5) 

Let  5  =s  I'andlet  sin.  1'  =  an  and  cos.  1'  =s  ,^1  -  «•=  » 

.  Then  sin.  (0+0=  ^  sin.  ax»—sin.(a-^l%  in  which fiinMda» 

if  fov  {a)  we.  snbstitule  l\  8^,  S',  fcc.  snccessiTdyy  we  shall  daCar* 

mine  the  sines  of  8^,  S',  &c.  in  terms  of  the  given  quantities  «  and  «• 

Thus  sin,.  8^  s  8njK 

sin.  8'  =  891  sin.  St  —  sin.  1'  s=  4)i*m  -^  m 

s  m.  (4  -  4m*  -  1)  =  m.  (S  —  4*1*) 
siAi  4'  =  8nm.  (S  —  4  m*)  -  2nm  =s  4itm.  (1  —9m*) 
&c.        s=        &c.    See  PToocttoti^'t  Trigonometry. 


442.        Let  a  be  the  first  term,  6,  the  common  difR^renoe  and 
a  -i-mb  the  mean  term. 


«  +  («  -  P)  *  {the  equidistant  extremes, 
a  +  (f»  +  p).  6  > 


Then  sin.  (a+m+p-6)  =  sin.(a+m5).cos.pfi+cos.(o+»i5).X 
sin.p6 


ittturamtio  or  m\ftm.  ^^^ 


sin.  (a  +  iti-^p,b)  ^  sin.  (a  +  m6).  eos.  ji6«cob.  (o  +  m&) 
am.  pft 


/.  r   :  8006.  p6  ::  rfn.  (a  +  mft)   :  sin.  (a  +  m  +  p.6)  + 

sin.  (a  +  0K  — p.ft)  a  leAilt  which  shews  an  error  in  the  ennnciation. 
To  apply  this  propositioii  as  reqniied,  let  r  s  1 

Then  sin.  (a  +  m  -f  f.b)  +  sin.  (a  +  m^f,h)  =2  8  cos.p.6  X 
sin.  (a  +  fii6) 

•*«  8in«  {a  -¥   mb  -k-  fb)  ^  %  oes.  p6  x   sin.  (a  +  mfr)  - 
sin.  (a  +  i»A  —  pj) 

Hence,  having  given  sin.  jh^  w  cos.  pb^  sin.  (a  +  m6)  and 
sin.  (a  +  m&  —  p^),  we  can  always  obtain  sin.  (a  +  wii  +  pb)  ; 
from  which  we  get  cos.  (ja  +  mb  -i-  p6),and  •'.  sec.  (a+m&+p&)> 
tan.  (a  +  m^  +  p6),  cot.  (a+mb  +  f  6),  &c.  and  .'.  by  substitut- 
ing different  nnmbers  in  sooeession  fcMr  a  +mb+pbj  we  obtain  the 
sines,  cosines,  fcc.  of  every  arc,  which,  properly  arran|;ed,  wiB 
fimn  the  table. 

Thus,  let  a  =  1',  2*,  s',  4',  &c.  and  6=1' 
m  +  p  being  also  1',  8',  8',  &c. 
Then,  by  Woodkouse  having  found  the  value  of  sin.  1'  =:  m,  and 
thence  eos  1'  s=  n,  by  the  form,  we  have 

sin.  8*  =:  8  COS.  1'  X  sin.  l'  —  0  =  2m» 
sin.  8*  =  2»  X  2mn  —  sin.  T  =  4^n'  —  m 

Hence,  we  have  the  sines  of  all  arcs,  and  .'.  th^  cosines, 
tangents,  &c.  Different  methods,  however,  should  in  jMirticular 
eases  be  resorted  to,  for  which  see  WoodJiou$e*8  Trigonometry. 


443.  Let  A,  B,  C  represent  the  angles  of  a  A ,  and  a,  6,  c 
thdr  opposite  sides,  and  let  there  be  given  A,  a  and  6  -f  c  to  find 
^and  c. 

b  :  c  ::  sin.  B  :  sin.  C 

,\  b   :  6-f  c::  sin.  B  :   sin.  B  4-  sin.  C 

Q  2 


^^  AIt]fTHM£TIC  OP  SINES. 

4 

/  ' 

:.  sin.  B  +  sin.  C  =  (6+  c).  '^JL  =  (6  +  c)ii5l^  and  is 

b  a 

/.  known. 

But  sin.  B  +  sin.  C  =  2  sin.   ^jL£.  cos.LzJ? 

2  .      2 

^   ,  B  +  C  V  .  „  _«--A      .„B  +  C  A 

and  being  zz ,    sm.  L_  s=  cos.  — 

2^2  2  2 

•  P^R  ^"  ^  _  i»  +  c        sin.  A    ^b  +  c    .A    „    .  •      . 

•  •  cos.  ——.^  =:  .    .«.sr sin. — ,  ana  is  . . 

known.  2 

.*.  is  known  and  =  m. 

Also5±£ <=    JLlL^^n 

2  2 

» 

.'.   B  =  n  +  m  and  C  =  n  —  w»  are  known 

.".  b=i X  sin.  B 

sin.  A 

>  are  known. 

and  c  =  -_f! —  X  sin.  C 
sm.  A 


444.        COS.  B  =  ±.     ^^°-^    =  JL.  iL 

2       sin.  C  2       c 


But  cos.  B  also  =  ^'"^^^•"^' 

2ac 

.     a    «,  a«  +  c«-6« 


(WoodhoiLse.) 
2ac         ' 


2c  2ac 

.-.  c*  =  62 
and  c  =  6,  or  the  triangle  is  isosceles. 


445.        Variable  quantities  in  changing  sign  must  become 
zero  or  infinite. 

Hence  the  sine  being  positive  from  zero  to  180,  where  from  a 
finite  quantity  it  becomes  zero,  must  afterwards  change  sign,  or 
become  negative ;  it  becomes  0  again  for  the  arc  =  360^,  after 
which  it  again  changes  sign,  &c.  &c. 


ARITHMBTIC  OF  WNS8«r  4% 

Tlie  cosme  changes  ngQ  after  the  Ant  qoadmnt,  beoanse  it  has 
then  iMisaed  through  sero.  For  the  same  reason  it  again  changes 
sign  after  the  third  quodnuit.  The  tangent  changes  sign  afiec 
the  first  qoadrant,  becaose  it  has  then  passed  through  infinity* 
After  the  second  quadrant  it  again  changes  sign,  becante  it  has 
then  passed  through  aero.  It  beoomes  infinite  also  at  the  end  of 
the  third  quadrant,  and  /•  again  changes  sign,  &c  /.  the 
tangent  changes  its  sign  in  every  quadrant,  taking  them  in  order. 

The  secant,  never  passing  through  zero,  and  only  becoming 
infinite  at  the  end  of  the  first  and  third  quadrants,  has  changes  of 
signs  through  those  points  only. 

Since  the  secants,  in  the  first  and  third  quadrants,  have  differ- 
ent signs,  the  change  having  taken  place  in  passing  from  the  first 
quadrant  to  the  second ;  /.  sec.  Adiffersin  signfrom  sec.  (180+A) 
supposing  A  less  than  90.  If,  however,  A  be  >  90  anj  ^ 
90  +  A'. 

Then  see.  A  =  sec.  (90  +  A")  =:  —  sec.  A'. 

sec.  (890  +  A')  :si  +  see*  A',  which  have  different  signs,  bodi 
having  changed  signs.  A  similar  mode  of  juroof  will  eoqklain  the 
other  cases. 

A  more  simple  manner  of  proving  this  problem,  woidd  haye 
been  to  have  considered  the  functions  of  the  arcs  as  positive  or 
negative  with  regard  to  their  position,  with  respect  to  the  diame- 
ter of  the  circle,  or  its  centro. 

446.        Cos-  C  a  <*^  +  ^'-c'  (Woodhaw.) 

2ab 

:.  Soft.  cos.  C  =  a«  +  62  -  c« 
.-.  c«  =  o«  -  2ab.  COS.  C  +  6« 


and  c  =  ±  i^a«— 2a6.  cos.C  +  b^ 
andsin«  A  :  a  ::  sin.  C  :  c 
...       a.  sin.  C  a .  sin  C 


±  ^a«-2a*cos.C  +  6« 


447.        (Fig.  59.)        Let  B  C  IXbe  the  horiaontal  plane 
M  C  the  mountain,  M  being  its  summit. 


tike  tmj  stttlicMi  A|  Btai  irilh  tlie  qMAwnt  mmmte  the  Z 
MAi«,  I'AidFpat  sa  ^  Mtraal  to  ailother  sUttioir  B^  in  sudra 
diM«tiiHi«  tkal  ikm  ptaae  MLB  iLbe  pjiymliniiir  to  Ae  faoiiaqiit 
«Dd  let  tli^dkflitoM  iMCMrflim  A  Md  B  beiJBeaBUKlQd,  wUcb  puizsa. 
^d0a  m^iBiire  the  Z  If  BC  2=^  ^ 

Then,  if  M  mt  be  ptypeadiediw  to  the  lwrttoii«  it  Ueo  in  the 
8«tie  plane  widt  M  A,  HB^  BA,  &c. 

and  we  have  Hi*  ss  A^m  x  tm;  fl  ss  Bm  x  tan.  d'    :s 
atan.^  4  Am.  tan.  d'. 

<t.  tan.  Q* 

.*.  Am  ^: i — —. 

tan.  B  —tan.  ff 

a  X  tan.  ^  x  tan.  ff  f. 


•  t  -     ■    .      ^,^^^^^_^^^       22       M«MWi>M.a.a*«aaBii^a*a**^ 


tan.  9  —  tan.  $  cot.  fl'  —  cot.  0 

This  method  would  be  found  in  preutioe  to  leai  to  renita  -mty 
inaccurate,  on  account  of  the  errors  arising  from  the  refraction  of 
light,  &c.  Sec.  That  these  errors  may  be  aa  smafl  aa  pwrible, 
&e  sti^ions  should  be  taken  such  fhat  0  and  ff  may.  be  neaiiy  of 
the  fenn  46^  +  ^,  4d^  -  ^ 

If  the  summit  of  the  mountain  were  accessible,  and  ef  oda* 
sideraHe  altitude,  that  altitude  nay  be  foand  1^  aleaaa  of  the 
Barometer. 


448.  (Fig.  68,)  Let  O  o  be  the  obelisk  standing  on  the 
declivity  o  C  (which  is  supposed  perfectly  gradual,)  and  0,  ff  be 
the  observed  Jt  of  cievation,  at  the  oorre^Nindioig  distances  Ao, 
Bo.    Call  Ao  s=  a  and  B  A  :=  a'. 

Now  AO  :  A B  ::  sin.  A' :  sin.  B AO 

orAOta    ::  sm.  y  :  snr(^-fl7 

a'sin.fl'    \^  . 

•    -'  ft    ^    sin. 
a  sin.  X 

•     *  -t.  t  ^^^*tf      t     •  *  r-«  _  pin.  y  *-  sin.  x 
a  suk»x  a  sin^x- 


jaarmtBHK  or  nam.  S3i 


and  A  +  1=?!5J[+1    A  *±f  =  *!lJL±~lf 
a  tixLX  a  6ki.« 

-  .  2  sin.  fil?.   COS.  tLZ? 

•    *  +<*  —  sm.  y  +  sin.  x  US 

'  8  sin.  i COS.  5LZ1« 

9  8 


tan. 


y+a: 


8 


tan. 


y— J? 


2 
.Man.yzf  =:  ^xtan.y±f  =  *Zi   cot.  « 

/.  ILif  Is  known  from  the  laUes  1 

2  I 

.,  ,  ^  ^       r  whence  we  have  y  and  x. 

ari  y±f  iB  known  .r  ^  -  ^       { 


He««0«=:«x!!!jfe  known. 


Sin.  X 

Otherwise. 

Suppose  O  o  produced  to  meet  the  perpendicular  A  N.  Then, 
with  the  qoadrant,  measure  the  Z  o  A  N  =  ^  from  the  station  A 
Also  lueasme  the  Z  O A  N  :=  0  +  ^  ==  f'  by  sapposition. 

Then  v  Ao  =  a,  o  N  =:  a.  sin.  ^  is  known,  and  AN  =  a. 
eQs.f  is; 

and  .*•  O  N  =  A  N  X  tan.  9'  =:  a.  cos.  f.  tan.  ^  is  known. 
.*.  Oo  =  ON  —  ON  £=  a  (cos.  ^.  tan.  f'— sin.  f)  is  known^ 


449.  (Fig.  54.)  Let  the  inaccessiUe  object  M«  as  a  htle, 
dood,  ftc.,  be  distant  fieom  the  faortzon.by  the  interval  M  N  s=:  x. 
Take  three  stations  A,  Br  C  in  the  same  straight  line,  such  thai 
AB=  BCcrma  known  distance ;  and  at  these  stations  let  the 
respective  A  of  elevation  be  ch  6,  c. 

Then,  since  MN  is  perpendicular  to  the  horizon,  Z  MNA, 
Z  MN  B,  and  Z  MN  C  are  right  angles.    And,  by  letting  fall 


^^^  .  ARITHMETIC  :0P  SINES. 

a  straight  line  fipom.H,  perpendiciilar  npon^  C  A,  it  may  easily  be 
.  shewn  that  C  M^  +  M  A^  =  2  C  B^  +  2  B  M^ 

=  2j»2  +  2BN«  +  «ar« 
wCN*  +  x^  +AN«  +x«==2m2  +  2B.N«  +  2x« 
.-.  CN«  +  AN«  =  2m«  +*2BN« 

ButCN:= 

B 
A 

/.  ««.  cot.  «c  +  x^,  cot.  «o  =  2m«  +  2ar«.  cot^fc 

2m^ 


X8    = 


/.  o:  =  ± 


cot.  «c  +  cot.  «a  —  2  cot.  «6 
m  if2 


V  cot.  «a  +  cot.  2c  —  2  cot.  26 
The  problem  will  not  be  difficult,  if  AB  and  BC  h^unequaly  as  m 
and  n,x  in  this  caserrjr     (w*  +  n)xmn 

V  ncot.  2  a  +  m  cot.  26— m+n  x  cot.  26 

That  the  errors  arising  from  the  observed  ^  may  be  the  less, 
the  ^  a,  6,  c  should  be  as  nearly  =:  to  45^  as  possible.  Allow- 
ance must  also  be  made  for  the  refraction  of  light,  &c.  &c. 

To  adapt  the  abore  form  to  logarithmic  computation, 
-  2»i«  tan.  «a  2m^  tan.  «a 

j7*  —^^  ^ . ■■■•  __  

1  +  tan.  «a.  (cot.«c  -2  cot.«6)  1  +  tan.«fl 

2m2  tan.  2 a        «    o*      ^      .  oa    i.  •      ^       «a 

=  — —  =  2m«  tan.^a  x  cos.  «fl,  by  assuming  tan.  «fl 

r=  tan.  «a  x  (cot.  «c  —  2cot.  «6) 

whence  we  have, 
2  log.  (tan.  d)  =  2  log.  (tan.  a)  +  log.  (cot.  'c  —  2  cot.  ^6) 
and  .*.  COS.  0  wiU  be  known  from  the  tables. 

Hence  2  log.  x  =  log.  2  +  2  log.  m  -f  2  log.  (tan.  a)    +' 
« log.  (cos.  fl) 

.*.  log.  X  =  -?!: —  +  log.  m  +  log.  (tan!  a)  +  log.  (cos.  fi) 

.*.  log.  x  is  known  from  the  tables 
whenoe  x  may  also  be  found. 


ARITHMETIC  OF  8INB8.  ^3 

450.        COS.  A:=  S2LiLZ_2!l*:_£2Lf    (Woodkmm.) 

sm.  6.  sin.  c 

—    COS.  g  --  COS.  *b 

"^  sin.  «6 

.*.  sin.  ^b  X  COS.  A  =:  cos.  a  ^  1  +  sin.  H 

•    Bi«  «A  —    ^  ""  cos.  a 
*     • .  sin.  *b  =  _^_.. 

1  —  COS.  A 

But  COS.  A  =:  1  -  8  sin 

8 

/.  1  —  cos.A  =  8sin.— 

8 

and  similarly  1  —  cos.  a  =  8  8in.-fi 

8 


8  sin. 
.'.  sin.  «6  — 

8  sin. 

8 

!^ 

8 

s= 

.     •a 
Sin 

8 

sin._ 

8 

a 
sm 

.'.  sin.  A  — 

sin.  A 

8 

>;»   n  ^  sin-  6  X  sin. 

sin.  a 

A 

= 

a 
sin.  —  V 

8     ^ 

sin.  a 

sin. 
sin. 

A 
A_ 
8 

sin.  — 
_                    8 

# 

X 

8  sin.  A. 
8 

006. 

A 

8 

8  sin.  iL   COS. 

8 

.     A 

sin — 

8 

COS.  A 
_             8 

• 

* 

COS.  ^ 
8 

451.        Let  A  and  B  be  the  two  arcs. 

Then  tan  A4<tan  B—  wn*  A  ,  sin.B^sin^jA^s.B+cos.A.8in.B 

cos.A    cos.B  COS.  A.  cos.  B 


A  I 
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2=  — 'A    ^  to  ndutt  Si  unity 
COB.A.OOS.B 


tan  A— tan  Bsr  >™^_gi^«^,^s^^-A.cos.B— cos.A.8in.B 

COB.A    oos.B  COS.  A  cos.  B 

_«nJA-B) 
COS.  A  006.  B 

/.  tan.  A  +  tan.  B  :  tan.  A  -  tan.  B  ::  sin.  (A  +  B)  : 
sin.  (A  —  B)  whatever  may  he  *the  radios,  for  every  term  is  of 
the  same  number  of  dimensions. 


452.         Tan.A  =  r  X  il^llA  r  being  Ibe  radiM 

COS.  A 

and  cot  A  sr  x  -j-^  =  75nX\  =  TmTT 

\008.A/  r 


tan.  A 
/.  cot.  A  :  r  ::  r   :   tan.  A. 

sin  SA. 
Also,  sin.  A  .x  cos.  A  c:  — I oc  sin.  SA,  (since  8  is  in- 

2 
variable.) 

453.        Let  the  sin.  A  =:  m. 


Then  sin.  fiA  ss  Sein.  A  cos.A  s=  2  sin*  A  v^l  —  sin.<A 

ss  iBm  X  V  ^  —  if»*  which  is  .'.  known. 


454.        V  sin.  (B  +  A)  =  sin.  B  cos.  A  -h  cos.  B  sin.  A 
sin.  (B  -  A)  =  sin.  B  eos.  A  -  cos.  B  sin.  A 

.".  sin.  (B  +  A)  =  8  COS.  A  sin.  B  -  sin.  (B-A) 

Let  B  =  (n—  l)  A,  and  substitute,  &c. 
Then  sin.  nA.  sz  2  oo&  A  sin.  (n-«l)  A  —  sin.  (n— 2)  A 
Ai^ain,  cos.  (B  +  A)  s=  cos.  B  cos.  A  —  sin.  B.  sin.  A 
COS.  (B  —  A)  =  cos.  B  cos.  A  +  sin.  B  sin.  A 


MWmiBTK  or  tlMMk  ^^ 

.'.  COS.  (B  +  A)  =:  8  oog.  A  X  COS.  B  —  oos.  (B  -  A)  in 
which  if  for  B  itte  sitbstitate  (n-*'l)  A,  we  get 
COB.  nA  =  8  oos.  A  60s.  (n—  1)  A  ^  qos«  i^^^  ^* 
'These  fonns    being  of   great  use  in  constructing  tables*  &g. 
&C.  ought  to  be  committed  to  memory. 


4i5.  (Kg.  55).  Let  CA  be  any  radius  of  the  given  circle, 
and  AB  X  to  it.  Take  Ab  of  any  magnitude  less  than  AC,  and 
divide  in  B  so  that 

Ab  :  AB  ::  0  :  4 

Unm  Wf,  bn  ±  A5  and  meeting  the  cirde  in  N,ii,  and  NM, 
WR  ±  CA. 

Iliaiiim  :  NM  ::  Ab  :  AB  ::  9  :  4 

or  sin.  Z  nCA  :  sin.  Z  NCA  ::  9  :  4 

•'.  A  nCA,  NCA  are  such  as  were  required  to  be  fimnd. 
It  is  evident  that  the  problem  admits  of  innumerable  solutions. 


A  ait  cos.  A  +  sin.  A         (oos.  A  +  sin.  A)« 

40D.  ■    .  ==    ^  i-n' i.i<f«»n^. 

COS.  A  —  sm.  A  cos.<A  —  sm.>A  ^ 

_  cos.'A  +  sin.^  A  +  2  sin.  A.  cos. A  _  1  -t-  sin.  8A 
'         cos.  2A  COS.  8A 

=  I +  ^L^  =  sec.  «A  +  tan.  8A. 

COS.  SA        cos.  8A 

Again,  tan.  B  =  sec.  A  —  tan.  A  =  ■    —  — 1--- 

COS.  A  cos.  A 

.     .         cos.«  J^  +  sin.«  ^  -  8  sin.  A,   oos.  A 
_  1  -sin.  A  _  8  .    -  .8^ 8 8 

C08.A  .A  A 

COS.*—  -  sin/  — 

A  A\*  A  A 

(cos. —  —sin — I        COS.  —  —   sin.  — 

8  8  /  8  8 

=  1 a"= ! A    IM^ideJboth  nu- 

cos.»— -sin.*.f^        COS.  ±  +  sin.  ± 

8  8  8  8 

merator  and  denominator,  by  cos 

•^  8 
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ARITHBfBTIC  OF  8Ilf B8* 


Then  tan.  B  sz 


2 

1  +  tan.  A 
2 


Bnt  tan.  (mw+  *5-  —\  = 

«>'       l+tan.( 


tan.  (iMt  +  45)  ^  tan.  — 

2 


fii«r+45)xtan._ 

and  tan.  (mw+46)  =  

1— tan.mfrxtan.46 

=  =  —  =  1  (m  being  any  integral  n\ 

whatever.) 


/.  tan.  (mw  +  45 


1  -  tan.  A 
2 


"    8  ^^         1  +  tan.  A  "* 

8 


tan.  B 


A 


.*.  B  s  mir  +  45  *—  which  is  a  general  solution  (m  being 
any  integer  whatever.) 


«37 


DIFFERENTIAL  CALCULUS. 


osoonoaeeoooGoooooe 


457.         Let  f =  y 

/.  *«  =  y«  X  (a«  —  ««) 

"■    ^  Sy  X  (a«-.a:« 

Bat  1  +  y<  =  1  +       **       -       "** 


a«— x«         o«-ar« 


on,  lei    •  . ~  =  z 

Then  a«  +  x«  ==  ««  a«  -  z«  x« 

:.  (a^z  -  aw?«)  d«  =  (x+xz^)  dx 

.    ^  ^    X.  Q  +  .^)  cto 
r  X  (a«  -  «2) 


and  .%  L+f:  =  -JftL  X    V«'-^  =  . 


2a< 


/.  dz  =z 


2a^  xdr 


^^d  DIFFBRBNTIA^L   CALCULUS. 

du  f  1 

Again,  since  d.  log.  u  s=  M  —  ( -^  being  the  modslus).    Pat 
Then  x  log.  a  =  log.  u> 

dft 
•\  d  kg. «  =  M  X  —  s=  M  X  log.  a  X  (ir 

A  citt  s:  «  X  log.  a  X  cte  =  log.  a  X  <f  dx       See  Lacroix. 

This  may  be  fonnd  independently  of  logarithms,  by  taking  for  the 
difoential  of  the  function,  the  second  term  of  o*^^,  developed 
according  to  the  powers  of  dx. 


458.        LetVa^  +  x^—Va*-**  =  « 
Then  a«  +  *»  ^  V®*-**  =  «* 
.-.  8  ««  cte  +      ^^^      =  Ste  d« 


2  Va»— «*  xVa  «+  «»-  Va«-«« 


459.         Let         ^        =  « 

.'.  jp«  :^  it«  +  i««^x» 
.'.  dortfx  =  2«  dt»  -f  SiMftc  X  J^'  +  2jk^  X  tt* 

.-.  ttdtf  X  (1  +  **)  rrarAr  x  (1  -  u») 

J  •            xdx  1  —  ti^ 

and  du  =  .  x         ■rl. 

1  +  x«*  tr 

««  1 


Bat  1  -  «<  =  1  - 


tc  V+x»  X  x/l+ar* 

(1  +  ar«)* 


DffFFBRBNTIAL  CALCULUB.  ^9^ 

A  bdat  +  2cxdx  :=z  2udu 

a     V<'  +  ^^  +  <^^ 

AgiiB,  {Ot  ■>  ss!  tt  ..v  9  ss  or*  +  sv* 

.'.  fMbf  X  (a  +  x):=:  ^  v*dx 
•  A,  —         dx  X  V    ^  dx 

*^»+^  8(a+x)* 

Again,  put  ^)»  =:  « 

/.  X  log.  a*  =:  log.  u 

/.  X*  log.  a  s  log.  u  « 

:.  2  log.  axxdx  =r  ^  X  H,^  beiw  the  modduSi 

u  M 


:=  « 


461.  Let        ^ 

.%  a«  =2  ««  ««  +  i*«y 
.'.  O  =  dv  ciic.  X*  +  to  dlr.  «<  +  Sk  (2tt.y  -f  n'c^y 
.-.  te  cfn  (x«  +  y)  =  -  i««.(8*  dx  +  tfy) 

2   \     x»  +y     / 
—  —  ^   V  to  dx  +  dfy 

Again,  put  ^^  +  ^>'    =u 

Then  (x  -F  a)^  =::  tt*x»  -  m*<»« 
/.  4  (x  +  a)^  ctr  =:  2u  rfu.  x«  +  2jr  dx.  ««  —  2udu  x  a' 
/.  udu  X  (x«  -  a«)  =  (8  (x  +  o)»  -  X  X  ««)  ete 

.     But  2  (x+  a)»-x  x  ««  =  2  (ji  ^.  q)*  -^  ^x(x-f-a)^ 

x2-a« 
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••**'*  =  (,««««)   (x+a)«  x^-a^ 

for  x^^ax  —  8a*  =  ar*— a*—  a.  a?  +  a  ==  ^  +  a.  a:  —  8a 


Otherwise, 
log.  K  =  S  log.  (a:  +  a)  -  —  log.  (x«  -  a«) 
^  dtt  ^^4,   cte  xdx 


u         x-{-a        x^ — a* 
/.   &c:     &c.     &c. 


\l+ar*/ 


462.        Let  /.  f  J-li-.  I    =   /.    (1    —  x*)      - 


Z.(l+a?*)  =  M 


.    ,         -  ±  a:*  cte  —  xi  dx 

•  •  ate  =:         2  ""2 


« 

1 

-** 

1   + 

ri 

d 

8 

X*  dx  ("" 
>1 

I 

1 

\ 

^^m 

—  X* 

1+ 

x*/ 

^Sm          ■■ 

8 
8 

X*  cfa    X 

8 
l-x3 

8x* 

dx 

x»- 

-1 

• 

X 

«i^H 

dx.(l+a:«) 
(1+a 

-  8x«  (ia 
r«)« 

• 

l-«* 

l+x« 

(1 + *«)* 

d.  _J1_  ==  "*A^-r*-^  -  «*    »^  _      ■     >       d. 


463.        Let  i  «  e~^  *.  s=  « 


DIPPSRBNTIAL  CALCULUB.  ^41 

/.  du  s=  —  tr^'  +  d.e*^'  %lx 

X 
•*«  r  V  S  COB.  X 

^  do  . 

V 

•*.  do  =  —  sin.  X  X  e^'  dx 


.*•  ciK  =s  —  «^  *  —  sin.  X  *^?  <te 

X 

=  «~^  '  ito  X  (L  --  m.x.  Lx) 
X  (I  ^  X  rin.  x.  L  x)  dx. 


464.         Let 


Vi+«' 


A  log.  11  =  log.  X  ~  -^  log.  (1  +  x^) 

78 


.   d$t  ^  dx  __ 


xdx  dx 


U  X         l+x*        xx(l  +  «*) 

.    J.  _  .     <to 


(!+««)* 


466.     d .  (1 -««  +  «*)*  =  .l^^JLCL£lzi£^ 

8«*"»*^=    ex*  «x* 

*«x*        (l-**  +  x*)* 

S                 8  —  Sx" 
ss  JL  X  — — i 2f ,dx 

'*        x»(l-x'  +  **)* 

▼oik  I.  s  * 


^^^  DIFFJKRSNTIAL  OALCVLUB. 


466. 


l  +  z  (l+z)« 


dz 


(1  +  *)« 


4«7.  Let  (°'-y*)*  =  t. 


.♦.  *l  h:  ~y*^y  _.  J_  ^  . 

y.(a«-y«)      "•  '  y(«*-y*) 

y*.(a«-yO^ 


468.        Let  ay*  r=  «,  and  /  be  the  characteristic  of  hyperbo- 
lic I<^;arithiii8. 
Then  La  +  xLyssLu 

.:  tt^  l.yxdx+x.± 
«  y 

.•.'  du  =  atf'Lyxdx  +  oar.y*"'*^ 

s=  oy*"'.  (yZ.y  X  dar  +  xdy) 
/  A|;ain  let  y  a;  e* 
Thenx:s^y 

/.  dic^  ayf^  {tydx  +  xdy) 


■  y*dy 

469.        d.    .-i SB  .     ■     V*Ty 

Vi+y*  »+y' 

(i  +  y«)*        (I  +  y*)* 


DIFFB&BNTIAL  CALCULUS.  ^43 

470.         Let  (2l+f!)*  =  u 

X 

A  4x'dx=i2x^udu  +  9u*  xdx 

x« 

But  8  *«-««=  s««  -  f!±i^  =  ilzfl 

X*  X^ 

.•.dH  =  f!=2!  X— f— xdx=    ^^-^^     xctx 

*  (a*+x*)*  x-.(x*+a*)^ 


471.      Let        ^         =  u 
jja^+x* 

/.  /.tts=/.x- JL/.(a»  +aa) 
,    du  _  dx        8        x^dx 


u  x  2      a'+x* 

_  dx 


lix 


*iM^ 


te  {a^  +  »«) 


X  (2a»  +  8x»  — 5x») 
X  (2a»  -  x«) 


.-.  cfK  C3  .^ x(«o3  —  x») 


8  (a^  +  »0* 


472.     ^     Va^-j^g^cfa^    ,Tr-.^i^x(Vax-ft) 

tja^x        2x^  ija-^x 

_— — — —  gsO 

a  —  X 


2  V*  *  ><  v'a— X 

.*.  </a.(a  — x)  +  ./x^.  (i^  ax—  6)  =  0 

/.  tfl  -^  ij  a.  X  -i-  ^/a.x— 6i/x  =  0 

R  2 


<44  DIPFERBNTIAL  CALCULUS. 


.'.  »yx 

~  b 

and  «  = 

.  a' 
>* 

473. 

Leta^  s  « 

1 

Then  l.u^syzl. 

z 

u  z 

SI  dy.rl.z  +  dz.yl.z  +  ydz 
:.  du=:z^^'l.z  Xrfy  +  yz^.(l.z+  l)dz 

Again,  ]eia^  ssv 

Then  / .  vziy* l.x 

taiAL(l.v)  ss  zl.y  +  L(i.a) 

l.v  y  I'X 


•  * 


dv  •    f        .   zdv    ,        dx 


^dzl.y  +  I^  + 


vl.v  y  x.l,x 

.\  dw  =  «^  X  «•/.«   *^'^'^'  y  >«^*  -f  xz>i.j?  X  dy+ydx 

xyl.x 

=5  a*^»  xy^'(a?/.x/.yxd«  +  xzLx  x  dy+ydx), whidi if 

/•  expressed  in  tenns  of  d  2,  dy,dx,  and  fanctions  of  ar^y,  andx. 


474.        Let  (a«  +  x«)  X  V«*— ^*  =  « 
.-.  /.tt  =  /.(a«+x«)  +  -L.  /.(a«— ««) 

8 


«         a*+x*        a»— X*        a«-ar*  ' 


***     X  (a«-8««) 
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^45 


475.         d.(aibJ+cxi)i^i(i^*  +  i'^^''^^^ 

(a  +  *«*+  c«*)* 

9&r*+4c 


I9x^  (a+  &«*+  M?*)* 


X  dx 


Again,  let  It  g^y^fllf!  =  ±/.(a*+xO  -  i./.(a«-««) 
.'.  du  2= + 


a*— a:* 


X  (a«-»«+a«+x«) 


a*-«* 


X  dx 


476.        d.(a  +  «)  V«""*  =  sJa-'X.dx  — 


8^a  —  « 


For  d .  0*9  see  Xocrotx,  or  Ftncff.  • 


477.        Let  (jT+bary  s=  « 

/.    X"  +  6x"  S=  ttF 

1      1^ 
.'.  moT"*.  dx  +  nb  x*''  dx  =  —  li^    du 


P 

.'.  d»  =  |)X»-^  dxx  (m+n6ar^)   x  u7 
.%  du  =  jwr- ».  X  (ar+baf^y-^  x  (m+n6x— )dx 
=  p.or^'  X  (l+6x— y-»  X  (w+nfto;'^)  dx 


478.  d .  (o+ca»)«  X  fp  =  mncs^'  x  (o+c«")"^*  X  i^d* 
+  d».  X  (a+c«-)-  X  p  +  dp  X  (a+c«")*  X  «s=pd«X  (a+c«")--» 
X  (mnci-  +  a+  c«*)  +  dp  .  (a  +  c*-)"  zae p  .  (a  +  €«•)*-> 

X(a  +  m»+l  .c.«»)d«  +  «.(a  +  car)"dp. 


^^  DIFFBRBNTIAL  CALCULUS. 


Again,  let  x.  a/        ■  ^    =  u 


:.  I.USZI.X+  -L/.(l+ar«)- JL/.(l-x«) 

I 
.    </tt        dx    ,       xdx       ,       jTcir 

•  •     =:    +     ; — -     + 


1  +  j:«         1  -  4?« 


=  ^  +     *^^ 


«  1  —  j:* 


479. 


Va?*-i 


Let(fL±Jl  = 


1  -  a?« 


/.  8  /.  (x  +  a)  -  i- 1  (««  -  a«)  =  ^  tt 

49 


d«  ^  2«te  ^     xdx    ^  x-^ikudx 


480         d     ^"^^    =  <fa^'  (<*'  +  ^*)  —  gJ  dr.  (g  -f  g) 

-  (^Lzi^iLZf!)  dx 


Again,  let  x.  (a^  +  x*).  ^  a*  —  x*)  =  v 

/.  /.  X  +  t  (a2  -^^  x«)  +  JL.  /.  (a«  -  x«)  =  L  tt. 


M7 


•  « 


DtfmRKlfTIAL  CMLCVLXnU 


.    du  ^  dx    .      ^dx    ^      xdx 

^^^xdx.^'-^;-^'"'' 

«  a*— «* 

=        ^ X  (a*  -  «♦  +  a«  dP«  -  an) 

a7.(a*— X*) 

_  a*  +  a«  x«  *-  4a;*      -^ 

...                     .        1        _^    -  d.  cos,  X 
Again  d  sec.  x  =  a. : —  =:  -r-^ — r— — 

^  C08.X  cos.«  X 

C08.'X 

as  BiOlfli:  or  '^  Un.  X  see.  X.  4». 
1— sin'  s 


481.        Letttssx  X  «•«•• 
A  i  II  s  I.  X  +  tan.  X  (since  t  e"^'  as  tan.  x log.  «  s=  tan.  x) 

.%  *i  =  ^  +  A  tan.  X. 

«  X 

o  *  J  *  J    sin.  X    _  COS.  X  X  COS.  X  +  sin.  x.  sin,  x 

Bat  d.  tan.  x  s  d.  —  s=  ^ 

COS.  X  COB.  *x 

X  d!»= — 

COS.'   X 

/.  dii  s  tt  X  —  +  I*.  T- 

X  COS.  <x 

—  («•«.• +  i2!IIl!l^dx=  -f!llI-x(co8.»x+x)dx 
COS.«X  /  oos.«x 


482.        Let  s  be  the  arc. 

Then  tan.  :e  =  ./\Ek 

^  1+x 


**•  DIFFERENTIAL  CALCULUS/ 

But  d.  tan.  s  =      ^      =  ds.  sec-«  «  ss  &.  (1  +  taii.«  z) 


1+  »-*^ 

Ixd  tan.z  = 

\-¥x 

X    A    , 

^ 

\-x 

8 

% 

V 

1+* 

Put  «  = 

.•.   /.  «   = 

-L  I  (1  -a:) 
8        ^          '^ 

_    1 

2 

/:(!  + 

*) 

A   *i  =  . 

1         (2r 

1 

dx     . 

^^ 

-dr 

«  S        1-a;  2    1+x  1— «« 

Hence  cb  =      ~*^        /T^  -      -'^      . 

8(1-*)  V  ,^,       «V»-** 


849 
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483.  T-ffL  s=  t  (1  +  x) 

(sinoe  C  s  0  when  xsz  0) 

Letxsz  I 

Then  between  x  s  0  and  s=  1, 

J  xj  1+x  a*       a« 

Again,  sin.  xsz  x.  (*— «)  .  (jf+»)  •  (x^2w) .  (x+Sir) ....  Ikc. 
to  inflnity,  becanse  if  sin.  «  =  0,  and  0,  V|  —  «  Jtc.  being  sub- 
ftitnted  for  x  satigi&es  the  equation. 

.-.  sin.  X   =   X  .  (a:*  -  «»)  (x*  -"15?\*)    (x»  -  i^«)  x&c. 
to  infinity. 

But  sin.  X  also  =  x  — +  &c.  «..: 

1.8.3 

.-.  f  5'-  ««) .  (x"  -  «V)  .  (x»-S».»')x&c.  s=  1-  -^  +  &c, 

1.V.O 


'^ 


«50  INTEGRAL  CALCULUS. 

/.  v^y  2***,  &c.  are  roots  or  the  values  of  a^  of  the  eqnaticm 

I  —  -^&c. 

1.2.3  ^./rue 

Now,  by  the  theory  of  equations,  the  last  coefficient^dhrided  by 
the  lastlmt  aHc  r=  the  sum  of  the  reciprocals  of  the  roots. 


i.a.8       w*         8V       «v 


3  6  £*  8* 

3 
8  8  ««     8«  V««     4«  ^ 


2S         38 


/dx   r  dx 


=  ?^-^  =  i^the    limits    of   X 


'X  8  8  8 

being  0  and  1. 


484.         Let  z^  =  X 
Then  -2^  «*"*  <fc  =  lix 

and   z^  dz !ZL 


Again»pat  ^  x^  +  cT  =  v 

.•.  «Lr  :  dw  ::  v  :  x 

:.  dx  :  dx  +  c^v : :  V  :  v  +  x 

v  x+w 

=  d.  /.  (x  +  V  «*  +  «*) 


INTSORAL  CALCULUS. 
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Again,  since  i^  =  fdq  +  {dp 
:.ffdq^pq'fqdf 

But  d.v^  ==  StK^t;  :=:  2  /.  X .  — 

a: 

••.  fv*dx=:v^X'-2fvdx 
Similarly,  y*  vdx  sz  vx  -  f  v^  dxsivx  •- 
.-.   r  t>«  dx  r=  v«  J?  -  2vx  +  2ar 
=  X.  (v*  -»©  +  «) 


485.        Let  f  ^^        ^„  =  tt,  and  assume  — —  ^  .  =  w 
y  x«  .  (o+x)«  x«.(a+x) 

.-.  dt;=  d.or*.  (a+x)-i=:-2x-3.(a+x)-i  dx-(a+x)-«ar«cix 
r=  -  &ir3.  (a+x)  (a+x)-«  dx  -  (a+«)-«  jr«  dx 
s=  -  2ax^«.  (a+x)-«  dx  -  3  (a+x)-«  x^«  dx 
A  t>=  -  2a.tt-sy(a+x)-«ar3  dx 

2a         2a-^ 

put  -L-  =  Vi 

x.(a+x) 

Then  dv^=d.ar^  .  (a+x)-^ 

—  —  x^2.(a+x)-i  dx  -  (a+x)-«  x-»  dx 

=  -  a  .  x^2.  (a+x)-«  dx  -  2 .  (o+x)-«  ar»  dx 

/.yar«.(a+x)-«dx=:  Z2i2.  —  £y(a+x)-«  jT*  dx 

,.  «=-iL  +  4!il.  +  4.  /(«+xr«  ori  dx 
2a         2a*  a*    •^ 

Now,  to  find  f(a+xy^  x^i  dx,  put  -L.  =  — 

^  a+x         a 


Again,  put  ^ —  =  v 


25e  INTEGRAL  CALCULUS. 


(a  +  x)«  a  WW 

/.  .  P—dw      w  /^  — wdw 

•^^        '^  J     a       a.(l-w)       Ja«(l-w) 

^^Lfdw^L   rj^==-i.w-±.?.(l-w):=-JL 

,  /i      _?L-^  ^  w  =  —  JL/        ^        -  i-   X         ^ 

^^       S+5/   "  S«  a«   '(a  +  x)        a«  (a+x) 

Henoe,  we  get  a  =: +  --!--  +  --.  I  --—..« .  --- 

o«     a+x/        «a.x*.  (o+x)      8a«.x.(a+x)       a*,  (a  +  x) 
8      -        X        ^   -aH-8e^x--6x«  3    , 


a*'    "(a  +  x)  2a*.  (a+x)  a*         (a  +  x) 

Otherwise. 

A  1  _  A.    B.C.       P       .       Q, 

Assume 5 =  —-  +  --  +  —  +  . +  - — . — ^ 

x«.(a+x)«         x«         x«  X        (a+xy      (a+^iO 

which  fractions  heing  reduced  to  a  common  denominator,  equate 
the  numerators  on  hoth  sides  of  the  equation.  Then  let  x  ==  —  a, 
and  we  get  the  value  of  A;  let  x  =  0,  and  we  get  P.  Next,  dif- 
ferentiate, divide  by  drr,  and  repeat  the  operation,  which  will  give 
B  and  Q.  Differentiate  again,  and  let  x  s=  —  a.  Th«M»  we 
have  C.  Having  found  A,  B,  C,  &c.,  the  sum  of  the  integrals  of 
Adx    Bdx 


•» 


x3         x« 


,  &c.,  will  be  the  integral  Tequired. 


Secondly,  put =  v,  .\  y  znl  ^  —  =:  !LZ^ 

1— y  t;  V 

*  V* 

0 

and  .; — L^  s=  dv 
.    p ^ r         vdv  ^  Jl      /%        vdv 

J  (i-y)*.Vi  +  v'     J  V2«'-2»  +  i      V  V  V^-«+i 

Again,  let  v r=  z,   .'.  dv^dt 

9S 


and  v*  —  i>  +  —  =:  «' 

4 
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»    -^ 


and  .'.  Vf'-f+i  =  V«*  +  i 
Hence   P ± ^_1_   /'(»  +  i)& 

Biit*i  +  ±=t^  -»  + J-  s=  _J__. !_  +  L 

4  ^   ft         (l-y)»        1-y         8 

_.  9-».r^+  (1  -y)'  _     y*  +  l 

«•(»-»)•  8  0-y)' 

andz  ssv s — ^  =:  — ,    ^  , 

8  1-y  8  8.(1 -y) 


.-.    /*        ^  -»    V»+y*^±^  >+y  +  Vi+y' 

"  J  (i-yY^i +yy      »'    1-y        8*'     «0-y) 

We  learn  from  the  process,  that  one  assumption,  vii., 

X  SI  — """y    .  would  have  been  sulBcient. 
S.(l-y) 


Thirdly,  let  =  »  =  i- 

X 

—  dx 


Thentfvs 

««  

Again,  put  av  —  —  tsl  to 

Then  a*t;«  -  aw  +  -L  =  w* 

4i 


Also  -  adv  =  —  e{ic7 


^^*  INTIQRAL  CALCULUS. 

J  x^a^-ax-hx"       J    Vm^'  +  I 

Buti£;=at;-±  =  ±   -  ±  =  ^-^ 

2x2  2x 

"4  4a:*  4  X* 

cuLr 


/* ad 
xJa*-^ 


=r  -  /   8q-g+2Va*-g3?4-J* 


cwf+a:*  2a: 


486.  Lety  =  J-/.a:  =  JL 

a:  y 

X  y 

Also  a«-««  =  o«  -  ±  s=  °V~* 


—  ^  ,   «  *  • T —  :=  ~,lx  -  —  £.(a'— a*) 

8a*  X*  a2  2a' 

Again,  let  -  =  u 

(«+y)* 

.-.      -i^y    =  du.  and  y=:±  ^  a  =  ^^««' 

(a  +  y)* 

/.        ^y        —  'g^M  «.  2hu*du  ^  2h  ,  2hdu 


by  diyision. 

/'    ^y      =:  ?^  „  +  ?*  X    r  ^" 
y.(a+y)*         ^  «'        •>'«'-t 

"Du         1  ■         A  B 

*^^ p  ==  =  + =  (since  the  factors  of 

a  a 


-  _  are  tt  +   j^—  and  «  —  ^Z  —  ) 
a  ^     a  ^     a  ^ 


INTIORAL  CALCD&t^g.  ^^ 


A  +  B  .  «  +  (B-A).  .yi.  ss  1 


.  A+  B. 

.'.  A  +  B 
/.  A  -  B 

i»  +  (B- 
ss.O 

.-.  A=-    iJLvA%^    tZ 

2  8 


/i     hdy                            A       ^  "^ 
y.(«+y)*  =  ?  «  + J  ' ^  which,  bysub. 

^     a 
stitution,  may  easily  be  expressed  in  tenns  of  y. 


487.        Let  2  +  «  ss  « 
Then  z'  H-  Sa  2  +  1  =  a'  +  1  —  <^  :=  tt*  +  r*,  by  siq^^ilion. 
Also  z*  =  a*  —  2aa  +  a* 

.'•  zdz  s=  ada  —  oda 


*  tdz 

= 

udu 
a« 

—  adu 

a^fa 
a»+  1^     ' 

adu 

1  +  8az  +  2^ 

a*  +  r' 

ada 

(fa 

— 

a 

r 

r 

.  r    ^ 

^^  ■ 

1 

z.r!t!j 

.n-±. 

tan.-i  . 

If  a  be  >  unity 

1  —  a'  is  negative  =  ^  r*,  and  the  integral  will  be 

adu 


"  J  l  +  2az-^z*         2  r^J        J  u*  - 


Let  ...  _L-.  =  __!_  +      B 


«*— r*  a  +  r  a  —  r 


\ 


^^  INTEGRAL  CALCULU8. 


:.A+B.u+  (B-A)r=  1 
or  A  +  B  =:  0 
andB—AsJ-f     "~—       —  ^  — — 


+B=o^  1 


andBssJ. 


/.the  integral  in  this  case  si- /.(I  -  — ^  -iLi.!iZl 
See  Demoivre's  Miscellanea  Anafyiica,  lib.  III. 

Again,  put  a<  +  «^  =  tc^ 
•%  xdx  =  udu 

,  =  /  —  =  /Aft  =  tt  =  v«'+«* 


488.        Let  (o  +  w*)*  X  2f+«  dz  =  dP 
and  (a  +  €«;•)"+»  X  af^«  cfc  =  d.Q 
Assume  (a  +  c«*)**"*    x  a^  5=  u 
/.  tftf  £=  (m  + 1)  nx  (a  +  ca;")*  «i«+^«  <£e  4.  pn(a+cr)«+>  x 
*'•"•  dz;  =  m.  m  +  !•  c  d.P  +  np.  d.Q 

.-.  dQ  fi=  i.  dii  -  2L+J.cd.P 
«P  P 

.-.  Q=iL.-  2l+1cP 

np  p 

=  ("  +  '^  '■)-^'  X  '^  -  2L±J..  e  p.  whence 
"P  p 

Q  is  known. 


Again,  put 

X* 


V  o«  +  a*   j_ 


.-.  du  =       J?"  <fa'        _  gJxfa  .  V  g*  +  j« 
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4a      "  «•  « 


Again,  «i =  -i =  -f -  J^ +  -i 

l  +  mznu+l  9ft  m'  m^ 

*-  &c.  ± Zf,  — 2 — \ by  actiMJ  dhritrioii. 

,u^  ift.(l+9nz) 


^  J  m     .(l+nw) 


ma  mV(0  -  1)         fii».(e-8) 

1 


m 


488.         Sktce  fudw  =:  hk;  —  Twrfa 
fv.xdx  s=  w  X  —  —    /--•  ^'^^ 

zz  vX  —  -    /  —  X  — === 

Again  put  a?i^a:'  +  a'=:y 


^x*  +  a* 


■    +  — — - 


TOL.    I.  S 


^^^  INTEGRAL  CALCULUS* 


a^dx         —  ^  _  ^'    K/         ^ 


Hence  /v.  a?«/x  =  Ji —  —  JL  +  J5L  t> 

•^  2  4  4 


—    Z +  — 

2  4  * 


r 


4 


489.  Let  X  ^a  —  x  =:  u 


xdx 


/.  dx:  jja—x  --  —  ==  ci» 

8   ij  a—x 


xdx 


jj  a—x 


-  s=  2(fr.  ^  a— x  —  2  i/u 


«/  ^  a—x  ^ 

4   ,  x4  

r=      -     —  (a  —  or)^  —  «jr   Vo-* 

S 


2  2 


=    -   2  jja--  X  (—  a   -  _  ;t  +  x) 

V^  3  ' 


—  a/u  ^  X  (2a  +  a:) 


a  —  j:  j:— a  x-^aJ 


=   —  xd!j;  —  ocfo:  —  — — 


X  — a 


-*.     / =  —  —  —  (W:  +  cf*.  /.  (a  —  x) 

J  a-x  2  ^  '^ 


INTEGRAL  CALCULUS.  ^'>9 


490.         Let  or  •.  ^  a— x  =:  u 
.    ,  dx       / x~  *  dr  adx       ,        dr 

**  2   ija-^x        a^i^a— X    Xtfa  —  a 

dx        — adr       ,  dx 

1^=  =   =-:  + 


2xj^a^x        a^jja^x         ^XtJ  a^x 

/'      dx         _    \^    r      dx  _  _tt 

x*  V«-^         ^J  X   j^a-x         ^ 

Let  now  a  —  x  ss  2' 
/.  (£r  =  —  2zdz 
1    _         1 

X  fl  —  2*  , 

.    =    rj^:=.J^L'-    ^ J  by  a  common  form. 
J  ^  -  a  J  a      z  4-    J  a 


■••/; 


dx         ^      1       /    z—»s/a  ija—x 


X*  /J a-'X         2a*  *+V  <* 


ox 


1       •     ij  a^  »]  a  —  X     _     tj a-'X 


^  X  ox 


Again,  y^  =  w 


• .   —  y*       aw  =  au 
2  ^ 

a--,  2 

."•y^      dy  =  —  tt*dtt 


And  V  o"— y"  =    V  a"  -<**  ==  V  ^*  -«'  0>y  putting  6»  =  tt") 
/.     r  y^""  'dy  Va"-y*  =  — /«'  du^/b^-u' 

Let  tt  (&•  -  u*)^  =  w 
Then  du  x  (J^  -  t«')^  -  8  (6*   -   «•)*  "'^^^  =  ^^ 
or  6*dtt(6*  -  «•)*  -  4  (6«  -  «•)*  «"<'«  =  '^'w 


6« 


.-.  /ttVtt  v*'-«"  =  —  /<^tt    V^'-w'  -  Jl 


S  2 


26^  INTBORAL  CALCULUS. 

But  if  6  be  the  radius  of  a  circle,  and  u  the  ahadssa  measured 


from  the  centre  (u  being  supposed  less  than  6),  then  j^  bjt  —  u* 

s:  the  corresponding  ordinate,  and  fdu  tj  b*  -  u*  t=i  that  part  of 
the  quadrant  comprised  betvi^een  the  radius  Jl  line  of  ahacisstt, 


and  the  ordinate  tj  b^—u*\  whidi  being  put  =:  A,  we  have 
Jy^      dy    ijar  -  y"s=  — lX  —  A  —  —  x  —  =« 


6SA 


n  4  n  4         8a 

Again,  put  V  =  a  

l+it 

Thendt;aax""^^'(^+^^^"^^'(^""^?=:  -^^^ 

1  —  tt+l+tt  2a 


and  V  +  a  =  a. 


1  +  tt  l+tt 

dv  —  (to 


v+a         l+t» 
But  t,"  +  d-  =  ^  ^\    ^  Sat;  ==  «1£ 8a*    ^   "  ^ 

_  4a*  -  2a*  +  ga*  m*  _  gg*  (1  -h  tt*) 
(1  +  «)*  (1  +  «)• 

/.  ^^  —  fi^~"   X    ^^^   X  (>  +«)* 

(a+i;).(a*+t>»)        'l+u         l+tt         8a*  x  (1  + 1^) 

—    —    *     V   (!""•*)**  —  tt^  _  A« 


•/< 


8a         (1  +  it«)         8a.  (l  +  i««)         8a.  (1  -f  u«) 
=  —  I.  (1  + 1«*)  —  —  tan." 


(a+t;).(a*+ty')         4a  8o 

_  J_   ^    8.(0*+ 1^)   _     1 


*a 


tan.' 


«i  a— 1> 


4a  (a+t;)«  8a  a+» 

=  i^/.2.(a*+t;«)  -  ±/.(a+t;)- 
4a  2a      ^ 


±  tan,- » "til? 
2a  a+t; 


Otherwise. 


Assume  ^  ^  /.    ^  ^^  =  ^^L+J^  +   ^,  reduce  to  a 
(a+v).(a»+t;*)  a*  +  t;»  a  +  t; 
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common  denominator,  equate  the  sums  of  the  coefficients  of  the 
same  powers  of  v  in  the  numerators  to  zero,  and  thence  determine 
A,  B,  and  C.  Then,  multiplying  by  vdvy'  and  integrating  each 
fractional  function,  the  sum  of  the  integrals  will  be  the  integral 
required. 


491-  xdx  ^a*  -j;*=:  -_x(~SJwte  V«"— «*) 

8 
8 


Again,  let  —  :=  u' 

X 

:.  _  i=  —  2udu 
And^  =  -   «d«  X  *  =    ""^^" 


Also  j;  =  — 


.'#    <i^x— a^s 


XiJ  X 

—  COS.   '  or  u. 


v« 

Let  o^  ;s:  u 

.*•  xL  a=z  l.  u 

and  c£2;  /.  a  s=  — .    .'.  dw  =  a'dx  x  /.  a 


Hence  /Vde    =    /-— -  =  —  since /.  a  is  constant 
'^  J    /.a  La 


/.a 


S62 
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492.         Let  (a  +  a:)  ^  =  u 
/.    -  £-  (a  +  xf^  dx  =:  rfi4 

Also  -JL-  =  M«.    .'.  a  +  X  =  JL 
a+x  «« 

And  ±  =      ^'  .    .4  -         t* 


•    a  »V  ^a^ 


(a  +  x)*        *^     V^-««**  *^     -/1-att' 


^    a+x 
Again,  let  x'  +  ox  +  1  :=  0 


Then  x  =: 


_    —  a±  jj(^  -4 


2 


And  x2  +  ax  +  1  =  (x  +  -5L  -.     V"^*  "  ^^  X  (x  +  — 


2        ^ 


Assume  /.   ^e+a^c  +  i  ^  a;  +  «.  Va'"4.  +  ^r  +  5+  V^-* 

«        ~2~  2       -?— 

jrrB..^A.(|^^)^B.(|-y[^) 

X*  -f  OX  +    I 

/.  A  +  B  =  0  or  B  =  -  A 


a-(t  + 

2 

4 

OtA  Vfl^- 

~icii 

/.  A  =  - 

1 

— ■ 5—1 

• 
■ 

Va*-  4 
Hence  B  =  -.  A  :=  - 


Va'-  4 


a"«ir 
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2 

afdx 


i=-*) 


V^cf  -  4.  (ar  +  —  ,/tf-  4) 


s 


Let   «  I       A    ^o"  -  4  =  *Ilf 


X*  +  ox  +  1         6— c      x+c        ft— c  x+6 

But,  by  oommon  dirisioB 2:  ;tf^'  —  cx^*  +  c*  x"*^  — 

x+c 

c»x^  +  &c.  ±  <J"  q:  -£11; and^  =  aT"'  - 6x^+Vx^- 

x+c         x+6 

Vx^  +  &c.  ±  6^  qfi  in 

^  x+6 

(&•  -  c*)  x^dx  +  &c.  qp  (^"^*  -  ^')^^±  ^""'^  T  ^''^l 

X  +  6       X  —  c  J 


^x*+ax+l        6  — c  {  n— 1 


»  — 


ft«--c» 


'^     ^  x^  -  i — £.  x--*  +  to.  ::f  (6"-"  -  <r")x  ±  6-«  x 

»  —   4 


«  -   8 


i(x  +  6):Fc^*/.(x  +  c)| 


493.  Assume  ., =  u 

(1  +  x*)' 

.     dx .  (1  +  x*)*  afdx  . 
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•^  (!  +  *»)*        ^(l+o:*)* 


=  /.  (a;  +  V  1  +  *')  -  «    (see  any  Ele- 


mentary Treatise.)        =  /.  (x  +  ^^  I  +  a:^  — 


X 


(i  +^ 


Again,  let  a^  tj  \  -  jf  :=z  u 
Then  4a^dx  Jl^Tl?  ^ -^^JL^^     ^^   ^     ^^^    ^dm 


a;^(/a;       __^    4  x'd!x  xfei 


Now  let  a:*  4J1  -  x^  =  k; 

Then  2x(to  VT=:^— 4^=-.S=-«^^  =  dicr 

Jl-x"     Vl^a-      Vl-«* 


a:^di;  8         a^ic  4    ,         d« 

■^  —  —  dm  ^  — 


/■ 


VI -^         15    ^1_^         15 


a^dx  8 


=     -^Vl-^    -    TT^Vl-^      - 


jjl^a^  15  15 


3?*  yi  --  J*  +  c 
5 

Let  X  =  0,  then  C  =  -1 

1^ 

/*     x^dx  8    '       8     ,- 4  

—  V  1  -  «*  =  _-  when  X  =1  \,  i.  e.  its    yalne    between  the 

o  15 

values  of  x^  0,  and  1 . 

494.  ^        =  ^y  ^        y-^'dy        ^^^ 

(1  +  yO*      y'(-l-+0*      (r'  +  i)* 

the  index  of  y  without  the  radical  is  less  by  unity  than  that  within 
the  radical. 


/; 
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^y      -.         1         ^       y 


(l  +  y*)*        (y-«+i)4        (l+y^)* 


495.  Let  — L«.  =  « 


s 


Also =:  «'  and  .'.  x  =  a  —  — 

a— X  «« 

8a«»  -  1 


/.  *  +  a  = 


«• 


a*dx  8a'tt*<2u  aXu^dv 


/   _i_  «.\    /         x-J           Son*— 1           .   t     -L 
(a  +  x)  .  (a — x)*  -'' 


«  -«a 


«a  «     J_  «•  -  6*  \8a  ' 

J(a  +  x).(a-x)*  V«^-*-  *    «+* 


Again,  if  x  be  the  versed  sine  z  to  radius  r,  ^^  2rx  ^  x*  s:  sin.  %f 
and  Ten.  z  =:  r  —  oos.  z 

/.  (ix  s5  —  d  006.  2  :=  (fo  X  sin.  z 
Hence,  by  substitution,  we  get 

/»       zdx         __     /^afgxsin.  4    _.     /*  zdz  =  — 
V«rx  -  i«  ^  J       m.%  J  a 


496.        Assorae-^/^iHf!  n  » 

X* 

and  '^•^  —  —     '^      —    adx 

11  1— X*  X 

_^   ^        2dx         ,       xdx 
""  ""  x.(l-x»)         1  -  x« 


/ 
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.     y  "tdx  dx 

:.  du  =  —  + 


Hence 


dx  1  dx  du 


x'^I-j:*  ^  x.^l'-af 


2  *    ./I  -  ^  2 


Afiain,  let  y  s:  sin.  z 


Tlien  (fy  =  dz.  oos. z  sidzijl  —y*    .'.  dz  = 


_         d^ 


.-.  »4  &  = -Jl!:^ 

Assume  y'^/ 1  —  y*  :=  t» 

Then  (f»  :=  8y»  dy  V'"l^^-      ^^^^      =     ^y'*^ 

V'l-  y»         /T^y: 

•       y*<^y       —  ^        y*dy       _  cbt 


Now,  let  y  ^  1  —  y*  =:  t; 

,-.  dv  =  dy  /r:7  _    y'^^y  =,-±_  -  .  ^''^ 

Vi^    'C'l-y'       Vi-y' 

Hence-i.    ^^  =  ±.^^=  -  ±d» 

And  r  y**^   =  £  r  ^    -  5 « -« 

=  |z  -  I  y /TT?  -  1  y»-/n:^ 

=  -  z  —  — .  (3  sin.  2z  —  cos.  %z  +  1). 
8        la 


INTBaRAL  CALCULUS. 


967 


497. 


dx 


dx 


-         dx 


rfi  -X*       Vi-^xV^  +  ^       Vi-«' 


X  (1  +  xO  ^ 


But(l  +  x^'"*=:l-la-+lx?^-ix?X-x«  +  &c.... 
^  8  24S46 


k  a- 


lix 


<f«r  1         s^dx      .  1     3     x^dx         « 


Vl-**      Vl-^    *      sjl-a^    *    ^    Vl-^* 


Let  DOW 


dx         — . 


a*dx 


=  F, 


=  F. 


a^  dx      ^^^  p 


assume  x 

-  a:* 

And 

/T 

—  X*  = 

VI 

-x»  s 

VI 

■ 

-x»  = 

2  4  * 

)      AIso±X-ix±=rC,   ) 
'  8         4  6* 

— —  X  ^—  X  ••••  --  ssu  \j^ 

8         4  «« 


Pi 

Sec. 

=  P-. 


1 


x*rfx 


dx 


Vl-^        a/I—JT       V*  —  «*" 


Then  dP^  =  da?  V  ^  -  ^-" 

.-.  F,=-L  X  Fo  -4-^''^» 
Simflarly,  F«  =  i-  X  F,  -  J-  X  dP^ 

4  4 

O  O 

F„  =  ^I±  X  F J^  -  -L  X  dP,... 

2n  2n 


2i^dx 
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Hence,   by  substituting  the  different  values  of  F^,  F^i  &e. 
in —  ..,         expanded,  so  as  to  express  it  in  terms  of  constants, 

and  Fq  (which  is  known  to  be  the  differential  of  an  arc  whose  sine 
is  x),  and  dP^,  dP^y  &c  ,  we  get 
F    —  F 

c,.F,  =  lliii!  X  F„  -5!  X  C.  X  i£i  -  C.  X  i?» 

_C..F,=:  -i;ii£2i4x  F„  +  £2if  xC.xi£l-^x  C, 

*^     ^  2»X4'X6»  °        4«X6*  2  6« 

X  ^  +  Ce  X  i^ 
4  6 

&c.  =  &c. 
.*.     /  (;=  sum  of  the  integrals  of  the  differentials  into 

which  it  is  expanded,  or  of  F^,  -  C,  F,  +  C^  F^  -  &c) 

=  (i--JL+ll2i51-&cOx/F,+c.x(i-il  +  51>l£! 

^  28     2«X4«  ^      J      0         g        V        ^g       4«X6« 

-&c.)xPi-  ^x(i-^  +  5L>LI!-  Ac.)  xP,  -f  ^  X 

(!-!!  +  ^i<J!  -  &c.)  xP^  -  *c- 

Bat  since  y  F^j  (=  /-_--_-_.\  s-  the  arc  whose  soie=x  and 

radius  =:  1,  or  =  sin."*^,)  when  x  =  0^  fF^  =  0,  or  i  »,  or 
±2»,or  ±3»,  &c.  ±  mw\  w  being  =3  3.14159,  &c.  s=  the 
semi-circumference  of  the  circle  whose  radius  is  unity.    Also, 

when  X  =  0 ;  Pi,  Pg,  P,,  &c.,  being  of  the  form  of  i^l  —  a;*,  are 
each  =  0. 

.'.  the  correct  integral  from  x  =:  0,  to  x  =r  a:,  if 

(l-i. +  &C.)  X8in-ix+^  x  (1  -£l+&c.)Pi  -^  X 
^       2«  2  4«  4 

(1-—  +  Ac.)?.  +  &c. 
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or(l-JL-f  Ac.)  X  (sin-i«qF  O  +  —  (»  -  *«)  ^^i  "  j-X 

(1  -  &c.)  P3  +  &c. 
or(l-  JL -f  &c.)  (sin -ijr  3:  Sw^)  +  —  (*  -  *«^)  Pi  -  —  X 

(I  -  fcc.)  P3  +  to. 
or  Ac*  +  to.  -      to. 

or(l-  JL+  to.)  (tmr^x  ip  mr')  +  —  0  -  *c.)  P^  -  ^  X 

(1  -  to.)  P3  -f  to. 
a  general  Talue  of  the  integral,  which  maj  be  expressed  in  terms 
of  «,  by  substituting  for  P^,  P3,  to.  their  yalnes,  and  expanding 
sin."*^  j;  according  to  the  powers  of  x. 
To  find  the  particular  value  required  by   the  problem  (that 

between  x  s:  0  and  1),  let  :r  =  1,  then  8in.-ia?  =s  .^  or  s=  «»' 

+  JL,  4»'  +  1^  to.,  or  8rir'  +  X  and  P^,  P„  to.  yanish. 
2  2  S 

.\  the  general  integral  of  — =  between  x  =  0  and  1,  is 

^  1  —  ** 

expressed  by  (1 


^        22        8*  X  4*  2 

-  fl  -  ±  +  ^^^'  -  to.)  X  ^'"^^^^"^^  X  ir'  (randm 

being  any  integers  whatever.) 

But  w  :r  8.14159  to.  =:  2ir 

2 

.    .\  the  general  integral  of     _^1_  taken  between  x  =  0  and  1 

Vl  —  ^ 

=  fl  -  11  +  i!Jl£l-.to.)  X  (4rqF2"*+  M  X  ir 

^  2»  2«X4« 

Let  r:=:0  and  m  r:  0 
Thenf—j^— between  x==Oandl=(l^il  +  il^^ 

the  value  required. 
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dx 

many  important  results  may  be  deriyed,  ii^hich,  for  want  of  room, 
we  leave  to  the  reader. 


From  a  further  investigation  of  the  general  value  of  /*  .   — , 

J    Jl  -X* 


2adx 


—==.  =  /.    ^"^   ^^ ?  (see  Ftncc,  La^ 

CToix^  or  any  elementary  book  on  the  subject.) 

*     .     .    .  .        .     rx*dx 
Again,  to  integrate 


V  r«  -  x^ 


Let  ^ 


Then x  x*  dr  =  dw,  and  r.r«  cte  =  —  y  *  du 

of  » 


And 


Vr^-x'  =  r^^i_fl  =  yi/r^^^ 


rx*dx  ^r* 


*  =   —    X 


/.     /  -  =r  —  sin.""^a  (FtTicc,  Locroix,  &c.) 

V  Vr«-x3         ^'^ 

499.  ^  X  (o»-f  x«)*  =  —  X  (a«  +  x*)(«f  +  x^*s 

X  X 

a^i^U*  -f  x»)*  +  xdx(a«  -f  x")* 

X 

Again,   ^.  (a«+x«)*  =  ^^  .  (a*  +  x»)  .  (a«  +  :0*  = 

X  X 

a«  ^.  (a«+x»)*  +  xdr  .  (a«+x»)i 

Again,   ^.(a'+x-)*  =  ^.  (^' +  ^    =        "'^ 

,         xc2x 
+  — == 
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/.  r^  X  (a*  +  of)*  =:fxdx(a*+af')i  +  a*fxdx .  (a*  +  a->* 

2«      V«*  +  ^  +  « 
xli-  X  (a'+xV-f  J-  a».  (a»  +  of)  +  a«i+a'  X  /.         ' 

To  integrate  Y^cir,  let  1  +  ^  =  ^ 
Then  do;  =r  du 
And  V»drz=  (/.!«)•  X  du 
U&icef\'^dx:^u  X  (/. t*)'  -  /«  X  cf.  (/.  «)• 
But  ftd.  (/.«)•  =  8u/.  ie  X  d.  (t  tt)  =  8  '• «  X  d.  t« 

/./ttd.  (;.«)•  =  2/1  M  X  d»  =  Stt  /.  tt  -  »/t«f.  /.If 

=:  2u.  lu  -  2/dtf  =  2tt  .  /ti  —  2t4 
:.f\^dx:=i  u  (L  tt)«  -  2U./.M  +  2tt 
=  a (Z. tt  X  Z.U  -2  +  2) 
=  (1  +  ar){Z.(l  +a:)  X  /.(l  +  ar)-«  +2} 

To  integrate  X  a^dx^  we  have 

•    1  Jfl.  =  d  tan.  X  =  — ^^  =  -^^ 
2    ^7J  1  +  tan.*  X  r  +  X 


Hence  dX  = 


_  r+*   ^     dor     ^         do:  .     /J xdx 


8r*  V  *  2r^  ij  X  2^ 

But,  by  the  form/ttdt;  =  wr  -  /vdu,  we  haye/X^^te  = 

X  X  il  -   r^dx 

8  J      3 


4 
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8 


'«  ii  V  o«»7 


S  X  7r«  3x  9r 


=:f!x(X--i.    .  AS 
^  7rJ  o4/ 


=  r»  tan.«X  x  (X  -  *^  ^  _  tan.^XX 

7  9       / 


600.        \jsXx  ^a^4r:^  ^u 
Then  rf«  =  dx  y;qr?+,^!JL,=    ^'^    .+     ^'^ 

V«'+«*  v«*+^  v«*+«* 

Tointegrale  -— assume 

/.   Z'  +   SOZ  -f    1   £=  «*  -f    1    _  flS 

Put  1  -  c«  =  6*,  a  positive  quantity,  because  a  is  less  than 
unity. 

foim  is    i  x  tan-»«,i.e. 

/'       dz  1       /  L        '    1 

l-i-'gag+z^  ^  ■ft*  ^  ^      *^  ^  **^  ""'"^  '®  ^  andtwigent 
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dz  di 

501.  — — : r  =  —    X 


dr        (,  2«5r  +  a:*     )        dx         .      «• 


ciz  04^2  acfz  4-  zdz 


!■- 


^-p^^L__  =/..- i^  X  .an. -*(«  +  ,)- ix 
/.  (1  4-  2az  +  z*)  by  the  preceding  problem,  and  common  forms. 

tan.  ~ V  '"a"  (a  +  z). 

To  construct  this  iniegra],  let  AMm^  Fig.  56,  be  im  hyperbola 
whose  asymptotes  are  CR,  CT. 

Take  CB  =  BA  (BA  being  ±  CT)  =  1 
CV-x 
PM  =  y 
Then,  by  the  property  of  the  hyperbola,  we  have 

CP  X  PM  =  CB  X  BA  =  I  /.  y  =  — 
Hence  the  differential  of  the  area  AB  PM  :=  ydx  =r ,  and  /. 

X 

the  am  itself  <ABPM)  is    f  —  =  /.  *  +  0 


=/^='- 


But  when  ABPM  =:  0,  j?  =  1,  and  /.  1  =  0 
/.  C  =  0 

/.  the  area  ABPM  :=z  L  x 
Let  X  ^  Zj  and  ABPM  will  represent  the  /.  z 
Let  jp  =  ^  1  +  2az  -i-  z*  :=i  Cp  which  is  greaJter  than  z  or  CP 
since  a  is  less  than  unity. 

And  the  area  AB  pm  s=  /.  ^  i  +  2az  +  ^ 
.'.  Lx--L  V  1  +  2a«  +  z^  =  ABPM  —  AB  pm  =  -  MP/mii. 
Again,  with  C  as  eentfe  and  radius  =  CB  =   1  deficribe  tlie 
semidrcle  6NB ;  take  Cn  =  a  and  draw  nN  JL  CT;  join  NP,  and 
with  N  as  centre  and  radius  Nn  describe  the  circular  arc  nr. 


Then  Nn«  =  6/iXiiB=l  -a.l  +  a=l-a« 

tOL,  I.  T   * 
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And  nP  =  nC  +  CP  =  a  +«  =  Nn  X  tan.  nr 


/.  nr  =  tan. -^^~*'*(a  +  z) 

.'.  ; r  X  tan.  -^  (a  +  «)  =  —=--  X  «r 

1  —  a"  Nn" 


/; 


(f;e  Cn 


502.  fdx  =:  X  +  C| 

/  cb  /  c/o?  =  —  +  c»j:  +  c, 

&c.  s=  &c. 
and,  generally, 


/  dx  fdx n  factors  =  -— j +  c, 


2.3.4. ...71  2.3. ...n-  1 


■♦■  ^«  •  :r^ — :; — 5  +  &c.  +  c,^i  x  +  r,. 


To  integrate  x'  a*  dx  we  have  the  form  fudv  =  uv  —yVdu,  which 
gives  us,  by  separating  the  algebraic  from  the  exponential  pari, 

fx*  X  (fdx  =  a:*  y.f<fdx  -^  f  ac^^dx  f  <fdx 

But  since  d.(f  rz  l,a  X  <fdu 

.'.  ofdx  = 

/•a 

And  J*  (fdx  =5  - — ,  hence,  and  by  substitution,  we  have 

/x*  X  o-rfx  =  :?^V^  -   C-r-  *-«''^* 

"^  /.a         ,/    t.a 

Similarly/*—  x  d-rfx  =  ^^j^  -  ^-f^f  x^cfdx 

&c.  s:  &c. 
.*.  by  successive  substitutions,  we  get 
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la  {Lay  {La)^ 

ax(a-l)(a-g)  ^«.  .  ...  +«X(a-l)x(A^-8)X...a~F^ 

X  jc*  '' '  a*  7  &c.,  which  we  must  continue  ontil  we  amvfe  at  a 
differential  whose  integral  is  known,  and  thus  obtain  the  integral 
required. 

If  a  be  a  positive  integer,  the  series  will  terminate  in  the 
(a4-  ly*  term ;  b^ause  that  term  will  be 

•  .   a.  (g  -  1)  .  (g  -  2)  X  a  -  (fl  +  1  -  2)       _^^)+,    - 

^  :  (/.a)H-»  "^  '^ 

g.(a-l)      8X1^0^.  ^       g.(a-l)  ...^2x  1)  ^  ^ 

coefficients  of  the  subsequent  terms  have  each  a  factor  =  o. 

dx 


To  integrate 


(x~g)*.(ar-6)« 


Assume =  y« 

(x-6y 

Then -11?^  =  2ydy 
Also  X  —  6  =:  — 

y 

.-.  X  —  g=6-a  +  —  =  ^i ^   ^  ^  ■ 

y            y 
1    _         y -    *    . .. 5^ 


And  /. 


X— g        (6-g).y+l         ft— a    y  +  ^ 


ft  — g 

-  r  y<^ 


(x-gy.(x-ft)3        J(ft-a).(y+^)  J    g- 
—  r  ^y  -  +        ^        X    I — ^^^ —   (by  common  division) 

,  ,        n           dx  y* 

which  are  known  forms,  givmg   I — — -   =  -— p- — rr 

J  (x— g/ .  (x  —  ft)^  2 .  (g—  ft; 

^      y       +  ^JL-.xZ.(y--i-5.) 

(a-ft)«         (g-ft)'  ^       a-hJ 


T  2 


«76 


INTEGRAL  jQALQULUS. 


1 L__+_i_xZ  (J: L-^ 


a'{'b-^2x 


.1. 


a— J? 


-  «.(a-6)*.(x-6)»  **"  (a- 6)'    "  (x-6).(a-6) 
lurther  reduced  if  necessary. 


which  may  be 


Otherwise. 


Assume 


1 


+  -«-  + 


Q 


(x-o)*.(a;— 6)»        (or- a)*        «-o        {x-ty 
=  {A  X  (*  -  by  +  (x  -  o)  .  (x  -  6)»  .  B  + 


R 


(x-  6)'        X-  6 

(x  -  o)«.  P  +  (x  -  a)».  (x -  i)  Q  +  (x  -  a)«  .  (x  -  i)«.  R} 

X— -1— 

(x-a)«.(x-ft)» 

.♦.  (l.)A,(x-6)»  +  (x-o).(x-6)»  B+  (x-a)'.P+(ar— a)*X 
(x-6) Q  +  (x-a)«  . (x-6)«  .  R  =  1 


Let  X  =:  a 
Then  A  (a-b)*  s  1 

.-.  A  = 


(«-6)' 


Let  X  s  6 
Theii(6-a)«.P=  1 

A  P 


1 


Again,  differentiate  the  above  equation  (1)  and  divide  by  dx ; 
the  result  will  give,  by  the  substitutions  a  and  b  for  x,  the 
values  of  B  and  Q  respectively.  Differentiate  again,  and  substitute 
&  for  X  in  the  result ;  we  hence  obtain  R. 

Now,  having  found  A,  B,  P,  Q,  R,  we  shall  have  split  the 
differratial  into  five  others,  whose  integrals  are  each  known ;  .\  '&c. 


.   603. 


xdx 


,J  2ax  —  x^ 


__  adx  —  ctdx  +  xdx  ^ 
^2ax-x^ 


i^/iT 


ij  2ax  —  ac« 


adx^xdx 


^  2ax  —  X* 


.  =:  d  .  (vers.  "^^)  —  d .  >/  2ax  —  x« 


•••/: 


xdx 


V  Sor  —  x^ 


=  vers."*x  -   j^^ax—x' 


INTEGRAL  CALCULUS* 


277 


To  integrate 


d» 


1  —  X* 


Assume  (  =- n I ^ 

JT*  -  1  V     (a:»-l)(x'+l)    (x-l).(x+l).(a-+l)/ 

=  A^  +  JL.  +  ^^'^^ 

x-l        x+l         x«  +  l 

_A.(jr-H).(aiH-l)H-B.(a;-l).(jH-I)+Px.(x~l).(*'H)-fg.(x-l)(x+l) 

«*  —  1 

/.A(x+l).(x»+l)+B.(x-l).(a:*+l)+P.x.(x»-l)4-Q.(j--l)=l 


Let  X  =:  11 
Tlieii4A=  1 

AndAr=l 

4J 


Let  X  =  -  11 
Then  -  4  B  =  1 


/.  B  =:  -  ± 

4i 


Let  X  ss  ^  -  1 


^  Then  -  2?^  - 1  -  2Q=:  1 

.'.  P  =  0  and  Q  =:  -  i 

2 

•  r  ^  =  -  -i  T— + —  r^  +  —  r  ^ 

*   J  l-x«  4jx-l         4jx+l         2jx«  +  l 

=   -  1./.  (x-l)  + i.1  (x+1)  +  itan.-ix 
4      ^  4  .2 

c=  -  i/.f±l  +  itan.-»x 
4    x-l        2 

For  the  third  integral  and  construction,  see  Demoivrc^  or  DeaHry^ 
p.  297. 


504. 


X.  Va*+-p*  =  « 


.-.   dx.Vo«+a?*  +   — ^^     ==  rftf 


or 


a'cix 


Va2+x« 
2x*cir 


=:  (f  tt 


Va^+x*         Va*  +  ** 


+x« 


=  fL.V^!±f  -  ^.  z.  (X  +  /?Tro 

g  2        ^  ^ 


r 


f 
^^  INSB6RAL  CAL01ILUS. 

505.        Let  af.  (a*+a!*)^  =  u 
:.  du  =  airdr.  (a^+a;^)*  +  6x^dx.  (a*+a*)* 

7  6x7^  ^ 

7  "^  5    / 

To  integrate  — ~ ,  let  z  =  JL 

z".  (a  +  6z)  u 

— dtt 


Then  dz  = 


1*2 


z-  =  ± 


I  1  ,    6    _  au  +  6    • 

tt  tt 


X  tt"  X 


z*.  (a  +  6z)  tt*  au  +  6 

_    -  >*•"'  <ftt  j«  _  Jl_   V.    ti*"'rfn 
att  +  6  a         tt  +  & 

a 

=-  —  —  (tt*^rftt  —  — .  u^^du  +  — .  tt*^cfe*  +  ....  dt .  dm 

a  a  a^  oT^ 

ft*-'      du     ^ 
+  ^i*-!  ti  +  6   I  ^y  actual  division. 

a  / 
4/  z*.(a+ft«)  a  \n— 1  a      n  — 2        «•  n- 


3 


(n-2). aif^    (n - 3) a* .  zr-»  oT^z^  oT-'      \   az    J) 


506.       J*ydx  s=  xy  —  J*^^  (for  d{si/y  =  ydx  +  xrfy) 

dmdj'  xdy  ssfxdip  x  -^  where,  if  xandy  are  fimctioiis  of  the 

dx 

same  variable,  -1^  is  an  integral.  . 

dx  * 

^      ^       2'dx       J     2  dx  2      dx 

—    /  f-.  X  — ^  since  dx  is  constant. 
J     2  dx 

^       J   2        dx  J     2  da^ 

=  ^^  X  ^  -  C  ^^   X  ^^y 

2xS         cto»  J  2X8  da* 

Simflarly  /l£Lxi!L=_fl_x^-  T-fl-x-^ 
J  2XB      da^       8X3X4      dx«     J  2x8x4      cLp« 

&c.      =      &c. 

.*.  by  substitution,  we  get 

Sydx^xy^^±   X   ^!.  +  ^    X   -il—fcc 

•^    ^  ^        dx         \.2  dj^  1.2.3 


507.        Assume  «■ .  V ^""**  *=  ^ 


Sx^dx 


:.  txdx  V«*  -  ^ .  =  du 


8        ^  3 


r:  -^a*  -  j:*. 


-     Sa'+a:* 


3 


6x(fj; 


608.        To  integrate  «^±.,  put  j:  V  «+*  =  « 


£80 


CTALCUI/UB. 


adx 


^xdx 


tJa'\'X        ji/a+x 
t 

hxdx     ^  2bdu  2€d)dx 

bxdx 


=  Zl.^a+x  X  (x-.2a) 


To  integrate 


2aa^dx 


by  the  denominator 
Whence 


:=  —  fa. 


J^dx 


.,  divide  the  numerator 


X— a 


=  —  Sox  —  a*,  i .,  by  a  common  form. 

x+a 


509. 


rfP 


Let  (a  +  €«•)-+»  X  z'"  s=  P^ 


Then  ^1±  =  (m+  1)  «.c« 


dz 


X  (a  +  csfy^.+npaz"^  X 


(a +c;t")*+*  =  «.(m  +  l).c«' 
(a  +  <»")"  +  pnci''^+--i  (a  +  ez)' 

:.  {«. (m  +  1) c  +  pnc}  «'~+"-i  . (a+cz")* cte  =  dV^-pna. X 
For  the  greater  perspicuity,  let 


/ar+-«.(a+cz-)«  da;  =  Fj 
/fl^^+^'-Ca+czO-cte  8=  Fj 

&c.=  &c. 


^  and  (a  +  cz*)'^'  «*«+*  =  P, 


-y 


(a+c«")"^' 


d^c.  =  fcc.  I 


Then,  we  have,  c» .  (m+p+ 1)  F,  =  P,  -  nap .  F, 


INTBORAL  CALCULUS^ 


Ml 


^P,    - 


dz 


=  n.(w+l).c.zH*-i  X  (a+C2*)*+(pii+n)x 


«r-r— 1  (a  +  cz')"+»  =  {n .  (m+ 1)  c  +  (fill  +  n)  c}  ar+**-^  x 
X  ^-i-c;^)*  +  n .  (p+ 1)  .az'*-^^'  (a+cz")- 

Hence  cn.(m+p-^2)  F,  =  P^  -  na  (p  +  1)  . F^ 
Similaply  cn.(«+p+S)F3  =P^  -  na(p  +  2)  .  F^ 

&c.  =  &c. 


en.  (m+p+« -1)F^,  =  P„  -  na.(p+v-2).F^ 
•^n .  (jw  +  p  +  v)    F,     sz  P^,  -  no .  (p+w- 1)    F^, 

Hence  F.  =  —^ .-?  £±J!Lli.  F^,;  Get  m+p+v=iw 

cn.ijn'^p^v)     c  m+p'{'V 

andp+t;=f) 

=  i'  -?:('-=i>.(P^-na.rr2.F„)x i 

cnxit       c.w  cnxCtc'— l) 

_  P^»  _    ^a.(s-l)     y  p^^  a«.(s>-l).(f~8)j^ 
cnxio    c".ntt;(u;— I)  cV;.(ic;— l)       "^ 

But  F^=  '  ^^       -  (^'(s-S)  p^^     p      _  ^ 
c».(w-2)       €.(«;  — 2) 

A  F.  =     ^     ^P^>^«-(*-0  P_+  a'(s-l)(5-2)    p^ 
cmo  C    1        c.(w— 1)     "^    c*.  (w— l).(tt; — a)    *^ 

_    fl»,(^-l).(5-2).(g-3)     p       ^  &c 
c«.(io-l).(w— 2).(i«;-S)      "^ 

.     flT-',  (i~l)  .  (8-2)  ....  (<  — y  +  1)       p 
<-^«.  (lo- 1)  .  (»-  2)  ...•  (v  - 1>  +  1)'       ^ 

TiaV (.-!).(>- 2)  ....(5-t;)        p    ^    ^^^  j^^   ^^  ^^^.^ 
^   <r-».(«-l).(w-2)...(«?-t;+l) 
erident. 


Dilation 

But  P,^,  P,^  Set.  are  known,  and  Fq  is  giyen 
.".  F,  =  yV*^"  *  (a+cz*)"'(iz  is  expressed  in  known  terms. 
Again,  let  pn  +  vn  —  1  =  9 


And  assvanej'sfl.  (a+c«*)"+'rf«  =  M^ 

&c.  =  &c. 


z«+«.(a+ «•)-+•=  Q, 
&c.  =  &c. 


Wi  mTB€(RAL  CjkLCULUA. 

Thai  dQi  =  (q+l)'  (a+C2J-)"^'2;«(f2+n.(w+l).C2**-Vfe(a+C2-)- 

Bat  at^^ia  +  C2")*=«*  (a+C2*)".cz*=2*.(a+caf)*(c2"+a-fl) 
S5=  ««.  (a  +  €«")•+* '-  fl.iS*  (a  +  cz»)» 

/.  dQ,i  =  (9+ !+«.»»+  1).  (a+  cz*).'"*'^z^dz'-an,(m+  l)x 
(a  +  (»■)*  «*ci« 

/.  Qj  =:  (n.»i  +  I  +  ^  +  1)  Mj  -  a».(m  +  l).  F, 


Similarly  Q^  =  (n.m  +  8  +^  +  1)  M^  -  an.(m  +  2)  Mi 


Q5  =  («.»i+8  +  9  +  1)  M3  -  an.(ffi  +  3)  M, 


r— 1 


Q^  =:  (n.wi+r  +  g  +  1)  M^  —  an.(m  +  r)M, 
Let  nm  +  «r  +  9  +  1  =  w^'  and  »  +  r  ==  1' 
Then  M,   =  %  +  an.il,  M^. 

W  V) 

w  — «  ty  —  n 

w  —  2n  w  —  2n 

&C.     =     &c. 

Ml     = ^1 +  (m.   s'-'i^     X  F, 

w'-r-l.«  «,'_r-l.» 

Hence  by  snocessive  substitiitiona  M^  may  be  expreaaed  in  terms 
of  F«  and  other  known  quantities ;  which,  from  ha^ng  already 
extended  this  problem  beyond  its  due  limits,  we  leave  to  the 
reader. 

Continuations  of  this  kind  are  chiefly  of  use  m  eoUb^ing  in- 
tegrals in  the  form  of  series,  whiqh  in  certain  cases  are  very 
remarkable. 

To  integrate  v'<te. 


dx 


But  dv  =  dX.  (j:  +  V  a'  +  ^)  —  - 


INTBORAL  CAIiCULUt.  ^^ 


i/  a*  +  «•-' 


Tointegnle 


Vl  +«' 


Put  V 1  +  0"  =:  tt 

Then  a"  ==  u*  -  1 
And  /.ax  o'dx  =  StM^u 

-Or  ax  = ~  


A 


La.<f        /.a.(tt'— 1) 

di  (to  _       «(fe 


^1  +  0-  «         /.a(tt«-l) 

""  Iff  J    tt*-l         /.a  'tt+1 


510.         Let  -i-  =  tt 

X— a 


eto  du 


(x-ay  a 

Also  «  = 

1-tf 

"  (or-  ay        1-tt  l-« 

=  ^  -  du 
1-tt 

x—a/        x—a 

=  _  t-Hl-  _f_  =  /.  (a-x)  -  /.  a  - 
X  —  a      «— a 


X 

x—a 


^^  INTEGRAL  CALCULUS. 


To  integrate  ^^^^"^ 


Assume  // 1  +  jf  £=  u 

« 

Then       "^      a=  At 
Vl  +  a* 


And  tj  V  —  3f  =  tji  —  u* 


J 


Now  if  i/  2  be  the  radius  of  a  cirde,  and  u  the  abscissa  mea- 
sured from  the  centre,  then  i^2^u*  =  the  correspcmding  ordi- 
nate; and  it  is  known  ihaxj^d.  (abscissa)  x  (ordinate)  =  the 
area  comprised  between  the  ordinates  at  the  extremities  of  t&e 
abscissa,  which  call  A. 

xdx 


f- 


rr  A. 


Otherwise. 


Assume  .  /  J_^Zj^  =  « 

x* 


iteffral  is  reduced  to    / — ^      " 
^  J  (1  +  u-)« 


To  integrate  ^ 


V  1  —  «"•• 

Put  1  —  c-^  =  u* 

/.  »Kfd:  X  €~^  =  2udu 
.    cLr  9d«  2du 


•  • 


tt  nuT^^         i».(l— tt') 


/da:  _  Jl^    i^  2du      _    1     ^     1  + 

J  1  -  e—i«         mj  I  -  u*  ^   m     '    1  — 


=:  —  /.  (26~  +  2  Jc***-  e~  —  1) 


511. 


IITKKIRAL  CALCULUS.  ^^ 

AMome  X  (1  +  x)*  s=  » 


Thendx.  (1  +  xy  +  —  xdx.   ^l+x  =  du 
:.  fxdx  /TTx  =  i.  II  -  JL.  (1  +  x)i 

•'  ^  3  3X5 

=  i-(l  +  x)*  (X  -  — .  T+x) 
3  ^  "^  5 

=  ±.(l+x)*.ifZi 
3  5 


512.        Let  1  +  ox  =:  « 
Then  adx  =  dtf 

Anddx  sz  — 


a 


.■./^.a+»)-*=/^  =  -^--^ 


ax 


513.  Assiune  -—_---.  =:  u 


Vl+* 


1  +  x  «  (1+x)^ 

^        dx         __     1      xdx 

xdx  2dx 


0  +  ^)*     vi+^ 


—    2du 


J   (1+x)* 


X    —       tt 


1        .  X 


*  v^  +  * 


466 


IHTKNUAL  CkhOmASM. 


514.         — ^-_  =  dz.  see.«  (hz)  =s  dB.  (1  +  taiu* (•«)) 
cos."(n2)  ^    ^ 

=  -L.  d(nz).  (1  +  tali.^  («z)  ) 

n  l+tan.«(nz)      ^  ^    ^^ 

ss  — .  d  tan.  (nz) 
n 

C     dz        _    1 


.    r    dz  1  *     /  N 

^  ecw.*(fiz)  n 


Otherwise. 
d.tan.nz=z       ^"^       -        "^ 


co8.*(nz)         COS.*  (nz) 

7 =  — fdttok.  (nz) 

cos.*(«z)  n*^  ^    ^ 


=  —  tan.  nz 
n 


516.  Let  x",  (1  -  ar«)*  =  v 

Then  ciu  =  2xdx.  (1  -  o-)^  -  3x^dx.  ^1  -j:» 
=   2a:da:    V  ^  -  **    — 5x»dx  V*  -  ««• 


•^  5 


• 

15          ^ 

To  integrate  . 

xdx 

Put  1  +  a*  =  u* 

•*.  xdx  =  «d« 
And  1-x'  =  1  -  (ic»  -  1)  =r  2  -  tt« 


r 


.\  1  -  «♦  =  h\  (2  —  «•) 

suix  udu  du 


516.        /ti*x«iir  s=  t>»  ^  -•    r  ^.  St^rfr 
But  /Tf!  xSt^ctors/w'xCx'— )5=/V(jfdx)==f^ti^--  f^vdn 

And  r£>,%vdv^  r±  .^.^=  ri..^dr=:  Jflt,-  rJflit, 
J   S  J    S  X     J    S  9         J      9 

And  rJ^dv  =rLx^±^riaf^dx:=.±^ 
.  J      9  J   9  X       J    9  87 

•^  8  8  9  27 

8    ^  8  .9  / 


To  integrate  let  V~^=  y 

Then  a:  =  y* 
And  dx  :=  8y<ly 

dx  _       2y<fy       _        g<^y 


Again,  let  1  +y  ==  «' 
Then  2dy  s?  4  lafu 


And 


^^  mTWB.hM^,ChJLCf}LVBf 


Buttt=  Vi.+y  =  Vl+  V  ^ 


=  2/. 


V  X 


(Vi+  V^+0' 


To  integrate  vjrcfo;,  we  have 

jvxdx  =  V,  —  —    /  — .  dv 

2         J     ft 

—      ^^    ^     /^^*       ggrfx 


Now     CJl^^^arJ^^^^afdx^-   fj^ 


o« 


(by  division)  =  —  («?+  — .  v 

• 


■'sag 


I 


517.         Instead  of  (sin.  zy  dz,   the  first  Edition  has  it 
(sin.  z)*  dZf  which  we  will  suppose  the  correct  form.' 

Now  dz  =  —        '        ;  /.  if  we  put  sin.  z  =  y,  there  results 
^l--sin.*z 

(sin.  z)*  dz  =   ■  ^    .^ 


Assume  y«  .  ^  1  —  y«  =  Pj 

ThendPj  =  8y2rfyVl-y'  -       ^^^^ 

Vi-y* 

_       Sy*dy \y^dy 

/_yjrfy_    _    3_   p   y^dy      _  J_,  p 


INTtORAL   CALCULUS/  ^^ 


Again,  «ssiiine  y  i^  1  —y^  s  P^ 
Then  dP,  =  dy.  jr=f  -  -4^^=-=^—.^=: 

Vi-y*    V»-y*    V»-r 

^    VT^        «  »/     VJ^^        8*8  8 

Hence  C   V*^^      =z±z-LV,-±.  P, 

J  V»^rp      *       8*4' 

But  y .  i^l  —  y*  =  sin.  z.  oos.  «  =  —  sin.  82 

2  y  g  g  g 

.\  f  {wi.zYdzzz —  X  (62  — 4sin.8.2  +  sin. 82.  cos.  82) 

16 

s=  —  (I82  — 8  sin.  8.  z  +  sin.  4^) 
38 

This  might  have  been  obtained,  by  expiUiding  (sin.  z)^  accord- 
ing to  the  functions  of  the  multiple  aics. 

Thn^  let  8  cos.  2  =  x  +  — 

X 

Then  8. COS.  4z  =  a:*  +  -- 

J?* 


2J  —  1  sin.  z  =r  a:  —  — 

X 

Sec,  =:  &c« 
Hmoe  I6sin.*z  =  J?*  -4a^  +  6-4.-l.  +  -L 

X«  X* 

=  j:*  +  ±  -  4 .  (j*  +  i^  +  6 
-t4  ^  x^J 

=r  8  cos.  4z  —  8  COS.  8z  +  6 
1  1  8 

.*.  sin.  ♦«  =  —  oos.  4z— —  COS.  8z  +  — 

8  8  8 

= (4  COS.  4z  —  8.  8  COS.  8z  +  18) 

38   ^ 

VOL.   I.  IT 


^90  IKTBGRAL   CALCULUS. 

/.  f8m^z.dz=2  —  (/  4fdz  cos.  4z  -sftdz  cos.  Sx  +  \2z) 

* 

s=  —  (sin.  iz  -^  8  sin.  82  +  ISz) 
S8 


dx  +  ^jrefx  ^         <&?  ,      1  a:dj? 


618.  "^   '  ^ c=  .  +  — . 


x« 


3 


both  being  common  ibrms. 


519.         cos.  (A—  B)  =  COS.  A.  cos.  B  +  sin.  A.  sin.  B  > 
COS.  (A+B)  z=i  COS.  A.  COS.  B  --  sin.  A.  sin.  B) 
.*.  cos.  (A -  B)  —  COS.  (A+B)  =  2  sin.  A.  sin.  B 
Let  A:?:  mdy  Baz  nd 

Then  dfl  sin.  mfl.  sin.  n  fl  =  —  cos.  (m  —  n) fl -_  cos.  (m'^n)^ 

=  — ^ ;..  d  .  (to— n)fl.  cos.  (m<-n)0 

2  .(to — ») 

—  — -.  d.(TO+n)fl.  COS.  (TO+n)fl 

2.(to+») 

.'.  /*(ifl.  sin. md.sin.nd=:-— ; -.  sin.  (to— »)fl-        ^  ^ 

-^  «(TO-n)  ^         '        «.(TO+n). 

sin.  (TO+n)0 

=  X  (n.  sin.  mO. cos.  nd— mcos.  mfl  sin.  n 0") 


520.     x*ciir(l+c«*)-*  :?:  l£afLlffi.(l  +  aJ)^^ 

16         ^a 


/./r*dx(l+ax*)     *  =  — a.(l+aar*)' 
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521.  r   ^  ^  =  tan-»x    (ViMe^Uufmai). 

To  integrate  x^  dx  (1  +«■)* 
Assume  or*.  (1  +«•)*  =  P 

/.  dP  =  %xdx . (!+«')*  +  S«^ cte .  Vl  +«* 

.-.  fx^dxsjl  +  a*  sn  —  -^   —  fxdm  /T+1? 

5  5 


To  integrate  V  a*  +  J*  •  <fa 

a 

We  hare  «te  V^^T?  =  '^ '  ^°'+*')  =      «'<to    ^_f! 


d!x 


V  «•  +  •«•        V«'+«'     V«'+«* 


Now,  let  j?Va*+^  =  P 


x^dr       _•   dP  a«         do? 


Hence  Cdx/^n^^^  f     ^       +  Z  -  f    ^     ^ 


*  2a 


U  2 
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/a«a:*cte(r=/x*.a'dar)=a:*£.  -     Cj^^xdx 

J  La  -         (Lay  J      (/.a)« 


SO^JC  2CLX 


(La)*         {Lay 


-  2xla+2 


I 


la  (l.ay        (l.a)> 

la^       La       {uyj    {uy    ^    V 


522.        Since  dy  s  d.(l  -fy) 

J  1+y      J      i+y 

J  xJ  ai"  -  l^         ^  J  xJ  a^  -^  b^  * 


ax^dx 


523.        To  integrate    ^  "^^   ,  let  x.  V 1  -  J?*  »  P 


.-.  dP  =  <ix  >/l  -  x«   — 


V  l-x«  *  sj  \-x 


2  ./  1  -*«  2 


ax^dx 


=:  —  Sin.  *  X   —  —  X.     V  1  —  *^ 


dv 


To  integrate ^ ,  let  v.  (o*  +  t?*)-'  =  P 

A  dP  =  dt;.  (a*  +  vT^  -  Jtj^di^ 

(o*+t;«)« 

But      *^^^      =      ,^^        x(t>Ha'  -  «•)=  «*L— _i^ff!l_ 
.    jp  —      2a'rft;       ^       dv 
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a^dv 


(a*  +  v»)'  «o«  2a*  J' 


V  1 


a«+v«  2a* 


X  tan.*^  w 


To  integrate  z^dy,  we  have  the  form  J'udv  sz  uv  —  fvdu. 
fz^dy  =  z^y  —  fSyz^dz  ;  hut  d!2  =  — Z'  ^       (Lacroix^  Ftnce.) 

A  fSyz^dz^Safz^ — ^^ —  =   -  Qaz^    /7^  + 


Sa  yV  a*  —  y^  X  8z(fz 

But  6a  f  Va*-y*  X  zrfzsr  ^afja*  —  y* X  2       ^      =:6a*fzd9 

=  6a*  sy  —  6a*  yV*'* 


=  6a'2y  —  6a 


=  6a'2y  +  6a'.  >^a«  -  y*  ;  hence  hj 
sobstitution  we  get 

/z'dy  =  z'y  +  Saz»  Va'—  y*  —  ^«*^y  -  ««'  V«*-y* 
=  zy.  (a«  -  6a»)  +  Sa  ^  a^-y*  x  (««  -  2a«) 
=  z.  (z«  —  6a«)  sin.  z  '\'  S  a,  {z'^  --  2a«)  cos.  z 


dx  1 

524.  To  integrate  — -,  put   _  =  u 

.    ilx 


=  -  duand  «  +  a=  ±  +  a=i±f!i 
dr  —  udu  —  ttdtt 


x*(a:  +  o)        -1  +  att  au+l 


+  hy  division 

a  a-(att  +  l) 

— </tt  ,  1         adu 

+  — . 


a«      aw+l 

/.     C—^^  =  -  ±  w  +   i-  /.  (au  +  1) 
J  x^Cx  +  a)  a  a^      ^  ^ 

—  —  *    4-    ^  ;  rt-f-x. 

ax         a'^        X 


^^  INTBORAL  CALOUUWU 


Otherwise. 

1  A  B  C 

Assume  — .=  —  +  —  +  — Jl-reducetoacommoa 

a^.{x  +  a)        x*         X         x+a 

denominator,  and  equate  the  like  powers  of  x  in  the  numerator, 
fee.  ike. 


To  integrate         i    ■■.■■ ,  assume 


A 


(x-2)^(a:-S)  x— 2.(x— 8) 

.       B     _  (A  +  B).x  -  8A  -  2B 


ar-8        :c— 3  (a:-2).(x— 3) 

/.  3A  +  SB  =  -  1 
3A 

/.  B  =  1  and  A  =  —  I 


+  SB  =  -  1  1 
4-  3B  =       0  J 


fi 


x^dx  _     P/x^dx  _  x^dx\ 

{x  -  2){x  -r  3)  ^  J  Vx— 3         0?— 2/ 

Now  — fz  =  xdx  +  Sdx  +  by  division. 

X — 3  x  —  S 

And  f!±  ^  «te  +  2(te  +  i^ 
4?— S  x-^2 


J  (x-2).(x^8)       ^  J  x-3  J  X- 

=  X  +  9  /,  («-»)  -  4  «.  (x  -  «) 


dx 

i 


Otherwise. 
x*dx  x^dx 


(x-S).(x-3)         x*--5x+6 
Assume  x  —  —  =:  w 

8 

Then  x^  -5x  +  6=:tt«+6  -_=:»»-  — 

4  4 

Andx«  =:  (te  +  ±V  =  ««  +  5tt  +  ?^ 
And  (/x  s  </tt 


1NTB«RAL  CAIiGV{.U8k  ^^ 

/'        x»dx         _  ru*d»    .    n  &udu    .85    /*   «fa 
(x-«).(x-S)    J  «*-i  V  tt*-i      ♦  J  tt'-i 

8  M+l  8       '^  4/ 

But  l£f.!izi  =  !£/.(«- JL^  _Ii!./.(«  +  ±^ 

8      K+i.  8  8/  8^  SV 

2^  4/  8  «/  2  2/ 

J  (x-8).(x-.8)  ^         «/  ^    ^    27 

=    a;-  A  +  9.  Z.  (ar-S)  -  4  /.  (ar-2) 

a  result  less  than  the  former  by  —  which  was  introduce  bv  the 

2 

principle  of  du  =  (/.  ( j:  —  — "Xsi/x. 

/-^=_  X  log.j?=  V?+^x  logx - />/«•  +  Jc* X rf. log. X 

But  d,  log.  X  =  jZ, (r  being  the  radix  of  the  system.) 

x,L  r 

:.  J  ^ITf?  X  -$-  =n  -L  r^.^lF+? 

x,l.r         l.r  J     X 

^  ^a_  r  2adx     ^  ±,/;?T? 


^  IKTBORAL  CILLCULUS. 


•'•  I —  log.  XIZ  Af  a*-^  J*log.  .g-^— ./ ,    r 

t/  v«*+«'  *•'■    V'^'  +  ^'  +  fl 


-  ±.V  a«+x» 


i«    #— T-: — :     ato    .  a 


-  Va'+«*1 


Ir  Ir       Ir 


526. 


gcLc  ,_  a«te  —  {adx  —  a:cLr) 


i/  2aa;  —  a:*  .^  Sox  —  x* 


,J  %ax  —  a?«  ^  2ax  —  x^ 

/xdx  __  -  ^ 

—  ■  =  vers."^x  —  ij  2<ix  —  x* 

J2ax  —  x^ 


526. 


/a?(te.(a«+a:«)«  =    T—  x  Sxrfa:.   (a«    +   x*)» 


=  -L.  (a«  +  x«)* 
8 


^^^^       n  xdx     _  J_    /»_2xd 
^^'  Ja«+x«  2  J  0"  + 


2xdx 


=:   -L.  /.  (fl«  +  X«) 

~»  =:  vers,**x  (Lacroix  or  Ktiice.^f 


xdx 
^2ax'-x* 


527.         Let  —L-  =  u 

X— a 

Then  .    ""^  ..  =:e/te  aud  x-ra  =:  -L 
(x— a)2  « 


V 
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+ 


u  u 

dx  ^^  udu  ^  __    du 

"  (x-a)»x(x-6)  "^       (a-6).«+l  ""       o^ 

cfu  ^   — rftt     ,    {a—h).du 

J(x-a)«x(x-6)  0-&        (a-6y     "^  ^ 

1  .         1        ,  a?— i 


(x-a).(a-6)        (a-ft)«      j:-a 


Otherwise. 


Ansmne  J =  ^f±®   +  _^;rediioethe80 

fractions  to  a  common  denominator,  and  equate  the  coefficients  of 
like  powtts  of  x.  Hence  obtaining  A,  B,  C,  &c  the  integral 
required  may  he  found. 

To  integrate  ^+ V^*"^.  dx,  we  have 

X 

a  +  ij  ar  —  ar  =  ^-         -  <^  —  = 


a^*J  a*  --  x^         o—  >/a'+  oj* 


.    a+Va^-o:*^    - ^ 


X  dx  = 


Again,  let  a«  -  a:«  =  «* 
/.  xdx  =  -  twftt  and  we  get 


OP  tt— a  tt— a 


a) 


=r  —    V«""-^-^*  ^(V^*—^  -  «) 


To  integrate  XV/x  =  (/.j:)»  rfa:,  we  Jiavc, 


<09  IKTSOBiX   CKUOUgVn* 

J  (Lxydx  =  (Ixyx  — /xX2  /.x  X  d.  I  x 

=  {IxYx  '^f2l.xxdx{d.Lx  =  —  j 

8iimlarljry/.x  X  9dx  =  2xZ.x  -^  f%x  X  (/.^ 

=  2xLx  —  2j: 
:.  f  {Ixydx  =  a;(Z.j;)«  —  Sarlr  +  2j: 

=  x,{Q.xY  -  2/^  +  2} 


To  integrate  — 


a:«+2a? 


a:*-8x3-x«+«ar  ^"^  x.(;r+l).(ir-l).(a:-2)y 

—  +  -f  +  y  which  being  reduced  t»  the  flame 

X         x+I         X — 1         X  — 2 

doQomoator,  we  shall  have 

A  X  (x2  - 1).  (»  -  8)  +  B  X  X.  (*  -  1)  (jr-t)  +  C  X 
X.  (x  +  1).  (x  -  2)  +  D  X  x.(x«  -  1)  =  1 
Let  X  =:  0 
Then  A  x  (-  1)  X  (-  2)  :=  1 

/.  A=± 

2 

Let  X  =  —  1 
Then  B  x  (-  1)  .  (-  2)  .  (—  S)  =  1 

/.B=-l 

6 

Let  X  =  1 


ThenC  x  2  x  (-  1)  =  1 

1 
2" 


/.  C  =  -  1 


Let  X  =  2 
ThenD  x  2  x  3=r  l 

a 


Hence   C ^ =1   C^l  -  L  .    CJf.- 

J    x^-2x'— x«  +  2x       fi  J    X  6      t/    JP-^-l 
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<ilO 


+  Li.  (x-t) 


2 


Z  1  ;     X+1 

*— 1  6  X— 2 


528.       Assume  P,  s=  jf^^  x  V**^^ 


.'.  rfPi  =  (wi-.l).«— ^dar  xVfl*-J^- 


j:"dr 


_  (j»— l)a«a:^«(far 


Va'-*" 


nu^dx 


Hence  appears  the  use  of  the  following  assnmpftioiis : 

y~        ^  y   oTdx 


P,   = 


ijd*-a* 


P,  =  «"-«  /?-^ 


F    — 


P^  =  a:^*  sja'-a^ 


> 


P»_i=  x  j^a*'-x' 


F    r= 


F. 


(m  being  even) 


Whence  Pj  =  («-l)  ««  X  F^  -  w  F^ 
Similarlj  P,  =  (fn^8)  .a«  X  F^  —  (m-^S^)  F, 
.       P,  =Xm-6).a*  X  F,  -  .(i»-4)  F, 

P— X  =  «*  X  F«  -  2  X  F«.jj 

"*■"  V.  F    —  ^ 


/.  F„  =  a« . 


F,  =:  a« . 
F^  =o«. 


m 

J»— r 

8 

m  — 

2 

TO  — 

5 

m 


TO  —  4 


F    — 


F     — 


3 


m  -  2 

TO—  4 


fcc.  =:  &c. 
F_,  =  a*  X  i-  X  F«   -  ?^ 

2  2 
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Hence,  by  substitution,  ve  get 

p.    _       Pj         a«.(»i-.l)    ^     P3     *     a*.(m-l).(m-S) 
m  m  tn  — 2  m.[m^2) 

X  ^    -    ^'  X(m-l).(m-3)  x(m-5)     ^    Zl.    -   Ac. 
m  — 4  »i.  (j»— 2)  .  (m  — 4)  »i  — 6 

«i.  (i»-2)  ....  2         2  m.(9n  —  2) ....  4x2         2 


/ 


=  — .  sin."*j:,   when    x  =:  0,  we  have  F«  =:  0, 


/oX  1 

=  —    X 


db  *>  ±  8ir',  &c.,  generally  ±p»  {p  being  any  integer,  and  w 
the  semi-circumference  of  the  circle  whose  radius  is  a) 

Also  P^,  P3,  &c.  Pm.^,  having  each  a  factor  =  x^  vanish 
when  X  =  0. 

.'.  when  X  =:  0  and  m  is  an  even  number, 

f^^=F  — -f.P^'V  ^  3  X  5  X  ....(»!-  5).(«i-  S).{m'-'  1)  ^  ^» 
^a^  —  X*       *  *    2X4X6X  ....  (m-74).(m— 2)  .  wi 

But «-:  1  ::«-':  a 

.*•   w  =:  air 


/; 


and2  X  4  X  6X  &C....(m-4)  X  (m-«)  X  wi=  2^  X  (1   X  2 

X  3   X  4  X  ....  — ^ 

2/ 

.V   r    ^^     g:-fcp^y^X3X5x....(m-3)x(m~l)    ^  a^^ 
J    i/a*— «•  1  .  2  .3....  (5  — 1)  .  5  gf+i 

If  m  be  an  odd  number,  the  same  process  will  apply,  as  in  this 
case,  we  have  only  to  continue  the  operation,  reducing  m  until  we 

arrive  at  F«^.   =r    C     ^'^      =  -  Ja^-^x" 


iveatF^,  =    r     "^      z=z-^jin 


To  integrate  — - — ,  we  have 

sin.  z 

Vl  -8in.«2 


INTEGRAL  CALCULUS*  301 

dz  d .  suu  z 


•  ««■ 


»^-«  wa.z.^\-An.H 


.,  which  is  a  common  fonn. 


_.  .       sin.  2         ,  -^^ 
==  I.  =:  c.  tan.  z 

I  +  COS.  z 

Otherwise. 


(J!J) 

/^cfe     =    r  dz  r  ^cos.'l^ 

»n.^       J   2  8in.|.   COS.  J  J      ,  sin.  |>. 

^oos.£-' 


/d.  tan.  *        ,  2 
I  =  /.  tan.  ± 
tan.  I  * 


To  integrate      ^  ^^     >  let  ?L  =  u 

Thenli^=:  ±dw 
r* 

And  iL  =  tt« 


r« 


Hence  T  J^^  =:   f_£^  =  A    /L^ 
J  ^r^^y^        ^r*Vl-y'  »  •/  V  1 - 


tt« 


f 

=  sm.  lu  =r  Sin.  i5l- 

J 


529.         ^!^  =  x2(ix  +  axdx  +  a^dx  +  ?i!^  by  division. 
X— a  X— a 

...     r  f!ff?  =  fi  +  if!  +  a«x  +  aU.(x  -  a) 
J    x-o  S  8 
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To  integrate  y^dy  (a«  -  y«)^  atsaine  y(a«  -y«)^  5=  P 
Then  dP  =:  dy .  (a«  -  y*)*  -  3y«(fy  ijo^^y^ 
:=  a^dy  .  Ji/ a*^  y*  —  i^dy  tj  <!^ -^  y* 


:.  fy^dy  ^a^^y*  =:  l^fdy^a*--f^^ 

But  if  a  be  the  radius  of  a  circle,  y  an  abscissa  measured  from 

the  centre,  then  the  corresponding  ordinate  is  ./  a*—  ySandyViy  x 

V  a'  "  y'  =  ^®  <i^^  comprised  between  the  ordinates  at  the  ex- 
tremities of  the  absciBsa  y  ;  which  putrs  A 

.-.  /y*<bf  V"?^  =  ^  X  A  -  I. 

4  4 

Otherwise. 
Let  y  :=  sin.  d>  to  radius  =  a. 

.•.  y'cfy.  (o«— y«)*  =  sin.«firf fl.  cos.  fl  X  (a«  -  8in.2fi)* 

=:  rffl.  sin.^fl.  cos.^fl 

=  ^  X  sin.«(8fl) 

Butsince  cos.40=  1  —  2  sin.^  2^,  we  have 

sin.*2fi  =  i.  -  22Lii 

farxdx:=:x.fafdx  ^Jdxjifdx,  by  the  form/ u*  =  w 
•  —  fvdu 

Buto'dx:=£l£ 
/.a 


sr  _  /I*  — 


/  a  (/.a)« 

=  £.  X  (j:  -  i.)    =  ^  X  (x^  -  1) 
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530.  /l^ffL  ^  ±  p 


«'^    -.iLtan-* 


+x« 


531.  ^^^    =  x^dx  -  a«  J«rfx  +  a^dx  -  Ji!^ 

actual  dirkion. 


5  8 

dx 


+  a*a:  —  a*  tan."** 


To  integrate, ==.  assume    V«'+^  =  P^ 

Then  rf.Pi  rr-ll^x  V«^+l?  +  "^^ 

^^  x'Va*  +  3^ 

—  4a'</x  8</x 


rfx  __        rfP,  S  rfx 


Again,  assume  P,    =  ^  ^^f' 

X* 

Thenrf.  P,  =  Jl!^.    V"^^r^  +  -^    '^"^ 


x3Vo*  +  *'        xVa*+x»    . 
</x  __    — rf-Pg    _      1  dx 


xVa*  +  x»  ««•  2«*      x^a'+x* 

Hence,  by  sidbstitntion,  we  get 

^=  =-  ^  +  .^d.P,  +  J-         ^ 

x5  v'a'  +  x*  *«*  Sa*  8a*j.^a«+a:« 

/.  r        ^! =J^x(3P,->2a«P,  +gl/.    V"^H:^^-A 

4a*  *  a  X  / 

which  is  .*.  known. 


«jw4 
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To  integrate  -^ 
dz 


dz              1                                     sin.  2z 
,  we  have  sin.  z.  cos.  z  s=:  1 1  =: 

sm.  ZC08.2  2 


S</2 


8in.Z00B.Z 


sin.  2z 


;  pat  sin.  8z  c=  y 


Thenrf.(2z)(=  2A)  =    -^'^^'W      =        ^ 

Vl- sin.*2z  *       'J^—y^ 


*    J  sin. z.  COS. z       Jy.j^l-ff        *     l  +  V^- 


—  Z  y  _  1    8in.Sz    . 

l+^l-.y2  ^    'l+C08.«Z 


Now  1  +  COS.  Sz  =:  2  C0S.2,  z 

And  sin.  2z  :=:  2  cos.  z.  sin.  z 
sin.2z  sin.z 


1+C08.2Z  cos.z 


=  tan.  z 


/' ^f :=:  /.  (tan.  z)    (See  page  301.) 
sin.z.cos.z 


532. 


/•dXifr^^maybefonndthns: 


Assume  s^.  ij tC^  x»  =  P^ 


a*.   V«"-^=  Pi 


a:'*"*dr 


=  F. 


Then  dP,  =  2n.  j;»^«dx  V^"-**   -  —  .   ^^"^^^ 


2na".x«"-idx 


5n 


6»    d:**"i(ir 
2  '  ly/o*  -  a* 


.-.  P.  t=2na\  F,  -  _.  F^ 

2 


Similarly  P,=na*  /L£^ 

c/  iJdr  —  ± 


2        * 


Sn 


=    -  2a-.  JaT'^af'  -  f!!  F, 

2 


i 


•  1 
i 
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Hence,  F,  =  J5l.  F,  -  ^  P    -  J£.  (-  ±  a-JlF=? 
a»     *        2       ^  15n  16»  2 


jT-^a^  x"— a* 


=r  — — xi-Cit"— a") 

a*— .X*  2»  n  » 


533.  Let  y  =  sin.  g.  to  radius  (a). 


Thenody  r=   (uiQ.   cos.  Q  =  odQ.  *Ja^—y' 
•'•     /  ^  -  =  y  o^'fl  =  afl  =  a  sin."*y 


534.  To  integrate       ^^^     ,  assume  j£E±£;=zf 

•   dP  =2  3?dx  _   2xdx}jJ a*'^'  a^ 

_  dx  Sa'dx  2<iar 


2a«x  i/a'+x* 

^x/.J^2^— 1-xP 


_        d     vi    ^a^+x"  -a        d    ^  V«*  +  *' 

—      "■   ■  ■      X  *.  ■  ""  — ■        x  — — — — — 

2a3  a:  2a«  x- 
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To  integrate 


x^dx 


(x— a).(a;— 6).(a:— c) 


,  assume 


^  +i+  ^ 


(x— o)x(j:— 6)x(x-c)         x—a        x^b        x—c 

_  A(x-6).(j?->c)-|-B.(3?-a)(j;~c)+C.(j?— a).(x-6) 

(j:— a).(ar—  6).(x  — c) 
/.  A.  (a:-6).(ar— c)+  B.(x-a)(d?-c) +  C.(a:-o)(x-6)  = 
Let  x  =:  a 
Then  A.  (a- 6).  (a-c)  =  I 

(a  — !»).  (a^c) 
Let  X  =  6 

ThenB.  (A=-a).(6-c)  =  1 

•     B=:  ^ 

(6-a).(6-c) 

Let  X  =  c 
ThenC.(c— o).(c-6) 

:.  C  = ?__ 

(c— a).{c— 6) 
.'.  A,  B  and  C  are  known. 

x^dx 


Hence 


Ax^dx  Bx^dx    ,     Cx^dx 

(x— a).(j:— 6).(ar— c)         (x— a)         (x  —  6)  x-c 

=(A+B+C).X(ix+(Aa+B6+Cc)cir 


,      Aoix    B6(ix    ,    Ccdx 

+ ;   +   

,    X— a    X  — o         X  — c 


/I xg(fa?  _ 

(x  —  a) .  (x—  6) .  (x— c) 


_  A+B+C 


>c  x«  +  (Aa  +  B6  + 


Cc)  X  +  Aa.  /.  (a?-a)  +  B*.  /.  (^-^)  +  Cc.  /.  (x-c). 


Tointegfate(a»+a;0"'rf«»     wfcen    /(a'+x«)-H-'  x  rfx  = 


Let  (a«+x«)-+»  X  X  =  Pi 

(a»4-a:')-+'X  x  =  P, 

&c.  =  &c. 

(a'+aj')"^  X  x  =  P^ 


/(a*+  x*)^  dx 

^  and/(a'+^*+*  cto 
/  (a*+  x*)"+«  dr 

5ce. 
/(«•+. rT**^ctr  =  A 
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=  rf*.(a"+x«)-+i+8(ni+l)(ir.(a'+j:*)*.(a:*+a«-a«) 

(a«+a:«)" 

.-.  P,  =  2(m+l)+l  X  F^-2,  (i»+l).a«.Fo 

» 

Similarly  P,  =  2.(m+8)+l  x  F,-a.(m+2)  .a«  X  F^ 
Let  2(m+l)  =  c 

TheiiF^  =  l±l    X   F,  -  i 

F    =:.Ji±L-  xF    -        P« 
*       (c+2).a«  *       (c+2).a« 

Similarly  F,  =  ^  ^  +  ^      x  F,  «  —^4— 

(c  +  4).a«  ^       (c+4).a« 

F^  = -ItiLzL-.  X  F  -__L_ 

'•       (c+2r-2).a«  '       (c  +  2r-2)a« 

Hence,  by  substitution,  we  get 

caH         c+2     a«  (c+2).(c+4)     a*        ' 

^   (c+l).(c+3).(c+5) (c-f2r~3)    ^      J ^  p 

(c+2).(c+4).(c+6) (c+2r-2)         a*-^'-'^ 

+  (c+l).(c+3).(t+5) (c+2r^l)   ^  _!_  ^  p^, an expi^s- 

(c+2).(c+4) (c+2r— 2)         a^  ^ 

sion  which  contains  known  quantities  F^  =  A,  P^  &c.  only. 
/.  F^,  OTf{a^-\'X^Ydx  is  known. 

To  integrate  2"rfy,  we  have  the  form  fudv  =  icv  —  fvduy  by 
which  we  get  ^  > 

fz-dy^^y  -fyd.{z-) 

But  d.  (z«)  =  112— cfe  =:  iw*-'.        ^y 

:.fyd.{z^)^fnt--^  X    y^y 

=  Vl-y*X(-n2-0-/Vl-!/^x(-n)x 

=   -  nz^-'^i-^y^  +  n.(n-l)  /z^My 

X  2 


/* 
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:.  f  z'^dy  :=.  s^y^-n^^ ,J  \-y^  -^n.^n-l)  f  z'^dy 


Siimlarry/2— •dyzrz^+  (n-2)2:*-«V  1— y*-  («-*)  •(«-«)X 
/  ^"^dy 

(tt  —  2m— 1)  y  «"^**"*dy 

Hence,  by  substitutien,  we  get 
/z*dy=:z"y-n.(»-l).z"^+n.(n-l).(n-2).(»-S)z*-^ 

—  ....  ±  n  .  (n—  1)  ....  (n^2m-\'2) .  (n— 2i«+ 1  X2""*"y+  V  ^  ~y 
X  {tw"--n .  (n— 1)  .  (»-2)  z"^  +  n.  (»-  1)  .  (n-2)  .(n-3)x 
(«— 4)  2;*^  -  ....  ±  n.  (n- 1)  ....  (n— 2*»)  «•"*•*"* }  T  » •  («— 0  •— 
(n— 2m).(»— 2m— 1)  >C  fz''^~*'*'^dyy  the  signs  +  and  —  being 
used  according  as  m  is  even  or  odd. 

Let  now  n  be  an  even  number,  and  let  the  operation  be  repeated 

!^Zl  times,  then  m  =  'illl,  and  n— 2m-2<=0,  n-2m+  1 1=  S, 
2  2 

n— 2m=2,  «— 2m— 1  =  1,  whence  we  have 

/  ^dy  =  z"y  —  ».(»  —  1)  z*^+  ....  ±  n.  (n  —  l)  .  (n  -  2)  .... 
4rX3xz*y 

{»-l)....X3X2x«} 

:H:n.(n-l).(n— 2) ....  X3  x  2  x  1  X  y 

Again,  let  n  be  odd,  and  the  operation  be  repeated times, 

then  m  =  !?Zi,  n  -  2?n  —  2  =  1,  n  -  2m  +  1  =  4,  n—  im  =:  5, 

2 

n  —  2m  —  1  =  2,  whence  we  have,  in  this  case, 
fz*dy  =  7^y—n,  (n- l)z"^'y  +  ....  ±  « -  (»- 1)  .—  5 X 4  Xs^y . 

+  V  1-y*  xiwz'^' -«.(«— !)•(»— *)«*^+-—±»X  I 

(n— 1)  ....  4X3X2} 

If  n.  (n-  1)  .  («-2)  ....  3  X  2  X  /zJy 

y% 


But/zdy  =r  zy  -  /ydz  =  zy  -    A-^ 

«/     Y  1  — 


=  2y+  vi-y' 
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Hence,  then  we  finally  get,  when  n  is  odd, 

J T^dy  ^^y^n. (»—  1) tJ*^+  ....  ±n.  (n—  1)  ....  x  5  X 4  X  z*y 

qp  ».(n-l).(n-2)  ....  Sy^^Xzy  +  V  1  — y^  {n.j*-' -n.(n - 1) X 
(n— 2)z*-*+....±n.(n-l)....4iXSz:f  n.(«— !).(»— 2)....8X«} 

A  similar  process  will  lead  to  the  integral  of  :i*d .  f  z,  where  ^z 
is  any  function  whatever  of  the  arc  z,  as  cosine,  versine,  tangent, 
cotangent,  secant,  cosecant,  &c.,  log.  z,  log.  (cos.  z)  Uc,  e*,  e****** 
&c.  &c.  &e. 


535.       To  integrate  ^^^^"""^^^^  ^^,  put  z^  =  u 

a+6z" 

.".  z'^  =  ttV 

And  dz^  =  A  z^^  rfz  5=  du 

2 

dXz''*+*^idz  _    2    .^    tt^rftt     _    2    .^    tt'^dii     _  2d 

a+6z*  A  a4- 6tt*         no        u^+ a         n6 

T 

:  {»«<'-i>cftt-  ±,tt«^'-*^  du  +  — .  tt«<'^3)  d,t  _  ....  ±i!!!lldtt 


6  6«  6^^ 


qifl   X        ^" 


r-3 
3 


^  J  ,  o  >  according  as  p  is  odd  or  even. 

b  J 

Hence  ri^if:±l±  = 'J  X  \^i^::L  -  -    ^  Jill 
J  a-i-bz*  nb        i  2p^\  b  2p — 

+  ^  X  -^^^ &c.±-^5 —  ii  qc  T —  X  tan-     ^r«^  m 

62        2p-6  bf^'       ^6^1  5 

which,  if  for  u  we  substitute  its  assumed  value  z^,  we  shall  have 
the  integral  required. 


-'^^^'dz  % 

To  integrate  d  x  ,  put  z^  =  « 

Va+  6z" 

Then  z^  =  tt^ 

And  z-"*rfz  =  -^  X  u*du 

n 


SIO 
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Also  nJa+bT^  =  iJa+bpL^ 
Hence  l2iiZlS  =  !^  x      ^^^    ,  which  is  a  reduced 


form.    For  a  further  reduction,  assume 


Pj  =  tt    'j^a+bu^ 


>     J  ^a+bu^ 


=  F, 


> 


/.  dP,  =  Stt2duVa+^*  + 


sJa-^-bu- 

bu^du 


Sau^du 


.fa-Vbu^ 
4bu*du 


j^a+bu^         tj  a+ bu^ 
:.  Pj  =  8a  Fg  +  4b.  Fj 
Similariy  P,  =  aF,  +  2b.  F^ 

•   F    —    ^»    —  ^*  5^  F 


45  46  26 


86^ 


BntF,  = 


/'      du         _      1  /^      du         _      1 


I  (t*  +  ^/^^) 


Hence 


/ 


2n6 


X  l-.-a--^ 


8<» 


S 


6* 


i'  («  +  .^XfL+tt*)^  in  which  Pj  Pj  and  m  may  be  expressed  in 


terms    of. 
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536.        To  inflate  — zl — .,  put  (a  +  bz)*  =  u 

[a  +  bz)^ 

* 

Then  a  -|-  62  =:  ti)» 

And  bdz  :=  —  ii»^  (^u 


m 


.    r   dz     ^    n   r 


du  =  — •    X   urn 


b .  (n—m) 


mb  n—m 

X  (a  +  bz)~ 


n 


To  integrate   ^        ,  we  have 

or^da:  x^dor  .  ,  o    >  a*xdx 


by  actual  division. 

J  a^-x^  4  2  2      ^  ' 

To  integrate  {a*+x«)*  x  x^dr,  we  have 

(afi+««r=a«"(l+— V=a«-  Jl  +«—  +  m.  "^ ""  ^  X 

^       a^J  I  a^  2 

f!  +   &c.  } 
a*  ^ 

;r*dx  +  m.(m^l)(nt^2)^3^^  +  &c.|   =:  a^-.  H+ J!L-  .  ^5 

2  . 3  a«  *  1 3       5a« 

,  m.{m'-  )  ^7  ^  ^    )  which  will  terminate  when  m  is  a  po- 
2. 7.  a*  '       *  '^ 

sitive  integer,  the  number  of  terms  being  (m  4-  1) 


Otherwise. 

Assume  P,  =r 
P 


P^  =  a;^  (a'-+^r^)— 2J  &c.     =     &c. 


&c.         =         &c. 
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ThendP^  =  8x«dr(a«+x2)-  +  2w  ar*cte.  (a^ +x«)--» 

Hence  dFiZz{3+2m)x^dx.(a^  +  x*  r  -  2ma«  .x«(/jr  xCa^  +*«)—» 
/.  Pj  =:  (S  +  8m).  Fj  -  2ma«.  Fg 
Similarlj  P^  =  S  +  S(»»-l)  F,  -  8.  (m-1).  o«.  F, 

Let  3  4*  8m  =  p,  87n  :=  9 

Then  Fj  ==  Zl-  +  -1  a«  F- 

P  P 

F,  =  i  +.ii:?.a2  F, 
P--8         p-2  ^ 

F3  T=  J^  +  2i:l.  a«  F, 

p — 4        p— 4 

drc.     =     &e. 

p 

from  which  equations,  by  elimination,  we  get  F^  =r  — L.  + 

P 

2 a2.  Pg  +  9'(^''^)        a4  p    4.  &c.,  which  wiU 

p.(p-8)  p(p-2).(p-4) 

terminate  when  m  =  ft  positive  integer. 

When  m  is  negative,  a  different  assumption  must  be  made; 
which  case  as  well  as  that  in  which  m  is  fractional  we  leave  to  be 
investigated  by  the  Reader. 


537.        First  we  have  v-  =    (/.  -\)*=  («^-  — )" 
=  8-.  (/.  -Ly=8"  (-Zx)*  =  (-  2)"".  (Ix)* 

X  J 

/.  /  ©"af  dx  r=  (—  2Y  faf^dx  X  {l^Y 
Now/x»dx.  {IxY  =  ^!l!..(/.x)--  f^!^  d.  (te)*  from  the 

form  J*;udv  =s  «»  —J^vdu 

Bat  d.  (te)-  :=  !g(^-^)'^'-<^ 

X 

J    n+l     ^    '         n+1  -^ 
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Hence  /.  /r^dar.  (/.«)•  =  ^^ .  (Z.a:)-  -  .^^.fafdx.  (/.x)— » 

»+l  w+1 

$LC.    r=     &c.  the  law  of  continuation  being 
eridont    By  substitntion  we  get 

fa^ds.  (to).  :=:  ^  .(Ur-  ^-^,  (/..;.-»  + 

(n+l)»         ^     '  n+1     r  «+l 

^(«+l)«  •  ^     '  * («+l)^» ^^ 

7  &c.}  p  being  a  positive  integer. 

Hence,  tben,we  get/v"afdir2=(-2)"/af(te  (/.jr)*=(— 2)"f- —  x 

»+l 

|(/.x)-  -  J!L-  {Z.x)-i  +  !!L(!!Llil.  (/.x)-«  -  &c. 

r     '         n+l  (»+!)« 

j^  nt.(i»-  l)....(ni-p+8)     (/ .p)«-i^i  i:  ^c.  Iwhich    being  con- 

tinned  until  p  —  1  is  the  nearest  integer  in  m,  will  gire  us  the 
required  integral  in  its  most  simple  form.  If  m  be  an  integer, 
the  series  will  terminate  in  the  (p— 1)'*  term,  and  in  this  case  we 
shall  have  the  complete  integral. 

Otherwise. 

We  learn  from  the  above  result,  that  we  are  at  liberty  to 
assume  J'afdx.  (Lx)* 

=  f^.  {(/.a:)* -A.   (/.a:)-^i    +  B.  (/.x)"-«  -  &c.}  whence 
n+l 

by  differentiation,  kc,  and  by  the  comparison  of  homologous  terms, 
we  get  the  values  of  A,  B,  C,  &c.  the  same  as  before. 

For  this  kind  of  general  assumptions,  see  Vol.  I.  Simpsoii's 
Fluxions^  (last  edition);  which,  on  this  subject  as  well  as  for  a  col- 
lection of  excellent  problems,  is  exceedingly  valuable.  The  writings 
of  this  very  ingenious  and  original  Author,  appearto  be  little  known, 


\ 
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altiiottgh  their  great  perspicuity  in  theory,  ducMhited  by  na* 
merous  and  elegant  applications,  entitles  them  to  the  very  first 
rank. 


To  integrate,  — we  must  take  away  the  second  term 

x2  —  3x+2 
of  the  denominator  by  assuming 

3 

or  —   —  =  tt 

2 

.-.  a:2  -  Sx  +  2  =  tt2  _  ±  +  g  ==  m2  -  JL 

4  4 

And  x«  =  3x  -2  +  M«  — -L=:Stt+A-2  —  JL  +  «« 


=  ©2  +  3»  -f 

4 


4  2  4 

9 


-i  +  3tt+|)  dtt 
i 


==  tt  +  ±.z.  (u»-  ±^  +  i-.  /.  Ji-zi 

2  4/2  t*+i 


whei^nrrx-i. 


Otherwise. 

1                  '^A             B 
Assume =  .  +  ,    i  and  2  beinir  the 

roots  of  the  denominator.  By  reducing  to  a  common  denominator 
and  equating  homologous  terms  with  regard  to  x  of  the  numera- 
tor, we  shall  find  A  and  B  ;  the  rest  of  the  investigation  will  be 
easy. 


538.        To  integrate         ^  assume   V  0+*^"  =  « 

Then  o  +  As"  =  m- 
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Andx  = 


^  (««  -  a)J 


1 

bn 


2 


Henoe 


dxdz      _     2d  ,^  fr'^y^"^  "•  ^^ 


i.-i 


X  ti(f  u 


Zija+bz''         nftiT 


(tt«  -  a)« 


t£(2u 


n,         tt«  — a 


2iJ  audu 


/\    dxdz        ^      <i      ^     r2^  aud 


^  X  z-!!:!:^ 


But  ti«  —  a  =  *«•  =  (V  b^y 
And  u—  \/a  =  i/o  +  6a:*—  1/  a 


Henoe 


Za/  a  -^  bz"^        UiJ  a 


^j    ^a-rb^-  V  g 


V  6z' 


To  integrieite 


2t ""  dz 


2rx(o  +  62") 

ft 

Then  z^dz  = 


,  leU'  =: 


u 


=4*1 


Anda+  6z*  =  a-hbu^ 


i-i 


z* 


dz 


7r,(a  +  62-) 
Again,  let  —  r= 


n 


=  —    X 


cfu 


tt*'x(a  +  6tt«) 


w 


Then 


:=1W^' 


vr 
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And  -  (fPul)^  -:  (2p-i)  ui'^dw 
Also  a  +  6tt«  =  a  +  6.  -L  =  ^"^'  +  ^ 


w" 


w 


But 


w 


V 


«;•+*. 


6  &2 


&e. 


a 


a 


'  J  z'^-Ca+fcz")  na         Up  -  I       "a" 


IO^P-3 


52        tt;2'"* 


—    &C. 


2p  -  8 
which  will  terminate  when  p  is  a  positive 


a«     2p  —  5 

inteiser,  and  the  last  term  will  be  ±  —      /  — ^L^ 


.  or  ±  — 


X—    X     /    — =  ± 


tw-t 


X  tan 


—  a/* 

^  ^  ti;.  If  p  be  positi 


positive 


and  not  an  integer,  let  the  series  be  continued  until  we  arrive  at 
the  lowest  positive  value  of  the  index  of  w. 

Then  substitute  for  w  its  value  in  terms  of  z,  and  we  have  the 
integral  in  more  simple  terms. 


To  integrate 


dz 


zt      X  ij a-^-hz* 


=:rf.F. 


Assume  z  *    =  ■  '^     _ 


Va 


Then  ~  Axz~^'cfo  ==    i^ 
dz  2 


z  • 


n 


tj  bdu 
a/  a 


Also 
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A  F  =  -«/^.    f.  *^"       =-  W6  VT+;^  which  is 


•*.  known. 


539.  r4^^  =  ?^  X     r   ^^     =gg  V  M^ 

J   ^a+bz         *         J  ^a+bz     * 

Again,  /  = / —       ■     =     I (z  +  j./'L+:^ 

adx     radx  _,^,^  ^^ 

Agdn,  r    ^«^     r:/-J Li= =/    » 

/I     (mLt — 2xdx  — i.  ■  ,^  « 
■                =vers.  «  j;— vtfx-x'bycommouforms. 
^     ij  ax  --  x^ 


540.        To  integrate .^         =  AF,  assume  -L  =  u 

Then^=--L(iu 

/  .  .    1  V  «'«*+! 


tt« 


AndF 


2a*  *«*  xs 


To  integrate  dx  ij  hx^  cx^  =  d.F,  we  have 


d.F  =  Vc.d«  y^x-x' 


Assume  a:  —  —  =  u 

2c 

Then  x'  -  A  x  =i  u^  -    *' 


4c2 
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And  dxs=L  du 

:.  d.F  =  aTo  du,  ^  /  **   --ff£ 

Now,  if  u  =  the  abcissa  measured  from  the  centre  of  a  cirde 

whose  radius  is — ,  the  corresponding  ordinate  will  be    /^  _  «« . 

^c  ^  4c*         ' 

whence  by  the  common  expression  for  the  differential  of  an  area,  we 
have  F  =  tf~c  X  area  between  the  ordinates,  the  ordinates  at  the 

extremities  of  u,  or  of  or  —  —  and  is  therefotre  known  approxi- 

xc 

mately,  because  the  circular  area  cannot  accurately  be  found. 


dx 
641.        To  integrate -_  =  rf.F,  assimie 


ThendP  = 


(a*+a:")T 

dx  s^dx 


{a*+ar)n         (o*  +  a-')r+'' 


But  ^:^1_  =:  ^f__  X  (a-  +  X*  -  a-) 

(a"  +  a*y^'         (or  +  ary^' 

^         dx         ^         a^dx 

(c^  +  x*y        (a"  +  ^F^* 

Hence  rfP  = ^"^^^       =  a-  x  dF 

(a"+  aJ»)lr"^' 

/.   F=  JL=:  J_   X  ^ 


a*  a* 


(a*+  af)» 


To  integrate ^li =  d.F,  assume 

P 


/S+T  », 


INTEGRAL   CALCULUS.  "^^^ 


Then  d.F  r=  i^  -  i^-  V^+^ 

=  ±  dr. -llLllllZLL 


(or- l)^.(x+l)^ 


=:  -  dJ? 


(:r-l)^.(ar+l)* 
.-;  F 


This  kind  of  assumption  is  useful  in  the  integration  of  all  func- 

dx 
tions  of  the  form  .^.__ ,  and  of  many  other 

(x  —  a)m      X  (a:  +  a)  • 

forms  which  may  be  found  in  Euler,  and  in  a  very  useful  work 
lately  published,  entitled,  Examples  of  the  Applications  of  the 
Differential  and  Integral  Calculus,  By  G.  Peacock,  A.M.  F.R.S., 
&c.    The  reader  will  find  this  work  a  great  treasure. 


/ftr 
—  =  d  F,  we  have 


B= 


Lx 


:.  f  dx    I  —  :=z  fdx.Lx  :=!  xLx  —  J  x,  — 

=  O'Z.x  —  j:  by  the  {otiajudv  =;  wv  -  fvdu 
Hence  F  ^fdufdx   I  —  ^  f  xdx.  Lx  —  J  xdx 


=  ff.  X  (2Z  X  -  3) 
4 


3^0 
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To  inyestigate  the  value  of  e*^  sin.  fl  =  F,  we  have 


/.F 


J  sin. 


d 


F  sin.0  "" 

dtan.t 
tan.^ 

/.  Z.  F  =  ;.  tan.  A 

2 

And  F  =:  tan.  A 

.   ^J  si 


4 


£-1 ^     (COS.*) 

sin.  J  .  COS.  2-  sin.  1 

COS.* 


2 


.    J  sin.  d    sr  tan.  ^    the  value  required. 

542^       To  integrate  -  :=:  d  F,  assume 


a:  ij2cLX~  x^  =  P 


Then  dP  =  dx^ 2ax-  x^   + 


Saxdx 


cucdx  —  x^dx 

tj  2ax  —  x^ 
2x^dx 


a/  2ax  —  x^         tj  2ax  —  x^ 


/.  dF  =  2?  X 


xdx 


dP 


ij  2ax  —  jf 


_  Sa        adx  —  ;(ada:  —  a?dar)  dV 


=¥» 


ij  2<ix  —  af 


2 


3a 3a 


Sa     ^    adx  —  xdx 
-  _   X       : 


tjiax  — af 


s 


.'.  F=  r2  X  vers.-x  -^J.flax-3?^  x  ^  iax 
8  8  '^  g- 


—  «• 
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To  integrate  —  (2ax  -  af)^  =  cf.F, 

X 

Assume  jr  —  a  =  u 
Then  a^  —  Soup  =:  u*  — •  a* 
And  2ax  —  jp*  =  a*  —  u* 
Alsodx  s  du 
Andx  =  a  +  « 

A  F  =:  J!L  X  (a*-ti«)*  =  du.  (a«  -  «•)*  X  (a-ti) 

=  odu  (a«-  u*)i  -  tt^u  (a»  -  «•)* 
Let  now  tc  be  the  abscissa  of  a  drde  (whose  radios  is  (a)) 
measured  from  its  coitre,   then  the  corresponding  ordinate  is 

(a*  -  «•)*,  andy*dii.(fl^  —  «•)*  =  (by  the  differential  expres- 
sion of  an  area)  the  area  comprised  between  the  ordinates  at  the 
extremities  of  the  abscissa  «,  which  area  we  will  call  A. 

Hence  F  s=  oA  +  i.  (a«-i«*)* 

8 


543. 


=:aA  + 

-L  (80*  -  «o* 

n   a^dx 

-fj. 

o'd*           _ 

c« 

/*   o'«te       __ 

5i  r 

**ctp     _  a« 

tan.-' 

544.         To  integrate  dx  C  ^  ^  =:  d  F,  we  have 

1— ^7^^ 
1  -  ««  s=  (1-0?). («•+«+!)  =  (l-ap).(x  + 5 / 


8 
TOL..  I. 


I 


\ 


39^  INTflGRAL  CALCULUS. 

Hence,  assuminiF sz  +  Z —  and  rediicins 

to  a  common  denominator,  we  get 

A.(x«  +  a:+  1)  +  B.  x.  (l-.r)  +  C  x(l-j)=:  1 
Let  j;  =  1 

Then  A  x  3  =  1,  andA  =  -L  * 

3 


1  +  V  -* 

Again,  let  «  rr  — — — 


^       „             1  +  V-S         3+>/-3        ^       3+V--3 
Then  B  X  -  --^-~ X  5 +  C  x ^ r=  1 


3  V    -  3 


Or  -    v^-3  X  B+  C  X  -^  +  — 5 —  X  C  =  1.  Hence, 
equating  real  and  imaginary  quantifies,  we  have 
C  X  —  =  il         .V  C  =£ 

2  I  3 

And^-B=o(      andB=i- 

2  ]  3 

/'  dx   _  j_  r^  4.  jL  /"f^f+j^ 
l-x^  3JI-X         3  J    aJ'+x  +  l 

3  6j  a»+ar  +  l     6j  a:'+JC+ 1 

2=  _  1  /.  (i-.x)  +  l  Z.(a:*+a:+l)+i  /"      ^ 

3     "^         '     6     ^  '     «e/j:«+j:  +  l 

Now,  put  a?  +  —  =  M 

Then  x'  +  *+l  =  tt*-JL  +  l:-tt*  +  -l 

4  4 

And  (ir  =:  dtt 


iNTEaRAi^  CALCULUS,  StS 


Hence  dF  =!- JL  <ir.  Z.  (1 -x)  + —.dx/.  («»+ x+ 1)  +  i*L  X 

8  6  8 


separately. 


tan.     ~  (x  +  ]  ^^^  ^1>>^^  dilferentialB  we  must  integrate 


1.  Wehaye/(te./.(l--x)  =  x. /.(l-x)  -   fjZf^   s= 
x./.(l  -x)-  C—  =  X.  /.  (1  -x)  -  /  ((te  +  -^^  by  dmsiim. 
/.  /cix.  /.  (1  -x)  =  X.  /.  (1-x)  —  /.  (ar- 1)  —  ar. 

But  ^'^  =  «*t  -  -i*L  =  •*,  -  _±*L_      - 

/./djc.  /.  (x«+x+l)  =  u.  I  (u*+  ^)  -  «tt  +  —  tan.    "«  ^ 

8.    /cix  X  tan.    —  («  +  _ j  -.  y^  ^  n^.    ~«;  kt  « 

be  the  circdar  are  whose  radius  is — ^  and  tan.  s=  u. 
Then  u  ^  tan.  d 

And/dttXtan.  u    *  =/«/.fan.  fixOr=  0  xtan.O-./d«.tan.d 


J        006. 0 

But  riLssJ  =  -  r±^ti  =  ^  1. (008.0), 

J      COS.  d  J        COS.  9 

.\  /  dm  X  tan.      •  «  =  d.  tanu  d-L  (cos.  t)  which  is  •%  known.  ' 

Y  t 


5d4 
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Hence,  by  substitution,  we  arrive  at  the  value  of 

F=  -i.x/.(i-*)+i.t(x-i)  +  -L*;| 

+  i..«Z.(«»+i.)  +  ±x(>-i-«     ) which,  by 


+  J.  X  9.taii.0-|-— X 

s  a 


(/.  COS.  0)  I 


sub- 


stituting for  II  and  0  their  assumed  values,  may  be  expressed  in 
terms  of  x  and  constants. 


To  integrate 


dz 


z*^'dz 


X  -1=  =  d.F,  letiL  =  oS  J.  =  h\  and  assume  V*'+  «•  =  « 
*V/  *  / 

Then  z"  =  «•  -  A* 

Q 

And  z*"'cfe  25  — .  tidH 

/.  z*^'€fo  =s  i^  tMlu  X  (u«-6^) 

n  • 

Hepoe,also  a*  +  z^sru'  -  &•  +  a«=:  «»  +  c«(c'  c=  a*  -  6«) 

=  _£_  X  f  ^^    -    y<ft<  \ 

»*V7        W  +  c»  ■*  u«+c«y 

=:_£_    x(d«.^*L-il^^ 
nAVT'  **•  +  €•        «•  +  €»/ 

Let  c*  be  positive,  or  a  >  A 

Then  F  =  — %=,  X  (u  -  tan.-^a  -  .  -  x  tan."^ 
nAV/  ^       ^ 

= i-=  X  (c'u  -  (c"+60«  tan.-^it) 

c«nA.V/  ,       ^ 

Let  c'  be  negative,  or  a  <  2 


¥ 
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X5 


{M  +  .  /.  !!ll£t  in  which  two  forms,  if  for 


a,  6,  c,  and  «,  we  substitiite  their  assomed  ralues,  the  integral  in 
both  cases  will  be  expressed  in  terms  of  given  quantities. 


545. 


:^fdz%  cos.z.  sin.  z 

sec.  z.  cosec.  z 

=  fd,  sin.  z  X  sin.  z 


sin."z 


8 


Now  cos.  2z  s=  1  —  S  sin.*z 


.    sm.'z  ^    1  —  cos.  2z   ^  vers.  sin.  8z 

2  8  2 


**  J  sec. z.  cosec.  z  ""  2 


sin.  2z 


546. 


/*xdx+dx   ^    P     dx         ,      r     dx 


s=  Z.(«+ Va«+ai-)  +  — •  I    — 


547.        To  integrate 


s=  cf.Fif  assume 


X' 


/- 


xdx 


=  F. 


=  F,  s-Vo*-** 


3a6  INTEGRAL  CALCULUS. 

/.  Pj  =  4a»  X  Fi  -  5  X  Fj 
Sinularly  P^  =  2a»  x  F,  -  8  x  F^ 


8a*     _   w  4a* 


X  Pj  -  -J  Pi  =  -  -^'-Y^ X  {8a*  +  4a«a:«  +  Sx*} 


To  integrate =  dFj,  assume 

x*  v«'+** 

^3xV?+?=:Pi1     r ^==F,      1 

:r-i  X /^?T?  =  Pe  I    r--^T^==      =  F3       I 
Then  dPj  =  -  Zar^dxy^/JIT^  +      ^*^ 


3a^c^  S(2ir 


.-.    Pj    =  -  3a«   X  F,  -  8  X  Fg 

'  3a*  Sa" 

Similarly  F^  t=   -  ^* 

/.  F,  s=   -  -Zl-  +  JL  X  P, 


8a«  x^*  ^  (*^*  ~  **)  *®  integral  required. 


«48.  Assume    ^£^1^  =    ^1 -a:'{Aa*•+Ba*-•+ 

Cjf^  +  &c.  Q«*  +  L} 


intbqrjilL  calculus.  ^^7 


V 1  -  x»  V  ^  -  ^*  I 

Hence  a-*^  =:  (1-a:*)  X  {2n.Ax^'+(2n-«)Baf^+  &«•}! 

.  -8fi  Aa*^'-(9n-2).  B  ^  -  («n-4)  C  1 

*  .  ^      A>^*-  B   Vx«^'-  C   J-: 

+   «n    X     A  J  +  (2»-2)B  J 

Hence^  we  get  —  2nA  —  A  =  1 
2nA  -  (2n  -  1)  X  B  =  0 
(Sn-2)  B  -  (2n  -  3)  X  C  =  0      ^  |^^„^  ^^j^ji^  equation! 

{«ii-(n  -  1)}  XQ-  (2n-n)  X  L=  0 


we  have  A  =  — 
B=- 


2n  +  1 

2n 


(2n+l).(2»-l) 
C--  2n(2n--2)^ 


(2».  +  l).(2n-l).(2ii-S) 
ice.  =  Ac. 

^       (2n+l).(2n-lX2«-S)..7x5x3 

_  2ii.(2n  -  2)...^6  X4X2 

^^       "^"^  (2n+ 1).(2« -  l)^2n- 3)....5  X 3  X  I 
Now,  all  tlie  terms  in  the  assumed  series  except  the  last   (L) 
have  X  as  a  factor. 

.%  when  X  =  0,  we  have  V*  "^  =  *  ^^  *^  integral  =  L 

Now,  let  X  =  1  then  V  ^  -  ^'  =  ^      

And  the  integral  (between  x  =  0  and  l)  =  V  ^  "  ^^    X  C^^"  + 
Bx»^*  +  &c.  +  L)  —  L 

^  2x4X6X....(2n-2)x2n 

'^  "^  1X3X5X (2»-l).X(2n+l) 

1X2X8X...'(»-^)X« 
"         ^    1  X3X5x....(«w-0x(«n  +  n 


328 
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A  similar  process  will  conduct  us  to  the  required  value  of  the 
other  integral.  For  the  sake  of  variety,  however,  we  will  nae  thfc 
following  method : 

Assume    C   ^^     =  F^  "^   And  a*-»  ^l--x»  =  P/ 

J    J\  -  a*  . 

af^  ^l— *«  =  P, 


/- 
/- 


=  Fi 


&c.  =  &c.     \ 


a*^  V  1  -  **  =  Pj 


=  F 


x^.    V  1-^^=  P-, 


X.    V  1  -  -^^^  =  p. 


Then  dP^  =  (2«-l)  3i*^dx/\  -  a:*  -       "^^ 


=  (gn  -  1)  "^    —  2n. 


af^dx 


.-.  P,  =:(8«-  1)F,  -  2n    x   F^ 
Similarly  P^  =  (8»  -.  3)  F^  ~  (2»-2)  F^ 
&c.     =     &c. 
P^.=  3  X  F^,  -4   X  F^ 
P«   =  F,   -     2  X   F^, 

Hence  F,    =  -    »    P,   +   i!izl.  F, 

8»  2m  * 


F,     ==   - 


2n-2 


XP,+ 


2»  — 3 
2»-2 


X  F. 


&c,    =    &c. 


F...  =   -  5!  +  ±  X  F. 
2  2 


-/ 


X    P,  -      («''-lXgi«-3) 

2n.(2»-2)  (2»  -  4) 


•    P.M1        Ip  2n— 1 

2»  2nx(2n— 2) 

X  P3  -  Sec. 

_   (2n  -  1).(2»  -  3).  (2n  -  5)...5  x  3        p 
2n.  (2n  -  2).  (2«  -  4)....4  x  2  ~    ^      * 


(2ii  —  1).  (2»i  -  3).. ..5  X  3  X  1 
2n.  (8n  -  2).. ..4  X  2 


X  F. 
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Now,  since  Pp  P^....?.  have  each  x  for  a  nudtiplier,  wben 
^  =  0,  all  the  tenns  involTing  them  most  vanish. 

But  F,  s=    /  —     .■       =:  aic,  whose  radius  is  unit j  and 
J    Jl-x* 


sin.  =  X. 


.*.  When  X  s:  0,  F«  ='  d:  m  v,  where  m  may  be  0*  1*  8,  &c. 
Hence,  when  x  =:  0,  we  have 


/ 


jf^dx  («n— l).(2n— S)....8Xl    ^  /  •_  t 

-  =s  — ^  X  iicw**; 

^l^x*  2n.(2n-«)....4X « 


Again,  when  x  :=    1,  P^  Pg,  &c.  P»  vanish,  because 


^  I  —  x^  (=:  O)  is  a  multiplier  of  each  of  them. 

But  F.  =  sin.^'^x  zs  —  -^  2jMt  in  this  case,p  being  any  in- 

teger  whatever.  . 

Hence,  when  x  s=  I,  we  have 

r   ^dx      _  (gi>-l).ftn-8);...3xl    ^    f  Jl  +  gp  ^) 
J    JlZTx*  «ii.(2n  — «)....4x8  \2 

/.  the  integral  of  — ===:  (between  x  =:  0  and  !)-• 

sjl-x^ 

=:  («^-0«n-8) 8X1    ^    f  1.  +  gp^  :p  ^,) 

2n.(8n-8)....4X8  \%  r     -r       j 

^  lX8X.,..(2n-8).(8n^l)    ^    ^  x    (4p  ^  ««»  +  1) 

of  which  the  value  stated  in  the  enunciation  of  the  problem  is  a 
particular  case,  vur.  that  whenp  =:  0,  and  m  :=:  0. 

By  supposing  n  infinite,  and  m  and  p  :=  0,  we  shall  get  Wallis's 
expression ;  for  then  we  have  2n  +  1  =  2ii 

A  J  «      .   1.8.6.7 ad  inf.  P    a^dx  n  sf^^dx 

And  —    X   — T-r-jr  =     I  — ==   =r     /  —  ■ 

8         8.4.6.8 ad  inf.        y^i  —  2*       J   J l-^x^ 

=    !±lrr5lJ!^,  whence  2»  =  4  x  ^'^''^' ^  '°^- 

1.3.5 ad  inf.  I  .8'.5' ad  inf 


549.        To  integrate  d  x  —  (a + (2*) ' ,  assume 


a 

Then  zsz  u^ 


2        *  !-  n       u 


z  n  tt       • 

But  *^X  (a+fttt«)*  r=a^.  (a+6u»)*+6.«(f«.(a+iu«)* 


,    .    t  a 


Also*^  X  (a+6ii*)^  =  a.  *5.  (a+6tt«)*+6.i«rfu.(a+6ii0* 
«  tt 

A   J  ^tt  ^^  /    ,  ,  .X  J              (idu           ,       6.ttdtt 
And —  X  (a+6tt*)'  =  —-i   + ; — -1 

/.  ^x^ia-^bu^)^  =  —x\bu€hL  X  (a  +  bu^i^  +  a  .udu  X 
n       u  n      ( 

(a  +  6tt«)*  +     ^'^^^     +        "'^^      }  wWch   are  conmion 

fbnnSi  giving 

r«^.  *i.(a+iu«)*  =  ^.  (-L(«  +  6««)*  +  -X 
J     n      u  n      1 5  3 


yp^--v/i 


/. * 


nl6  3  ^ 


5 

o«  X 
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To  integrata       '^^^'^       =:  d.¥ 
Assume  ^r  =:  « 


Tfien  2  =  n»     * 

L— I 
,1/2    __    9    w»     ^  —  A     ^ 

Is  IT        Z  n       « 


**      i».(a+6u«) 


Now,  make  P^  =: 1    /^""^"^ 1  ^  ^^ 


(c«+u«)il  J  «.(c«+tt«)* 


«.(c«+«2) 


> 
cfte 


—  F 

4 


Then  df,  =  ^±i^  =       -^^       X  (««+c«-c«) 


/.    P,   =    -    sF,   +   «c«Fo 
SimiUrly  P^    =    -    F^  +  c«  F, 

/.  F,  =  ll-  +  ^  =  JL  X  Pi+  J-  X  P,+  JL  X  F. 
Hence.  P  ^^^.  =  J^xFo  =-il-  x   (.•  P,  +  3P, 


•/  (a+  fa»)^  «6* 


/^      du  1         yc'  +  tt'  - 


Vc'  +  tt*  -  c 
c 


—  — 1  -2 . 

c  « 
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in  which,  substitating  for  P^,  P,,  and  «,  we  shall  have  Uiie  integral 
in  terms  of  t. 

/'       bxdx  _     Phxdx    _    h^  r^xdx 

(a?-o)  .(x+a)        J  3^^  a*  2  J  «»  -  a* 


550. 


=  —  ;.  (a:*  —  a*)  by  a  common  form. 


To  integrate     5  .  we  will  assume 


^a*  +  a^ 


«V«*  +  **  =  P 
Then  dP  =  dar .  ^1?+^  +      ^'^ 

_         a^dx        ,       2a:»Air 
=^     — ==  +  —  ■ 

v^a*  +  J»         V  «*  +  ** 

/x^(ia?      -=  Z  «  ^    r     <fa? 


xJa*+x*        a«  ........ 


551. 


j^dx 


=  xda?  -  -f^£-,  by  dinsion. 


X2  +  1 


I  +^«  2  2      V  ^ 


To  integrate  x^dx  s/a^-^x*  sz  dF^  assmne 


X*  X  (o«+a^)*  =  P^ 
*«  X  (a'+  a*)*  =  Pj    ^ 
X     X  (o*+  o^*  =  Pj  J 


f  x^dXiJ  a*+a*  ^  F^ 
/  x^dxJTT?  =  F, 


/     drVa»+a:"  =  F, 
Then,  dP^  =  Bx^dx.  (a'+  «»)^  +  B.x^dx^a^-^a* 

a   5a'  a?*£te  (a»+«»)^  +  8  x^dxJlF+3? 


INTEGRAL  CALCULtJS.  ^'^ 

/•  Pj  sr  5a*  X  Fi  +  8  X  F^> 

Similarly  P,  =  8a»  x  F,  +  6  x  F^ 

And  P3  =    o«  X  F3  +4  X  F, 

Fi=  ±xP,  -^'   X    F, 
F,=  ±xP,-  I   X    F,    ^ 

HenceF,  =  JL  P^- J^  P.  +  i^.P,  -i^  x  F, 


BotF^  s=  yVifp  i/a'  +  JB*  which  may  be    found  thus ;  let 


4r.Vfl^+^  =  Q 


ThendQs:  ite.Va^+^E*  + 


«*(ir 


=s  (far.  ija+a}  +         ***        X  (ir*^+  a«  -  o') 


=  8dr  Vo'+J^  - 


a'(2r 


7+5  =  :^ .+  ^  r  ^    =  ^+!?: 


I  (x+  iJ7+l?)  which  being  substitated,  in  the  aboTe  equation, 
^e  shall  baie  attained  the  integral  required. 

Again,  to  integrate  f! 2f  =  (2.F,  assume 

o"+z* 


(i)^= 


Then 


»      !Li 


«r    dss:  A( 


And  a"  +  «*  =  a«  +a"it»=  a*.  (1  +  «•) 


no* 
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And  F  s=  -1*..  tanr*  u 

n 


552.        To  integrate  ^ ; — ,  n  being  an  odd  nnmber. 

To  find  the  factors  of  the  denominator,  we  must  assnaw 
jp"  +  1  r:  Pf^en  since  nis  odd,  we  have  (—  1)  for  a  root,  udall 

the  rest,  are  im^aginary,  and, of  the  fonn  a  ±6.  V  —I 
To  find  these,  we  have 


a*  =  —  1  =  COS.  (tp  +  1).  »  ±  V  —1  sin.  (2p  +  1)  w 

.\  X  =  COS.  Itit—  w  ±  ^  -1 .  sin.     P*^     «-,  where  p 

n    •  n 

•I—  1 
may.  have  any  value  from  0  to (afterwards  the  values  of  j; 

recur.) 


Hence  the  roots  of  jb"  +  1  are  cos. ±  V  ""  ^  "s*" » 

n  n 

cos.    ?!:  ±/^.8in.  ?^,  cos.  ^    ±/^sin.  i^,ikc.... 
»  n  n  .         n 


ixos.  2_?  X  ±  V  -  r.  sin.  iL-£flrtand-.  1.  ]Saw cosJI— V  -^ *  >< 
n  It 


sin 


0  —        COS.*  0  +  sin.*  0        ^ 


cos.  e  +   V  ■"  ^  s***-^        cos.'O  +V  —1  M?-^ 


I^t  .•.  cos.  _  +   7  —  1  sin.  _  =:  r. 
cos.  —  +  j^  -  1  sm. —  s:  r 


cos.  2ZL2  t  +  V^.  siniLzi  ir  &  r^ 


^ 

*• 
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5M 


Then  cos.  —  ^  /J  —  \,  sin. -?IL  =  -^ 

n  n  r  ^ 

Sir  T 7     ■    *«  * 

COS.  —  —   V  ^  **s»n =  — 


COS. IT  —  ^  —  1 .  sin. 

A 


Let  !lZl  =m 
8 


&c.  =:  &c. 
n-8 


1 


f 


Hence,  the  fiMtors  of  jf+1,  are  (ar+l),  (Jt— r,),  (jc— JL  ), 

/.  J-  +  1  =  (*+l).(x-rJ  X(a:+i^  X  (x-r^  (*-  i.) 
X  &c.  X  (x-r«)x(j:-J.^  =  (x+1)  X  {x*- (fi  +  i-Wl! 
X  {x»-(r,+JLy+l  {x  Ac.  X  {x«-(r,+-L\x+l{.  Having 


now  found  the  quadratic  dinsors  of  x"-f  1,  let  as  assume 

1  A     .  Ai^THrBj       '\         A^+B,  ^  ^ 


=A_+ 


1+0-     x+1 


j«-(ri+— "jx+l     x'-Cr.+^'jx+l 


A.x+B« 


.,  which  fractions  beng  reduced  to  a  com- 


x'-Cr.+  i-'N  ar+1 

nion  denominator,  we  have  AxD  +  (A^x+B  J  D^  4-  (A^+B,) 
X  D.  +  &c. .  +  (A«x+B«)  X  D«  =  1  (A^,  Dp  D,  ....  D.,  de- 
noting  the  product  of  all  the  denominators,  except  (jr+ 1) ;  ex- 

cept{dr»— 2 (r.+J.^  x+Uto... 

Now,  let  X  =  —  1 ;  then  D^,  D^&c.  D«  become  lero,  and  .*•  we 
get  A  X  R  =  1  (R  being  the  value  of  D  when  x^  ^  \) 

:.  A  =  4  =  ~,  for  Rn-LlliCssii,  when  x=:-^-l, 

R  n  1  +  x 
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To  find  the  p'^  pair  of  mdeterminates  at  once,  (A,,  B,)  we  have 
1       _  _A _    ,  AyjT-fB^  N 

(N  and  M  being  real  quantities.) 

.-.Ax  p-(r,+  i-^a;+l|  xM+(l+«)xMx  (A^+B;) 

+  N  X  (1  +  x) . (je- r^+ — ■  X  X  +  1)  =  1;  let'xssr. 


*» 


.Then  (1+r,)  VL,  x  (A,r,  +  B,).—  1   (M,  being  th«  value  of 
H  on  that  supposition) 

Bat  H= Ldl£ ;  to  find  whoae  value, 

(l+«)xj;t»-(r,+AWlJ 

when  both  numerator  and  denominator  become  Kro,  whoi  x=r^ 
Assume  x  —  r,^  y         /.  x  s  y  -|-  r, 

(l+x)Xyx(x-i-\ 

_y'-  +  n.y-V,  + nrr    because 

(1+x)  X  {x-l.\ 

r/  =s  (cos.  ^^~*)*'  +  V~:ri  sin.  (^  -  0  ^y = cos.  («p- 1)» 


+  V-»  .8in.(«p-l)«=  -  1 
Let  nov  x  =  r,,  then  y  =  0 


nr."^^ 


AxA  M,  = in 


0  + 


Ox(r,-i-) 


HenceA,r,  +  B,  =  (r,-J.)   x    -L_ 
But  r, -  ±  s=  s/TT  sin..SPzl.  « 
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And  r/-'  =  (ooB.  5zl  ,r .+  /^  An.  S^ir)— =  co8.{lli  x 

n  n  in 

-JfclL.  »)  +  /3T.  sin.  (27^1 .  w  -  ^Zl») 
n  n 

=  -  (cos.  ifczl,  -/TTi  sin.  J?Ezlir)  =  -  ± 


«  #  r. 


A  A,r-+  B,=  -iL  V-1  sin.iEllL^  x  r, 

n  n 

:.  A-  (006.  ^EZI  w  +  /ITT  8ra.&Zl  w)  +  B,=:  •£  J^X 

n  n  n 

sin.  .SlZlw  X  cos.lEzLw+±  X   (sin.  -SLiI  »)•  whence, 

n  n  n  n 

equating  real  and  imaginary  quantities,  we  get 
Ap  =:  •—  —  .  COS.      ^         y 


n  n 


B,  =  ±  |(cos..^ZJLir)«  +  (8in.iEZlr)«l   r-  i. 
n    ^  n  n  i  n 

N0W9  if  we  give  to  p  the  values  1,  2, 3 ...—    successirely, 

2 

we  shall  get  each  of  the  pairs  of  indeterminates,  A^,  B^ ;  A^,  B^i 
A«.„  B^„  and  A  we  have  already  found  =  — ;    .*.   we  may 


dx 
proceed  to  integrate by  taking  the  integral  of  each  of  the 

differentials:^,       A.«fa+B,dr      f,^     A,«to+B,dg 

/^Adx 
=  A.  /.  (x+ 1)  and  generally,  we  may  integrate 

dx ^+"f (=  dx ^+°^ \bya8smn-. 

«•—  (%+— "N  «+  1  **~2X  COS.  !? iflr+  1   I 

.  .  So— 1 

ingjp  —  COS.— £- r  =  v 

n 
YOL.  I.  Z 
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For  th^  we  ^Te  j^  -^  «jr.  oos.  .SEzJL  «'-|-is4^-)-i^ 

n 

(ooe,^=lr)»s:«»  +  («ii..SEZ±»)«;an4B-  +  A  »  t=  A  x 
n  n  n 

(1  _ xoo8.-^I±»)= ±.  i  1  -««». JEzi w^ (cos.  ^~'  «  V ] 
n  n    c  n      .  n     '         > 

=  i.  ((sin. iEzi,).  -  «  COS.  iezL,} 
n    (  n  n  1 

And  ^x  s=  dtt 
•••  Z*^-  — ^tS^ =  ^r hr-. 

(cos.  *P~^  w)  udu 
•^  tt'+(8in.— £- «•)* 


n 


/^                                              coy. -il. — .ir 
J!I*L  =  i..  tan.— «  - !L_.  L  (t««+a«) 


Ji 
X 


2p-l 
COS.      '^ 


=  ^.  (aa,-f  V  —  ^  ■■    ,  L  (^-Sor.  oos.  ^-J:.»+ 1) 

n  n  n 

It—  1 
Henctt,  by  substituting  for  p  the  numbers  I,  2,  8 ,    we 

shall  find  each  of  the  pairs  of  integrals  in  succession.    The  sum 
of  all  the  integrals  will  be  the  integral  required. 

The  preceding  solution  affords  a  striking  instance  of  the 
utility  of  the  theory  of  Vanishing  Fractions.  We  performed  the 
operation  algebraically ;  but  the  Reader  may  applyi  if  he  pl< 
the  principles  of  the  Differential  Calculus, 


l^T^Q^Ah  cA}.f)vw9' 
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Tballheroots  off  t  ^  £=  p  are  redproca),  wOI  be 
by  the  Theoiy  of  Reciprocal  Equations,  as  well  as  by  our  method. 


To  integrate  — ^ — ^  =r  dF^,  assume 


=  P, 


>' 


Then  rfP,  r=  ^    g^»  (g"  -  ^0^  „    3dr(a«-^xg)> 


15 +  — ^^n 


6a« 


5a> 


Kmihttly  F,  =  -  J_.  p_ 

•  F    —  —  J_P    — 


16a^ 


P. 


s=  -  y  /^.   X   {3a^  +  «4?«)  t|ie  i^tegral  re- 


I5a4a?» 


qiiir«)d. 


To  intqprate 


4? 


let  L  —  =  11 ;  then  if  e  be  the  hyperbolic  base,  we  bare 

X 

Also  X  =  a€"^ 

Z   2 
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X 


S  5.2  7.2.3 

=  az.-?-  n  -.  u  +  —  -  JiL  +  &c.  I 

ar    C  2.5         2.8.7  S 


553.       To  integrate 


iff —we  have 


/T+^-Vi-*'  ^*'  *** 


dx  4/  1—  a?* 
+  — ^^^-^ which  may  be  integrated  separately. 

Assume ^  r 

X 

.Then  dP  =  Z±  JTT^  +        ^' 

dx      7^-rrr  _    /*       dx  P 

2V  1  +  *' 


J    2«*  J  2a/  ls+ 


1  2 


1  Jl+x* 


/cte J  P      dx  Vl-** 


2s/ 

=   —  — .  sm.  *x— i 

*  2x 


X  X  } 
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To  integrate  afdx^  we  haye 
fsfdx  czfdx  x|  1  +  ar/.a?  +  f! .(/.«)«+ -^. (/.«)• +..oo[ 

But,  by  the  form  yWv   =   w  -  /vrftt,  we  haye  (T)  the 
(«)« term  (=  C  f^^     x  (t^r)— )  = ^     ■:   x(to)— ' 


-/i 


X  d.(ic.)"-  = £! — ^j-  X  (/.«)-'- 


/i 


1.8..(»-l)it  1.2.3..(n-l).n 

'"^  X  Qx) 


1.2 (n— «).n 


/ 


l.S..(n-8)i» 


^         X (to)— 


Sunilariy —  x  fi^dx  (/x)-*= 


1.8 (n-8)»        "  l.8...(n-8).n« 

— ! — far-'dx.ix  =  -f!! — te-  rf£ll^.(uy 

And — I — far^dx^  — 


HenceT=:         ^W^'        ,        ^(^^^ 

1.2....(n— l)n  1.2...(n— 2)ii« 


-  &c.  ±      "^^^       3:  1_.    This  being  the  »'*, 
l.2....(n-S.n»  1.2.n"-'  n-  -o  » 

or  general  term  in  the  above  series  of  integrals,  we  shall  obtain 

each  term  separately  by  substituting  for  n  the  numbers  1,2,3... .oo 

ioccessively ;  and  their  sum  will  be  the  integral  of  afdx. 

Let  j;  =  0.    Then  since  every  term  of  T  is  multiplied  by  x,  it 
vanishes  on  this  supposition.    Again,  let  x  =  1.    Then,  ievery 


3^  iKtttcfltiLL  ^ALGCLUS. 

term  of  T  bat  the  last  being  mnltilffiMjd  by  £f ,  o^  6,  taniitlies,  and  T 

n* 
Hence,  then,  fafdx^  between  the  values  of  x  =  0  and  x  =  1, 

"-I--1  +  1- JL  +  ....00  . 

1  2«  33  4* 


554.        To  integrate         ^  we  have  (Vincet    Smp- 

jjx^  +  fiax 
sofiy  kc.) 


/- 


ijx*  +  2ax 


=  «.(Va:+a+  ^x^+  ^ax)^  = 


2/.  Var+a+  Vx«  +  2ax 


Now,  supposing  ^^  2aa:+x«  a  surd,  assume 


Then\^x+a  —  ^2ax-{- 


ipS  s=  u  +  v        1 


And  V(^+a)*— 2aar-jr«=  a  =  it«  —  v« 


Also  JP+  a  +  ji/Uax-^x*  =  ic«  +  2«t;  +  v« 

.•.  ii«  +  V*  =  a:  +  a 
And  t««  —  t;«  ss  a 


V^+2a 

/.  u  = = — 

^2 

Andt;=  — =. 
V2 


/.«  +  «:=    = 

Hence,  then  we  hiive 

J     ijx*+2ax  I  ^2  ) 

The  enunciation  is  wrong. 
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^5 


To  iniegraie     ^      w«  hare 


And  we  have 


1H»dt      ^^^       wi 


du 


a  +  bs^ 


.      r  mdz     _  jn^     r   du       ^  jw^  ^^, 
J  a-\-bz^  ^abJ^-^^*        \J ab 

=  J!L^.  tan.-     /X  «. 


555.         To  integMte 


dx 


jr.(a«+x«)* 


Assume 


1 


=  P| 


=  ¥. 


c{r 


/»         ax  ^^  n 

x.(a«+x«)* 
/►       dx         _  p 


Then  dP,  a  -l£f^  s        ""^^ 


f  X  (««  +  a«  -  a«) 


-8^ 


3a*dx 


/.  P^  =  -  3  F,  +  8a«  Po 
Similarly  F,=:±.P,  +  -L.  F, 


BtttF,  =    / =*=»=  =  x"./>  V-^ 
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1_  1  1        V«*  +  ^— « 


known. 


To  integrate  (a  +  €«")"+'.  i~-'  dz  =:  d  F,,  having  given 
Assume  (a+«*)*+*z'"  ==  P,  land /"(a +€«•)"+' z**"'cfe  s=  F, 


(a+««)-+*2-  ==  P,  land/(a+c«»)-+'z^'cfe=  F,  1 
(a+cz^-^z*"  =  Pj    I       /(o+ci-)-^"^-^'*^  "  ^«  I 

(a  +  w-)"^z-  =  P, 

Then  dPj    =    vn.z'^'dz,  (a   +    cz")"^*  +  c».  (m  +  I)  x 
z**+^'cfz.(a+cz")" 

But  z'^^-'dz.Ca+cz")"  =  iZl!f[f..  (a+cz*)*^  {cz*  -{-  a  --  a) 

'  c 

=  £!!l!^.(a+cz")-^'  -  ±.  z-^'dz.  (a-f  cz»)-. 
c  c 

/.  dPj    =    {vn    4-  n.  (»i  +  1)}  z*«-»dz.  (a    +  ctT)'^^ 
—  an.(9n  +  1)  z^^^dz  (a  +  cz")" 

.'.  Pj  s:  (vn  +  n  +  nm)  Fj  —  {anm  4-  an)  F^ 
imilarly  P^ri:  (vn  +  nm  +  2n)  F,  —  (anw  +  an  +  on).  Fj 
Su:.     =     &c. 

P^  =:  (vn + nm +pn)  X  F^—  {anm  '\-an+ an.  (p — 1) }F^_^ 

Let  vn  +  nm  :=    s  ^ 
anm  +  an  =    ^   j 

Then,  we  ha^e  F,  =  _1 P,  +  <+'"^P-0  T? 

«+pn  .  t+pn 

Similarly  F^.  =  __i P^.  +  <+«*'(P-«)f 

&c.  s  tec. 

F     —     *       P     +      ^      F 

5+n  «+n 

Hence  may  be  perceived  the  facility  of  expressing  F^  in  terms 
of  Fo  ;  i.  e.,  of  finding  the  integral  as  required  by  the  Problem. 
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556. 


J  a— fiu:.  mj  a  « / 


in 


To  integrate 


a"  +  «•' 


z>    s=  «  and  a**  =  c* 


Then  — .  ss    ^eb  =  cfu 


And 


« 


c/tt 


c»rf« 


n      c*  +  a* 


nc«      c-  +  «' 


nc* 


^  tan."*  V. 


557.        To  integrate       ^^^^     =  d.  F^ 


Ajisume  x*.  V  Sax» x^  s: 


=  F. 


=  F« 


(adx  —  xdxjx* 


ThendP,  =  8xAcV*«-*«  +    ^^ax-af 


Aaa^dx 


2x^dx 


^2ax  —  jc* 
^        Saa^dx 


+  - 


as^dx 


x^dx 


Sx^dx 


ij  2ax  —  X*  ^2ax —  x* 

x^dx        _     P^     =  £f    F    -   -?!. 


•••  ^- = f/ 


>^  2ax  —  x' 


S  . 


S 


Similarly  F,  =  ??  F,  -  A 


BntF. 


/xcto         J^_     r  adx-^xdx        /* 
a/  2ax  —  X*  J    J  %ax  -^  x^    J 


ij%ax 


adx 
ij,  2ax  —  x^ 


—   —  ^2ax  -  df  +  vers.'^x 
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3         ti       '         z  2 

which  is  the  integral  required. 

To  integrate  dz.  sin.'z,  we  have 

•     •  1 — COS.  SjS 

sm*z  =  - 

.-./rfz  sin.  'z  =    r^   -  —fd.(2z)  X  cos.  Hjc 

=z  —  —  _.  nn.  2«. 
2  4 


558.        To  integrate -?= x  dlr  =  <i.F  we  hare 

Assume  .'.  x«  6=  ». 


Then dF  =  — i^^^  ^  ^^^^^ 

+1  tt*+l 

tcefu 


«• 


—  t4*rftt  +  ttVtt  -  dtt  +  — ^vby  common  diilfiidfi. 
.■.F  =  .,Ji-^H.|,.(^+„|+.^.<J^. 


tt®  tt^  U^  M*  ^ 

•r-  +  —  "  —  +  — -tt+  tan.-'  n  (  the  integral  i^uired. 


9  7  6  3 


to  integrate  ^        -  d.F, 
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9*7 


Aflsiime 


(1+0?) 

X 


=  P. 


kc.  =:  &c. 


and    r     ^        =  F 


dx 


> 


1  -f  Jr* 


(l+x*) 


==  F 


c2a; 


1+ J?* 


Then  AP^  s£  - 


dx 


(1  +  a?«)— '  (!+««)"      ^  ^ 


=  (l-«.tt-l) 


dx 


2(n-\)dx 


/.   Fi  =  (3-8n).Fi  +  (»fl-2).  Fo 
Let  3  -  2n  s=  a> 

-2=63 


2n 


ThenFo=JL    P-  -  A.  P- 
Similarly  F.  =  J-.,  P,  --  2±?.  F. 


F   — -i-.  P    — 


0+4 
6—4 


F 


ft-4 
Su;.  sd  kc, 

u 1  p  a+2.(«  — 2)     jf 

6-2.  (n-2)  6-2.(n-2) 

whence  it  is  easy,  by  substitution,  to  find  F^  in  tenns  of  ¥^i  and 
other  known  (F..,  =  tan.'^x)  integrals. 
Let  n=d,  and  let  (in  this  case)  F^,  F,  &c.  become  F^f  F,  ^^ 


Then  F.  =  -L 


•  (!  +  «•)«  4        * 


2 


X 


2 


3 


■  .1     +  -.  tan,~'x 
2   1  +  x«       « 


3 


+  _.  tatt.~i« 

8 


4*  (!  +  «■)*  8(l  +  x^ 

Let  X  =:=  0 
Then  tan."ia;  =  w  w  (w  ==  180°  and  m  =  any  whole  num- 
lier),  and  the  other  terms  vanish. 


r 
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Letxss  1« 

Then  tan.~^a;  =  JL  +  Sp  v  (p  being  any  integer  whatever)  and 

4 

F.  becon.es±  +  ±  +  I  (Z.  +  8p.)  =  i.+i.  (^  +  ^) 

.'.  Fq  (between  x  =  0  and  l)  =  J-  +  JL.  («p  —  m.w  +  ~'\ 

of  which  the  value,  stated  in  the  problem,  is  a  particular  case; 
viz.,  when  m  c=  0,  and  p  =:  0. 


559.       To  integrate ^!ii^i_,  assume 


^        .  =  P 


.-.  dP  = 


2«.(a+cz«) 
—  2(iz  2crfz 


««.(o  +  ca;«)         z.(a+cz«)« 
_  -2dzXj(a+cz«)  _  2cdz 

z^.{a+cz^y       "   «.(a+cz«)2 
^       --2a<iz       ^         4cdz 
^zr(a+c?)«         zj(aTcz^ 

/*     dy.dz       ^  -  AxP-£f       /*     dXciz 
z».(a+cz«)«  2a  a  *  J  x .  (a+c««)« 

:=-  Jl  xP-!ixA 

2a  a 


560.        To  integrate         ^ 


or.  jj x^'-a* 


Put  V^*-a*  =  « 
.*.  a:  =  sju*'\-  a* 


And  cKx  = 


•.    C—4L=  =    T-^  =  -L.  tan.-ic,   which  is   /. 
J  x.Jx^-^a^       Jtt«+a2         a« 


known. 


raTEORAL  CALCULUS. 


To  integrate   ^^       >  we  ha^e 

^-^      s  »  +     ^  ^    by  dmsion 


349 


To  integrate  «»ciar.  V«*+*'  =  <^'^- 
Assume  a:  (a«+x*)*  =  Pi 
Then  dV^  =  dr.  (a«+a:0*  +  « •  ^^^-  V«'+*" 
=  tf^dr .  V «*+«•+  4x«<ir  sfoFTs? 

4  4 


Again,  put  x  V  «*  +  **===  ^« 


ThendP,  =  dx.^a^+x"  + 


sja^-k-^ 


r=  dr.  V?+?  +       ^''^       ■  (r>+tf-«') 


=  «dr.  ija*'¥x*  - 


a'.dr 


/.  /dr  V«^T?  =  -L  P,  +  ^.  T-^:^ 


V      

8  * 


which  is  .'.  known. 

561.        To  integrate  -: — — ,  we  hare  C- — ~ 

Bin.  z.  COS.  z  J  su).  z.  COS.  x 


/    sin. «         ^     tan.  z 


COS.  X 
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To  integrate  ~w.  take  awaj  the  V^M  *"■ 

of  the  denominator,    by   awuming  OP    —    —  sz  u» 
Then  dxsz  du 

4 


AndwehaveVA+Bx--a:«=\/ A+— -V^  «  Va«-ii« 

(a  heing  put  r:  A  +  —  ) 

/.    / =:    / —  =: —  8in."^t  which  it 

J  JA+Bx-x«        J    Ja*-u*     « 


/.  known. 


563.  Let  /(«  +/ii")"  X  o^i^ar k  F,  and aarome 

Then  dP«:(p+l).a:'<te(c+/^)'^"+>(«+l).(c+/j^)"«'^d^ 
=  e.  (p+1)  .a'dr  .  («+/c-)-  +/(p+"l  +  n.iiT"l)  X 

.\f(e+fjrr.J^^dx= ^  X  P  - 

/(p+J+n.m+1) 

^'VP+  J     —  ^  p^  which  is  /.  known. 
/(p+l+».«i+l) 

dPalso  =  (p+  l).afcfa.(e+/if)"+'  +n.(m+l).'(c+/if)-j*darx 
(y?f+e-6)     

=:(p+l  +  n.iii+  1)  af cte.(e+/c»)*+-»  -  en.  (m+ 1)  x 

.'.  /(«  +/^r*"*  ^dar  =  ^  X  P  +_<^'(«*+0_ 

p+l+H.m+1  p+14-s.m+I 

X  F  whidi  lA  /.  known. 

To  integrate  ?-Jl1L  x  cfy  =  <{.Ft  as^ime  y^  :=  v 


ThendF=:_Z —  x  6tt«  At  ss +-_-s«a*x 

fm^  —  <&  +    ^"  ^   4-  f  iu^du  -  n'cbi  +  «'<^  -  udu  +  du 

(tt^  —  8v  +  2  ^- «+l)   >  which  is  /.  known. 


663.  A.5^  =  JL   rjflfff.  =  JL/.f±f  (Fi«ce, 

LacroiXy  Simpsfm,  &c.) 


ar«Ar 


To  integrate  t  assume  x  ^a*  +  ^  =  « 

Va'  +  o- 


:.  duszdx.^a^-hx*  + 


Va»  +  ««        */a«+x*        Va«  +  a» 


s 


2  2        ^ 


a«  .-^r?-T- 


-  x.^lFT?  -  fL.i.(x+V«'+«') 


J r    dx 


2  "x« 


Assume    u  ■  ..     =  P 
x9  4-  1 


S5f 
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ThendPrr 


dx 


x^dx 


dx 


dx 


x«  +  1 


•^  I  1      ix  dx  ,       d: 

.   r(x-^})dx__i      1 


2      x«  +  1 
2.(1 +a:«) 


To  integrate       ^^      ,  we  have 

V  a^  -  62« 


-P  =  -±X       ^ 


8      1  +  x»      1  +  *' 


V* 


/'   dxdt     _  Pd  ^  dz  -    ^    ^  r  « 

=  — 3:^.  sin.-^  *J  h.z    ( f^tHice,  LacraiXj  Sinq)»fm.) 
tj  h  a 


66S.       To  integrate 


^zdz 


(1  +  *)• 


Assume  1  +  2 : 

=  11 

f 

Then  z  =  u  - 

1 

dz  =1  du 

= 

e 

^e'zda:    _    1 

X 

i 

j-n.jtt 


=  T"(/^-/ 


=  £  +    r£^,bythefiHin/axfy=«y--/y<te. 

/Vz<fa    —  J_  £  5:5    g^    _      g* 


INTBORAL   CALCULUS.  3^^ 

Bf  this  method  we  may  integrate  all  differentials  of  tl»  form 

iPdx  X  (^  +  \  f^  being  any  function  whaterer  of  x. 

dx  J 

For  fTdx  X  fo? ,+  c*  X  d.  ^x  =  d.  (e"'X  ^x) 

To  integrate ^^^^^^  =  dF,  we  have 

4F  =  i.  X  ^y  X  (6y«+ar«-ar«) 

:=:—  X  ^y  -     ^^^     X    ^ 

•  P  -  «*  -J-  -r  r*d     r  dy 

..  F  =  _  gin.-'y  -  __   / J 2 

ir  i     J  ^^^^      ^—— 

a 
Ii5tnow«  =  ^/;j^^.  (c  being  s=  -j 
Then  y«  =  lUiz!^ 

^  1  +  Ctt* 


Anay:=  — ===== 


'^^    Vl-tt«  X  Vl+c«'  (l+cu«)* 

^        —  r.(c+l)ttdw 

Alao  A/r»-v*=  V  '■^^(^  ""T-T— i)    =      /  = 

/► ^ /; -  <^ 


TOI*  I.  «  A 


1 

X  COi.***  tt 


To  integmte ^^ =  dV 

Assume  P  2=  — ■ 


SIQ.X  X  cos.^« 
Th«A  dP        —  cLc  X cos>x-f  3dx  cos.'j?  x  sin.'j 

ain.*xxoos.^x 

_   —  do:  X  cos.'x  +  3dx  x  sin.^x 

^s  < I   II  till 

sin."*  X  cos**** 

^    —  cL0+4dxxsm.*x 
8iii.*xxcos.^ar 

+ 


shl.^XXCOS.^X  O08>X 


.-.  F s=  r,*^  -  p 


dx  1 

Bat  — != s=  d  tan.  x  and  *  =  sec.*^  =  1  +  tan.'  s 

coa.'x  cos.  *.* 

/-i^  =/ 4cf.  (tan.  x)  X  (l+tan.«x) 
cos.^x 

=  f4d.  tan.  x  +"/i  tan.««  xd.  t^.  * 
z:  4.  tan.  x  +  —  tan^^x 

a 

.•.  F  =  4  tan.  x  +  _  tan.«x— r 


a  8UI.X  X  C08.^X 

.   sin.  X      ,     4  _  sin.  ax  1 

:s  4  +  — X 


COS.  X  S      cps.'x         sm.xxoos.*x 

^  ^  ««  i«  ^  aco8,*x+8in.*x  1 

S  sin. X  X  cos.^  X        sm. x  x  cos.*  x 

=!±.(1-C0S.'*)   X      ?«"•**+ ^        -  >  ■ 

3  sin.  X.  co8.^x  Bin.  x.  cm.*  m 


4      I+COB.'A— ^cos.*x  1 


<    ■■» 


3  sin.  X.  COS.* X  sin.x.cos.*x 

i.  ^  _    4      2oos.*x- 1 

3  *  biti.4r»cos»*x         3  '  sin.  X.  COS.  X 


*    iMTJBOBJLL  CALCULUS.  ^^^ 


-»  -L  X    ^*®'** 


3     8Ui.a;ioos.'x         3  8in.8x 

11  8 

-  _cot.  ggp 


3      sin.x.oo«.'x         3 

Otherwise. 


.   ^      _         .  .  =s  rf.  tan.  » 
sin,*x.eoB.*x  co8.*x  sm^x  oo8.*x 

X  cosec«*  X  X  sec.t  X  ^  d.  tan.  x  x  (1  +  oot.*  x)  X  (1  +  tan.'x) 

s=  d  t^.  X  X  {8  +  tan.'x+  |a  8dtan.x4-<2.  tan.  xX 

tan.'x  / 

tan.»x  +  ^'*^:^ 
tan.'x 

^    dx              « 4           .    tan.*x             1  • .  . 

-i — -Z: ss  8  tan.  X  +  —   which 

8in.'x.oos.^x  3  tmi.x 

may  be  reduced. 

This  latter  method  may  be  applied  lo  all  difftffftntiaJs  -of  the 

dx  V 


J  8) 


fiurm 


gin.""xxco8.'*x 


To  integrate ^ =a  AF. 

Let  (a+y)*  =  « 


Then  du^  — ^L_ 

*    (a  +  y)* 
Also  a  +  y  =  tt' 

And  g  ^  y  =:  2a  —  11^ 
.-.o*— y*aBS««  X  (8«— u*) 

Henoe  d.F  22  1^  • 

ii»X(«a-ii^ 

1 
Again,  put  —  s  ti^ 

««3 


2  AS 
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Andrf.F  =  8h  X.  "^'^^     =-  !*.  Jl±^ 

2av^  —I  2a       .       i 

2a 

:=  —  —  vav    —   X 


2a  4a«  ,       1 

2a 


4a  4a^J     •       1 

2a 


2a 

"  t>  — c  .     t;*+  c  +  w 

Then  At)«  +  Acv  +  Ac«  "j 

.  A+  BssO 

+  Bt;«  +  Ct;  —  Cc     >  =  1 

Ac-Bc+C=:0=2Ac+C 

-Bet;              J 

and  Ac*  -  Cc  s  1 

Hence  2Ac«  +  Cc  =  0 

And2Ac'— 2Cc=:  2 

.%  8  Cc  =  -  2 

And  C  =  -  £ 

• 

.AlsoA-  -    <^^    -      * 

2c«            8c« 

i 

And  B  -  -  A  -  -     * 

8c« 

4«                 4a«c 

•         J  v-c        4a»c' 

1. 


/^     v'dv  .       h         r      vdv 

v«  +  CT  +  c«         2a«  c    J  v^-f  cv  +  c« 

Bat    rJ!*L  =  /di;+c/l*L  by  division. 
J  v- c  J v—c 

=  V  +  /.  (v  —  c) 


86 


A  F  =  —  —  X  r«  -  ——  (v  +  e  /.  t;  —  c)  + 


4a  4a*c*  4a«  c« 


/'     v*dv         ^  _6_      r       vdv 
„t^cv  +  c«  2a*c  '  t/  t;«+  cw  +  c« 
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Again,  pot  v  +  —  =:  z 

Then  dv  sz  dz 

And  V*  +  cv  +  c*  =  2«  +  c*  -  —  i=  «•  +  A  c« 

4  4 


Hence 


^     a(«*— c«+ — \dz    _ 


J»«  +  ct;  +  c«        J 11 —       -^ 


«»+  — c« 

4 


/*    ctdz              /%     — dz  ^  1  /  %t 

««+ic«  / 1 8     ^ 


8 
(Is 


^     \  ^       J  4 


y^ 


4g< 


*  *  4  cV« 


/: 


s 


«*+K 


=  i..(..4.-)-^x/;^.^ 


2^4  4  c^  8 

Henoe  and  by  substitution  we  luay  find  the  integral  required.  The 

_    1 

for  the  diiEerential  then  becomes  <f  F  =s    ~~"    ^ 


integration  will  be  more  easily  effected  by  assuming  a  +  ^  :=  _. 

m3* 


Sott^  —  l 


566.        To  integrate  — ~ ,  assume  ^  =  « 

^        «».(a«-*«)  x« 


^^  I1ITEOB4L  CALCVhVfU 


»8  /i8 


And  a»  -  :c»  =  o"  -  ^  =  21 .  («  -  I) 
Jx».(a«-««)    Jtf*  .  (u-1)  a*-'    ^         u-l) 

a*         \x»  X*     J 

To  integrate  «»dr  x  (a«  +  *«)»■ 
Let  ar» ,  (d*  +  jf)*  =  P 
Then  dP  =s  ajwte (o'+a!*)*  +  —x»dx.{tf  +  a^* 

8 
.-.  fx^dx  ,  (a«  +  «»)*  s=  J!^  -.  ±/8a»te .  (a'+«0* 


8  66 


=4-(«'  +  X*)*x{«'-i..(«»+«')i 


3 


O0 


567.  rjfLJL£z£.^  r^^dx  nxdx 

^  a     r      2ad»  - 

—ST*-  —  ,  +Va'-J' 


a—ija^^a? 


-a.  I.  "-V"--^4.  V«?-^ 


IHTBOEAL  CAIiOULUa.  ^^ 

J  jj\-a*»     *ta   J  jx-ax*     >/ »  J  J  I  -  ax* 


=  — = .  Sin.    *  JTi/  a 
i/  a 


*/    »J  or  —1^ 

=  -  a  V  «•  -  z--/rf,  v^^=^+-/ ^;^=j5 

=r  -^  a  ,J a^'-z^  -^Jdz tj a^  —  T^  +  a, sin.  "^ z 
Let  2  be  the  absciisa  measured  freia  the  centre  of  a  cirde  whoae 


ins  is  a.    Then  tj  a^-^z^  :=z  the  conesponding  ordinate. 

.*•  fij a^^z^  X  <2s  =y<i*  (area  between  ordinates  at  extre- 
mities of  z)  =  A  by  supposition. 

/.  fzdz  Vi±Z-  -  asjlF^^  -  A  +  o  .  sin.-*  «. 
^     o  —  z 

To  integrate  J^  .  l(a«  +  z«)^,  we  have 


^£±£r  =  (a*  +  z^  )t  y  .^  4-  . .  (a«  +  z-)* 


a*  a'z  * 


V  fl*  +  «'  +  « 
8 
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+  JL.(a«+z8)* 
3   ^ 

To  integrate  ^^y*^y  _  ^p ^^ ^^ 


*  ^r^-y*  * 


(^  +  ^)  V"i^^^ 


.-.  F  =  i.  sin.  -y  -  j:!!  r ^ 


«=    yZEZ(c  beings  A) 


Let  now  

Then  «•  =    ^•0-"') 


and  y  «  r .  V  l  —  tt* 
.-.     dy  s=  -"'<^'«  citdwxrV'nrg 

=r       —  r.(c+l)  Krftt 
i/l  -  tt«x(l+cii«)i 

Also  V^— y*    =        /r«y(i-  ^  -"*  \  =;>•.. Vc+I  .tt 
and  f  +  cy«    =  r«  (1  +   £Z£!!!^  =  ^  '  (<^  +  0 

/.  r /y         ^  r    _:^"      ^ 


X  COS.  ■"•» 
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t6l 


s=  —  sm.  -^y  — 

.  br 


y  -  -=4=r  X  COS.  -^   ,y^EZ^. 


To  integrate "^  ^  Msiane 

(1  -fl«')Vl  -«* 


a,|i-l  -  ati»+fl     _         (g-l).  tufa 


£=  IHftI  X 


J i         /        «»  -  1  /(a-l).fi*_  Ja-l.n 


l.a^=:«-* 


ot^-.  1 


(g  -  1)  4 II 


Hence   T *==  f*  du  ^ ^1^ 


a 


»       -1-^       » 


-  X  COS.    *«  = 


cos.-«     ^/±EZ1' 
V     1  _  ajt 


569.        To  integrmte  «■  (d  P  +  P  d*)  we  hate 


99t  INTSOBAIi  CUbCVhVM. 

/^{dP  +rdx)sif(€fdT  +  V^dx) 


To  integrate      ri  ><  if^^  dz       ^  ^ 

^     (fl+cz«)r(e+/«-r 


0  4-  cz*  s  « 


Theni^s 


—  « 


Aadfli^ 


c 


•  • 


C  C  J  J  c 

s=  (tf— 6)  jL,  by  sappoulioiL 


*      (a+ca-)-.  («+yV)'     Ve^    («-*/.*- 


sr-i^X *L__xJti^-(p-  l)«ir*  +  (p-l)x 

8  8  y—  1 


&c.  ±  (p-*l) .  <i^  u  :p  y^l  of  which  each  term  must  be  iih 
tegraled  Beparatdy. 

Let  m  s  p  ±  s, 


UfTBQllAli  CALOUItUt. 


S6S 


£z£a'ir-»:pJtc:^  (y-  i).gzg ....  y~*+  V«^ir*T(p- 1)  x 
£=-•..., £Zi . 4 ±  (^0 ....  P^^ X ^  :f  ».  ± 

0>-'>;^T^}  (B) 

Now  tbe  tntegration  of  the  ibrm  (A)  depends  on  thai  of  the 

du 


form 


.  o  j<  F^ ;  ijgr  iMmgany  positiTe  integer  whaterer) 


to  eiTect  irhicfa,  assume 


Pi  tzs 

p.  = 


«^.(«-6)'-' 


r^i 


fcc.= 
F. 


K*-*.  (•--6)' 
ftc. 


'  =  /*  *« 
(i.-6)«        J     *    J  (u-by 

.-.  P,  ss  i  .  (g-l)  .  F,   -  (I-+9+8)  .  F, 
Similarlj  P,  =r  (  .  (9—8)  .  F^  -  (r+q+a)  .  F, 

P,  =  6  .  (j^8)  .  F,  -  (r+j+4) .  F,  , . 

Whence  we  have  F^  in  terms  of  F-  (  = .  ,.    | tt 

Pi  ,  Fg whiofa    «\  is  known.     Hence,  by  giving  to  q  the 

values  of  f+li  s+2,  5cc.,  s+p  successively,  we  shall  obtain  the 
integral  of  the  form  (A). 

The  integration  of  the  last  i^p-^s)  terms  of  the  form  (B),  may 
be  effected  by  the  above  process ;  and  the  remainder  by  oonliauiog 
the  assumptions,  &c.,  in  that  process  thus, 
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Let  Prt..    = 


Jf «-Ld      SS 


(«  -  6) 


w 


(u  -  b)^'  > 


udn,    ^ 


H-I 


(u  -  6)' 


) 


p^^^.= 


&c.    = 


&c. 


(tt  -  by 


Then    P^    =-6.F/    -.(r-«).F, 

Whence  we  haire  F,^^^,  F^^,^  Stc.,  in  terms  of  F^,  and  odwr 
known  integrals. 

Having  conducted  the  reader  thus  far,  we  shall  leave  to  him  the 
remainder  of  the  investigation. 

Otherwise.  , 

Then  «^  =  u',  and  «^»  dz  =  ^^' ^" 


Hence  d  F  = -lx_!5!2*^ 


n 


da 


«      («+cu)-.(€+/tt/      efh      (o'+u)».(tf'+a)r 


(a'  =  iL,  and  e 
c 


'  =  7> 


» assume 


-    A, 


—       "»        +  "^8 

(a'+u)- .  (e'+tt)'     (o'+»tr     (o'  +  «)— 1 


+  ... 


+  A.  + 


B. 


B.        +  B„ 


+    «r 


Reduce  the  fractions  to  a  common  denominator,  and  equate  the 

numerators  to  unity.    Make  a'  +  «  =:  o^ 

I  successively, 


*      (a'  -  eO-J 


tf  +  tt  ==  Oj 


Take  the  differential,  divide  by  <£r,  and 
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pvooeed  as  befoM ;  tliea  we  ha^re  A^,  B,.  Repeat  the  differeifti* 
atioos,  &C.9  and  thence  obtain  the  rallies  of  the  other  indeter-* 
ainates.    The  Temaining  part  of  the  process  will  be  easy. 


1  I  j^ 
To  integrate s  d  F.    Assume 

(l-«-).(24r-l)l=r 
-!  =  «*• 

«*•  1  1  -  «^ 


•  • 


Alsol  -  «-=  1  - 


Hence  dV  s: 


B  2  M 

•*du  — t«*"^<lM 


Now,  in  order  to  find  the  factors  of  «** —  1,  let  us  assume 

«^  —  1  s=  Oy  or 


«**=!=:  cos.  dpv  ±  V  ^  1  sill*  ^^  (P  being  any  integer.) 
.%  «  =  008.-^—  ±  V  —1  .  sin.  -— -■ ;    hence  the  roots  of 


2w 


«*■—  1  =0,  are±  i,cos.  —  J:   V  -"*  •*">•  "j;;"! cos. -^± 

2fr  Sr       .        . Sir 


J  — 1  .  sin.  •—— ,  COS.— --  ±   V  ""1  •  ™*     «   » 


COS.  ^    ^g±V  - 1  sin.?— lir  (the values  of  « afterwards  recur) 
/.  «"•-  1  =:  (t««  — l)(tt«  —  2tt  COS.JL  +  1)  (tt«  —  2tf  COS.  ^ 
+  1)  X    ....  X  (tt«  —  2u  C08.^^—Lw  +  1). 


Again,  let  _1_  =  h!t±^  +  ^»"+°« 

m 
A3tt  +  B3  _^  A,«+B, 

u»^2u  COS.  ?!^  +  1  ti*-aiioos.*!tIli  »  +  1 


3^  IKTBORAL   CALCULUS. 

II«iioe,  redacinf  i»  a  oommoD  demmtHador,  eqtntlBg  the 
mtonof  both  sMes  of  the  efoatioa,  and  sidMstitiiling  for  «  all 
several  YtOnoB  m  auxsesaimiy  (of  wliidi  there  a»  laany  f>Tftttiplai 
in*the  previous  part  of  this  subject,)  we  shall  determine  the  values 
of  Aj,  Bj ;  A«»  Bg  ;  fca  A«,  B«. 

JW*— 1        «*— 1  J       a      _.  «■       ,      , 

I  tr— 2tt  COS.   -:-  +  1 

«._!         >  irbose  terms  must  be intesrated 
ii«-2tfCos.  2— Tr+lf  ^ 

»i  -^ 

separately. 

To  iulegrate    the  ge«md  t«nn  T  =s  -  «v»<**<iA»  X 

A-ti+B,  p— 1 
ZE 2 ,  assmne  u  —  cos.  i- —  ir  =  r , 

m 
Then  (f«  :s  dbi 

««  -  ZU,C09.tZlw  +!=«*  +1  -  cos.»£ll2«- 

m  m 

=  t;«  +sin.«2jl-l.w 


2A, .  (v  +  COS.  ?— iw)  •-^»i/t;     2B^.(t; + coS-Enlir)-- '(fo 
_      .  w  .  m 


•  • — ■     ■  * 


v«  +  8in.«.E Lw  v»  +  8in.«iLlLL  « 

which^  by  expanding  the  munerators,  and  dividing  them  by  the 
denominator,  will  be  reduced  to  known  forms  of  integration. 

Having  thus  exhibited  the  process  to  be  pursued  in  the  solutioa 
of  the  Problem,  we  leave  the  completion  of  it  to  the  Reader. 


570.        To  integrate  d  x  — tJl s  ^F,  usspme 


«*  =  «• 


INTIO&AL   CAJUGULUS.  ^ 


ri//^  ^  .^ 


Then  z^dt  ti^-^udm 


ir*  — AMI* 


(c*  —on)* 


.^  8<i  du  ^  B  5 


Sa  9a 


(c*-aii)* 


.-.  P  =  i!i,  Cc*-ai,)*  -  if*!.  (c»-a.)» 


14a«      "  4a» 

To  integrate  dxjdtifdx  ..«•  a  =  dF,  we  hate  y*dk  s=  ir  +  C| 

/.  /(dxfdxfdx)^  1^  dx  +  e^f  xdx  +  c,y^  da; 

x^  x^ 

mnA^jf[dxfdxfdxfdx)  :=  ^^  +e,. J^  +  V^ 
+  Cj  ar  +  c^ 

AndF= — fl —  +  Ci.  — ^ +c, — I ^+&c. 

S.3.4....00  t.8,**.0O  — 1  8.3....00'^t 

+  Coe>-3«-r +  «»-«•—  +  ^00-1  •  *  +  <^oo»  <^i»  C«»  <^a>  «^' 

being  cdnstants. 

571.       To  integrate fr         =  dF,  assume 

a 
—  =« 

*'  ii«  ""      a 


S70  INTBORAL   GALCULVt* 


dx.Jx^x         _ 
To  integrate  — r-  ss  ci.F,  aasnme 


(i-*y 


•  •        JT     mmm 


tt«+l 


Ana  ox  ^  ^__^.i-.  •**  •  ^   .^  .*  S2  iriia  1 1 II 


Also  l-sr2£  1  - 


It'— 1    ^  _% 
«•  +  1         «•  +  1 


ib«» 


g     ^^      X  (u'+l-l) 


z:8dtt- 


««  +  1 
.•.  F  s  8tt  —  8.  taii.""iu 

Tointegmte dx.{\^:^       ^^^9,  amme 

(I +a*)V  !+«•+«* 

!  +  «• 
— ,  rfa  At  8^d^       ^  dr .  Tl  —  j^ 

Hence  (te.  2-li!  =r  L±^  x&.  =  *fx* 

^^^  af-Cg-g)  as  (1  +  «•)»  ac  I  +  «*•  +  x« 

w  1  4-a«*'f  ^-ft'--^^ 


INTBOSAL   CALCULUS.  VI 


»« 


This  mediod  viU  gene  lo  integrate  tke  foUowiii|r  general  forms. 


and  OMBjr  oOeri,  vhich  wiB  saggest  thenadivei  t»  tlie  Reader. 


674.  rmbx-^^  dx  _    ^^2mb    ^  i(^-n/)dx 


L.  nmbsr*"^  dx  ^    ^-^2mb 


^e  +  fir"        J      nf      •       ^/e+fjT^ 


_  Sfn6 


•  •Je+fir* 


To  integrate  -3^,  we  haw  V  y«^  =  T  ><  Ty^"'«* 

l-*0+y*) 

tat 


'^'^  1NTBORAL   CALCULUS. 


dx 


The  integral  of        ^       =  t  (a?  +  V«**-a*)  r.FittC^.fi&i?^- 
ion,  Lacraix.) 


To  integrate  — ^  we  have 


it/  2a-r  X 


/x*dx      ^     /^       xdx         ^    P  adx^{adx'^xdxy' 

/adx  _     /•  adx*-xdx 

ij  2ax  —  x«        J    ij  l^ox  —  a« 

=  ▼ers.'^x  —  ^  2ax  —  «• 
To  integrate  —  pat  2<  :=  tc,  land  a*  =  6 

:=  — -.  sin.    .  z" 
S6 


576.  '  '*'^"*    -    «    ..     f       rfx 


PBt%2^  =  i»«;  thencte=r-l-.di* 

Henoe  C  ^^^     =:         ^         x    f  ^ 


8V   o**»         ^""^ 
JOl^  Lacrma,) 


^      ,Xl.i±!?  rJ^tiwe.  Sm^ 


f  » 


INTEQ&AL  CiJX7ULUS«  VPi 


dx      fdx        .  ^ 


2.  _— X' 
8 


s=  d    X  vers.  *jr  —  d  X    V*-*' 

To  integrate ^L-Tl .  =  dF,  sinoe  two  of  the  fac- 

(x-o^X  (ar  +  a) 

Ion  of  the  denominator  are  equal,  assume 

1  _      A       ^     B     ^     C 

+ 


(x-o)*x(a?+fl)        (x— a)'        a:— a        x+a 

Then  [ A  +  B.  {x-a)\{x  +  a)  +  C  x  (x  -  o)«  =  l.^(m) 
Let  X  s=  a 

Then  A  x  2a  a=  r,  .-.  A  =  JL 

2a 

1  -  i.X  (or+a)  , 

Hence        ^^ =  B.  (x  +  o)+  C  x  (x  -  a)52-Ili 

X— a '  ** 

Let  X  =:  a 

Then  B  X  2a  =    -  -L,   /.  B  =  -  -J— 

2a  4a« 

Again,  in  equation  (m)  substitute  (—a)  for  (x)  and  there  result^. 

4a' 


J  {x^ii)\{x'{'ay^  J    (x-a)x(jc*-aO        J  *- 

/^         a«dx 
(x-ay,(x«  +  aO 

=  Z.  (x  -  tf)  +     / -. 


dx      , 
-  + 

a 


X  (x+fl) 
And,  by  the  preceding  process,  we  have 


^^  .      INTIGRAt.  CALCULUB* 


+    1-::^  X    ^ 


J   4a' 


4a*  x+a 


S         X— a     4  4 


/.  («  +  a). 

Hence,  then  ^fe  feally  get 

F  =  ±.  /.  (x-a)  +  -L  /.  (x  +  a)  -  ±  x  -i- 


576.    Tointegmte  <^+^)^?^  t:=d  x  ^^^-<-*-»-Vrfr 

^  x»-l  ^  x»— 1 

^  dx(o4^)Ar   .     bdxdx  \  g.  j p 
x«-l  x"  +  x+l/ 

r  *  1  Ax+B      .      C 

Letusassiime — ! —  s=  ^    ■    -f-  — ^ 

jtJ  «  1  ^«  +  x+l  X— 1 

Then  (Ax  +  B)  x  (x-1)  +  C  X  (x«  +  x  +  1)  =s  1 
Let  X  =  1 

Then  C  =  i- 


Again,  letxs: (one  of  the  Talnes  of  x  in  x*  4* 

Then  (A  x ^ +  B)  x  <-  -j-  +  -^-j  ^  I 

Of''—B+(B%2A)K — g— 1=  1  .-.  eqiMtn^mdiaiagi- 
nary  quantities  we  get 

-£b  =  i     ).-.  B  =  -iL 

«  (  3 

AndB--tAsO     4      ^_      ?=.-± 


INTIOBjkL  CAJUCVimL 


i75 


Hence  <^x(<'+^)^  —  «.  rfx(g+6)  fx/fx-^itU  ^  jfa 


fa  \ 


^         (fx(a+6)     ^    Sasdar+cfcr  <£x(a+&)    ^ 

,    dx(a'\'b)      dx 

a         x^\ 

6  i 

Again,  let «  H-  —  ^^ 

Aiid«£r  s  iK 

ix        ^      du 


;**+x  +  l 


u«+i 


6  *•  +  «+!         J    «  «•  +  J 

6  x»+x+i        a  ^      "^ 


TointegnUe 


dx 


=:  c^Fa  WBume 


=  P. 


--— *  8 


dx 


=  F, 


F. 


r ^ 

Then  dP,  ==  ^  (llll)^.  Vl^T?  .         '^ 


3(6  JNTEOBAL  CAU3ULU8. 

HenoeFo  =      ""^      X  F,-    //         X  P, 

a*.(n  —  1)  €^\n  —  1) 

Similarly  F^  =      ^"""^  ^  x  F,-  -_i — -  x  P. 

&C.  r=:  &c. 

F.      =  !iZ!!  X    F.  -2.  X    P. 

Hence,  by  substitution,  we  may  express  F^  in  temis  P^,  P^,  P^i 
&c.  {n  being  aa  even  number) ;  i.  e.,  we  can  find  the  integral  re- 
quired. 

To  integrate rfxrff ^  ^  ^ p  assuae 

^         x.(l+x)»x(l+x  +  ar*) 

1  A     ,       B         .        C      .    Px+Q 


*.(l+a;)'.(l+ar+a:«)  x         (l  +  x^        (l+J?)     1  +  *  +  ** 

Then  A.  (l+o:)'.  (l  +  a:  +  j;»)  +  B.  a:.  (1  +  or  +  a*)  +  C  X 
«.(!  +  x).(l  +  X  +  ar')  +  (Px  +  Q)  X  ar.(l  +  xy=  1 

Let  or  :=  0 

Then  A  =  i 

Let  a:  =:  -  1 

Then  B  x  (-1)  x  (+  l)  =  1  or  B  =  -  1 

Hencel±fl(i±f±^=C.x.(l+a:+a*)  +fA.(l+x+x*) 

+   Px+q}  X  (l+or). 

Let    X    =    -    1 ;    then    v  the  value  of  the  Fraction 

1+j:.(1+j?  +  j:»)   -  j.2    +    i    -   s  on  that  supposition,    we 
1+x 

have, 

8=-lxC,orC  =  -2 

Again,  since  a:^  +  x  +  ls=(x  +  r y  x(x+-7— r ) 


1  +  V-S 
put  X  = g 


lliTJBfiRAL  CJ^LCULU8«  977 

(1-^-31) --.8 


•*•  equating  real  and  imaginary  quantities,  we  have 
and  —  Q  =:  0  $ 


2dx 


Hence  —. ^2^ =dx  5^  -  _^-  J 

+     ^    I 

Ajiain,  let  «  +  —  s  «    ' 
Tlieiidcs<lK,aiidx*  +  x  +  ls:ii*+  — 

J  l+x+x'       J  «*  +  i        « 


577.        To  integrate  —  *  assnme 

»^  =  «i,  /.  z^-^d?  s=  A  cfei 


37*  UHTWOmJkL  GiOiCyiilHk 

z  n  z^         n  u 


Also   V«+c«-  =    s/a+cu'  =    Vi+iSLx/^ 

€1 


a 


a 


w  »  ^ 


_!_.    .  a  8  a 


V  i+i.«*+  I    *v « 


a 


V,+^_i 


c 


To  integratf  ^.f- .»  cssamie 

(1  +  «■)• 


1  +  of 

1  +  af        (!+«-)« 


Then  dP  =  (p  +  l)  . 


...    /l_f*_  «  Z  -  £Zi±l  X  A. 

-£ZJl±i  X  A 


i».(l+af 


J      a«+jr«       "    a  J  a*+x*         %  J  a* 


txda 


a  9 


T«  integrate  ■   _^_  s  dFo  aasiiiiM 


C—~=i  -  F, 

4x*dx 

/.  P^  as  8a«   X  F,  +  ♦  X  F, 
flHmflarlj  P,  sb  o«     X  F,  +  «  X  F, 

..  F.  s=  -^  -  -J-  X  P.  +  -5-.  r. 


Sa* 


A  8 


ta« 


'^ '  > 


8 


679.       To  integrate — — .«^-»»  s:  ((l:«i  MOnn* 
x»  /^f^*  =  P,   \     Ajf**^  ,  »  F, 


^0  INTIORAL^  CALCULUS* 

Then  dPj  ^:Zx*dx/^F^  -      ^*^     =:    Sa^x^dx 


A/a^-gf 


:.  P^  =  8fl«  X  Fi  -  4  X  Fo 
Bimilaily  P,  ^    fl«   X  F,   -  2  x   F^ 

Henc^  F,  =  -  1.  P,  +  i^  X  F,  =  -  i.  P,  -. 

4  4  4 

8  8 


8as 


4^8  ^ 


.     8a'  •     -- 

+  .!-—  X  8in.     JP. 

8 


To  integrate  — ^  .  assume  x^  =  « 

*    I  « 

Then*?  =  ±!£^  =  £  X  -^ 


3        4  3 


Hence 


P      2adx        ^  Sa     p       2du 
J  X  i/iJTx^  ^  t/  ttXVa'+«t* 


—    4a«      •     sja^^j?  -fl* 
8  a*  «* 


To  integrate  dO .  cos.  '0,  we  have 

dO  .  COS.  *0  =  d  0  .  COS.  0  X   (1  -  sin.  H) 
d,  sin.  6  —  <{  •  sin.  6  x  sin.  'd 

.-. /dO.cos.  ••  =  sin.  0  -  iii-!i. 
•^  8 


INTSGAAL  CALCULUS.  ^^l 

680.        To  integrftte ^  r=  cfP,  we  hate 


(l+x)Vl+*+^ 
Assume*—  c:  u 

Then  _ii^.  =  -  dk,   -'^ 


And  V  !+«+**  =    k/—-—  +  1  =    ^*'~*+* 


«>  II 


.';   dF  =         -«^tt         +  «^tf" 


^««— u+l  ^tt«-U+l 


Again,  as&tqme  «  —  —  =  v 

Then  ii«-.ii+l=t;»+l-—  =  v*+-l 

4  4 


Again,  let»  V  **  +  i  —  ^ 
ThcnrfP-     ''*'^''      +*•■     /i;*-!-* 

V»*  +i            ^           4J 

«^i« 

V        ^4            V«'*+i 

:.  tfw  X       /«S4.  3    as  ^i-  +  — ■ : — 

* 

-    V^i'  -r—       ^           8  V»*+l 

And.-.F=I.+fL<«+y+l.) 

1 

1 

which  expresses  the  integral  in  terms  of  x. 

Tointegrateft  x  ^  ^^^^-^  gdP,  wehare 

(a— jp)* 

(a-a:)« 
Let  X  —  a  s= 


a  s=  « 


Then  ^ Sax  —  a:*  =    tj c^'^u^dx  zz  dit^  &c. 


Hence  dF  =   (*+^M"-/^'-^   «  ^.  ^^^ 


II-  « 


adu 


+  Jraz^sja^-u^ 


+ 


cufii 


«• 


^     Again,  pnt  V<^-«'=:P;  then  rfP  s=  11^  .  j5Cv    - 
"        = "  Hence  F  =  sec.  "^i  +   JTF^ 


681.       ToiBlegm«t*.^-p  «umipm 

■ 

1       _     A     ^     P«+Q 


4-«»        1+x       ««*-«+ 1 


Hwd  a  X  («•-«  +  i)  +  (Pa:  +^)  (I  +  «)  =  I 

let  X  s=  -  1 

Hm&a  s  JL 


in, let  X  =  ^  +  V-g 

8 


Heiice±  X  Q  +   (P  +  ^^    X  V"^=  » 

.'.  Qasi.aiulP+—    -• 
S  8 

•  P_-<i 1 

8  3 

Hence     ^     =  JL  .  jfi.  ^  ±  X    ^^^ 
1  +x^         3      1+a         3  x»-a:+l 

.%    /Li!L.:=  ±.i.(l+x) -±.Z. («•-*+!) +±x 
Let  now  «  —  —  s=  « 


8 


Tliai  af  —  a?+l=:«*+l  —  —  =  «•  +  £. 


582.       lb  liilegi«te         ^  ^  f'    .      ts  rfP, 


384 


INTBORArL  CALCULUS. 


we  have  JF  =  —3^ 


dx^ 


y*     v^«_,_ 


X— a* 


Pat  4  =  8c 
b 


Then  dF  =:  _£_  . 


cdb; 


/.  F  £=  — £-=:  X  ver.  sin.  ^x. 
c  V* 


To  integrate 


dbc 


==  (IF,  assume 


4P  Vl  +  V^ 

4ll'£ftt 


Then  dp  = 


4<ftf 


U^.,/1  +  1^  u.^l  +  t^ 


:.  F  =  s .  f . 


V^+"'""^r=4.f.  Vi+«'- 


V 1  +  «•  +  1 

rs  4.  /    V  1  +  yT  -  I 

si 


=  4 . ;.  (  V  1  +  V  *  -  1)  -  ^.  jp. 


5B3.         To  integrate 


p,= 


dx 


s=  Fa«  lussitme 


o» 


—    ^      ^    p  —  r  ^-^      ^ 


(ff+af)~T    / 


(ff+af)' 


F,r= 


=/^ 


d!a: 


(d-+«-)-T-  ) 


F, 


+«0^ 


INTEGRAL  CALCULUS.  '-^^^ 

Then  rfP,  =      ^  -    ^-^    X    ^^'^ 


^  (2r-l).fl«.dx  -   (2r-2)      '^^ 


Or  Pj   =  (2r-l)  .  a«  X  Fo  -  (2r  -  2)  x  F, 
Similarly  P,  =  (2r^3)  .a»  x  Fj  -  (Sr  -  4)  x  F^ 

P^j  =  Sa*  X  F^  -  2  X  F,_, 
P^    =  a-  X  F^,  -  0 

Hence  F^  =  -_L_  x  P^  +  ^ fe=^^-^ x  P,  +&c. 

^        (2r-l)a«  *      (2r-l)(2r-3)xa*         "* 

(2r-2).(2r-4) X  2  ^    JPV^ 

(2r-l)  .  (2r-3) X  8  x  1  a*' 


584.  To  integrate     ^^  .  =:  dF 

a—  fcj^ 


put  —  a:"  =  14* 
a         * 


Then  dx  =:   ,^^  ^«»  *c- 


t/     OAT 


pa  *    _      2dM 


X 


—     P^  /         ^    +   ^ 

26*  ^  -  « 

To  integrate      ^^^      =  F^,  assume 

j^  a  —  a: 

^  a  —  a:  =  w 
Then      ^       as   -   2rf«,  and  jr»  =  (a  -  tt«)» 

Hence  dF  s=  -  2du  x  (a-tt«)« 

=  -  2(itt  X  (a'  —  3a'  u*  +  Sau*  -  ««) 
vol-  I.  2  C 


366 


INTEGRAL  CALCULUS. 


/.  F  s= 
is   /.  known. 


-   2a'tt  +  2a^  t««    —  —  tt^   +  — it^whidi 

6  7 


585.         To  integrate 


dx 


jp»  -  7a:«  +  12a; 


sz  d¥y  assume 


j;3 


—, =  — + 


JL  +  ^  (a?  X  *  -  8    X 
»a?— 3         X— 4 


0?  —  4,  being  =  x'  —  7a:*  +  12a?) 

Then  A.  (a?-3)  .  (x-4)  +  B  .a.  (a;-4)  +  C.  or .  (x-8)  =:  I 
Let  X  :=:  0,  8,  4,  successively,  and  we  get 


A  X   12      =  1 

B    X    (-8):=    1 
C    X      4       ==    1 


.>i 


y 


'    A  = 

1 

12 

)-''< 

B  :=: 

1 

a 

c  = 

1 

4 

•da: 

-    »  y 

rdx 

12        J     X  S       J  x-3      4      J  x-4 


586.        To  integrate 


dx 


P,  =j/I±fl)     Fi  =   T- 


=:  dF^,  assume 
dx 


^  VJ+fl)     F,  =  /        ^        ) 

X*  «/    a?i/a+x« 

Then  dPi  =  -4<to.Vl+xg    +  ^ 


-4cii; 


a:».^l-fx« 
S.dx 


x«.Vl  +  *^         x».Vl+x2 


INTIOBAL  CALCUIiVg.  387 

.-.  P,  =  -  4  X  Fo  -  8  X   F, 
Similarly  Pg  =r  -8   x   Fi  -  F, 

Hence  F,  =  -_L.  +  —  xP,  +— xP, 


8 


=:  -  -L_+i.  X  Pj  +i  X  /.  Vi+ff_-» 

=  Vi+flx(fl*«-i)+i..^  »/i+x*  -  1 

4««  2  ^ 


To  integrate  ^ —  we  have 


J      X^  X  J    X 


X  J  X 


a^dx 


c^dx 


The  integral  of can  only  he  assigned  in  the  form  of  a 

X 

series;  thus, 

1.1  1.2.3 

J    x«  X  1.1  1 .  « .  2  * 

To  integrate  cKx  x  oos.  ^x  x  sin.  ^x  =:  dF 
we  haye  dF  =  cix  x  sin.  x  x  cos.  <x  .  sin.  'x 

=  —  d .  COS.  X  x  COS.  'x  x  (1  —  cos.  *x) 
s=  —  d.Gos.x  xcos.'xH-c2*cos.xx  oos.  ^x) 
•    F  —  —cos,  ^x    ,    cos,  ^x 


687.         To  integmte    <to  »  Vl-x«    -.  ^ p, 

(l+x)2 

1  t«« 

assume  s:  — 

l+x         2 

2  C  2 


3B8  INTEGRAL  CALCULUS. 


Then  _—  :=   —  tidu 
Also  1  +  X  =  A 

And  1-0:=  1  -i.  +  1  =  2  X   ***""* 


tt*  w* 


.%     >/l— a:2   =  2. 


588.       T-^f!^  =  -  iL  X     r-£^  =  -  A   X 

f 

J    e-/a^  8/  /2  f    ■  f) 

689.        To  integrate     ^^       =  d  F, 

Assume :=  P. 

dx  Za^dx 


Then  dP  = 


X  tan."*a:  — 


2a«  8(a'+««) 

To  integrate    — ■■ ==  dF,  we  have 

a'dx  =  iLi^ 
/.a 


INTBORAL  CALCULUS.        ^  ^®9 

/.  F  =  JL  X  sin.-i  a" 

To  integrate  zdx  (tan.  z  =  x\  we  have 
fzdx^i  zx  —  fxdz 


^  zx  "  f  X    X 


(io: 


1+x* 


590.  To  integrate  a^dx  x  sin'."!*  (rad.  =  l)  =  dF,we 

have y  j^Ac  x  sinr^x  =  —  sin."*»  x  —    /  —  x  d-  sinr^ors— 

^     .    .•            /*    x^dx 
x  am.  *  X  —  I ' 

Now  -      ^'^      =        ^^       X  (1  -x«  -  1) 

xdx 


sr  xeto.  ^  1  —  a?^  — 


^\-x' 


J 


:.  F  =  £-.  sin -1  x  +  —  rxdr  Jl-^x*  —  -Lx 
3  S  "^  ^  3 


Vl-ar» 


3  9^8 


To  integrate      ^-0+^)'  ^  =  ^F 
(l-x»)  Vi+^* 


ij  2,x 
ABsmne-; j  r=  u 

Then-.^  _       dx        .       »x«(to      _    <fa;.(l+x') 
/i        1  -  x«         (l-x«)«  (l-x«)- 

1  — x2  ^2  ^ 


8 
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Also  JfL  =  1  -  20^"  +  X* 


.%  F  =  _L  X  /.(«+  VH^ 


591 


/'  adx      _    «     A*  ^<^ 


dirisioa 


ox  \ 

=  4-/(*^~  -^ Vbydirisi 


To  integrate      ^"^      =  dF,  put — f! —  =  P 


TheiiciP=: 


(1  +  0?*)*  (1  +  X*)* 

2xdx  2x^dx 


(1  +  «*)*         (1  +  X*)* 


2xdx  Sxds        ,        2xdx 


(1  +  sc«)i         (1  +  **)*         (1  +  **^ 
9xdx 

(I  +  «*)* 


Hence  Fs  P 


«« 


«     8.(l+a*)i 

59«.      /      "^      =  a  X    r     ^ 

J   ij\—x*  J    ^l  —  x*    . 

For  the  infestigation  of  /  ■  see  the  solution  of  pco- 

blem  497»  beginning  at  page  297. 
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To  integrate  («'+^'<^  -  ^.F    we  have 

X 

Let  /.x  r:  u 

X 

Hence  F^  =  (o»+«»)-  x  x  iilH  -     Tiflllxrffe^+afy 

1  — n        ^  1 — n 

Suppose  n  a  positive  integer,  and 

Assame  ^'(^'  +  ^r^  -  p 

(to  * 

cf .  PjX  ^^  p 

dx  * 

dx  "*^ 

Then,  by  oontinning  the  above  process,  we  shidl  atrive  at 

F    =5  _  (a*  +  a^)-  X PtXx 

®  (n-l).i4— »        (n- !).(»-«)  14"^ 

_  *^gX^ .  kc  + 

(»-l).(»-2).(n-8)tt— » 

dx 


1  X    r£:^ 

(»— l).(n— «) 3.«.1        ,/         tf 


Now  P.^ —  may  be  integrated  approximately  in  a  series,  by 
Lx 

expanding  (/.x)^^  according  to  the  powers,  mnltiplying  P^.  (which 
is  an  algebraic  function  of  x)  and  integrating  each  term  sepa- 
rately. 

if  n  ie  not  integnd,  let  the  process  be  continued  as  far  as  it 
tends  to  simplify  the  diifereutial.  Having  thus  indicated  the 
steps  of  the  process,  we  shall  leave  the  actual  investigation  to  the 
patience  and  assiduity  of  the  Reader. 


ags 
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593. 


2»-l 


8«-l 


To  integrate  dx»  (1  - «■)    «     =  ^Fo»  ««sw™c 


Pj  =:  X  (1  -x») 
Pj  =:  a:.  (1  —  a*y^ 


5cc.  =  &c. 

P.  =:a:.(l-x^* 


2»-l 


fi»-S 


Then  c/P,  =  dr.  (1  -x')"nF^  .-  (S«— l)  x*dx.  (1  -o*)^ 

=  <fx  (1  —  x*)~T^  +  (2n-l).<ic.(l-x«)"r-  X 
(l-x»-l) 

=  2ndx  (1  -  x2)^T^  -  (8n- 1)  dx  (I  -x*)^ 
/.  Pj  =  8».  Fo  —  (2n-l)  F^ 


«•-« 


•   F    =     *  + 
Similarly  F^  :=r      ^« 


_  P,     .    2n  -  1 


Sn 


X  Fj 


^   fnjiS   ^  p^ 


F    — 


2(w-l)         8(n-l) 
P. 


+  j2lli;.xF3 


2.(n-2)    '    2(n-2) 
3 


F_  = 


2XS 


i  + 


8X2 


xF^. 


F^,  =:?!!   +   — ,X  F, 
8  8 


Hence,  by  successively  substituting  for  Fp  F„  &c.,  we  get 

8n-l  y  p  _j_  (gW"-l).(8n-3)  ^  p 

'       8»n.(n-l).(n-S)         * 


+  (gn^l).(2n-^S).(2n-6)  ^  p^  +  &e, 
2*.n.  (n-l).(n— 2).(m-3) 

(2n-l)  .(2»— 3)  ....8.1  p 

8"~*.n.(n— 2).  (n-S)....  2.1  "^ 

^(2n-l).(2n-3).(2n-5)....5x3Xl    ^   ^in -^  x  (F,  being 
2".  n.  (»— 1)  .  (n— 2)  ....  3.2.1 

/<2x 


=  sin,*i  a:) 


intkorjll  calculus.  ^93 

Let  a;  ==  0 

Then  P„  P„  P„  &c.  each  =  0 

And  sins'^o?  ==  p  x  v  {p  being  any  integer,  and  «- 1=  a  semi- 
circle  whose  radius  is  unity.) 

/.  Fo  (when  a:  =2  0)  ==  -l±i:ri!!iZl.  x  r^pw 

1.2.3....  (n—l).n  '^ 

Again,  let  x  =  1 
Then  P„  P,/&c.  each  =  0,  and  sin.-i  x  =  SpV  +  i 
(p|  being  any  integer) 

A  F,  (whenx  =  1)  =    »^8--(8«-M    ><  Jr-  x  {2p'w  +  Z) 

1.8  ....  (n— 1)  .  n  S/ 

/.  Fo  (between  ar  =  0  and  X  =:  1)  =  ^'^-^  •"(''*"*)  x~X 

1.8  ••••  91  ST 

(2p'9  —  p  +  — ]  of  which  the  Problem  is  a  particular  case,  vis., 

that  when  p  =  0  and  p  =:  0. 


694      r  ^     =  C— 

J  (Ax+ca;*)*        J  of" . 


"'^    -^  =  F 


{b+cxY 


Assume  — ^ r=  « 

x.(6+cx) 

Then  du  =      -^  '^ 


x*.(6+cx)         a:.  (6  +CJ?)* 


^       — cte  dx 


x«.(6+cx)         a:J(6+cx)* 

»8di;       .  hdx 

+ 


X  (ca?  +  6  -*  6) 


«».(6+cr)        x'.Cft  +  cxy 


(6+ ex) 
Again,  put  — :=iv 


Then  —  s=  —  rfv  and  we  get 

.     x« 


394  INTflORAL  CALCULUS. 

—  vdv 


/*      dx        _     /» 


bv+c 


=-'/(*-i 


dv     \ 


=  -T"+f^"'+T) 

•  F  =r  ^  _      g      ^  2c  ^    6+ ex 

6.x.(5  +  ex)         6«x  6«' '     Ax 


Otherwifle, 


Assumex+i.  =  « 

8c 

ITienFs    T. *i 

^        4c« 


)• 


ABSume !t =  v  difRarentiate*  fee. 

4c» 


To  integrate  e'dx  x  oob.*x  =  c<F,  we  ha;?e  006.*xs=  ^+"'^^ 

21 


•• '  =/-^  *  /- 


e'dxoos.  2x 
8 


=  —  +  —  X  /Vdx.cos.  Sx 

Bttt  f^dx.  608.  to  s  e^.  eos.  8x  +  8  fe'dx.  sin.  Sx 
And  %J^dx.  sin.  8x  s=  2^  sin.  8x  —  \fedx,  cos.  Sx 
Hence  Sft^dx.  oos.  8x  s=:  e*.  cos.  8x  +  te*.  sin.  te 

And  F  —  **    4-    ^-^^^'^^    4.    g"«sin.2x 
""T  10  5 

s  —  +  —  X  (4  sin.  X.  COS.  X  +  9  oos*<  x  *  1) 
8         10 

=  l.xe»+^l£2Lf  x(8ttn.x  +  cos.x) 
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To  integrate  ^     =  fc=  dF 


Leta+  a?-  a/ a*+a^  =:  «' 

=s  tt*  +  o*  +  a:*  —  2au*  +  8ax  —  Sant' 
u4— 9aM«         tt*  att« 


/.   X  = 


Hence  cw  =  udu  —  — + 


,„       J  adu       ,       afi^rftt 

=:  A,  -  4*t_  +  -^  X  (««-a+a) 
=:   att  + 


Agauiy  pot 


Then  dP  s 


«  —  a 


«2  -  a        («•  -  a)« 

adu 

P 
Heno9  P  =  tt  —  —  which  is  /.  known. 


To  integrate  — ^f —  =  dT 

a+b.cos.x 


1  —  ii«     ,       ^  ,  1  4Mdu 

L  x  =  i — ;  hence da:=  -- 


Afismne cos.  x  = ;  hence dx=  - —  x 


1  +  tt«  sin.jj        (1  + ««)« 


Anda  +  ^oos.«:=a  +  6x^_j--, ^ 

HenoerfFsr     .  ^  .  ^  ^.     „    whoae     integral    will    be 


396 
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a  circalar  arc,  or  logarithm  according  as  the  term  (a  *-  6) .  »'  is 
positive,  or  negative  i.  e.,  according  as  a  is  >  or  <  6. 


Let  a  be  >  6  and     v^^""^.  « :r  » 
Hence  rfF=-^x      A+^  x       ^^ 


dv 


/.  F  c=  — ==3  X  tan.-'  V 
^a^-b^ 


V  =      j/^— ^ . M,  and  tf  =:      /I -COS.  g  -.      sin. 
o+t?  ^  1+cos.  or         !+« 


=  tan.± 
2 


.-.  F  =:         ^  X    tan.-'  ^  A-^  .  tan.  SL (i) 

=  — =L==x  (8x  tan.-'  •   A-^  .  tan.  ^^ 

2     /»-*  .  tan.  — 
Now  tan.  29  =  J5J22:L  =        ^   ^+^  ^ 

l-.tan.-e  ,.?^.tan.«^ 

a+6  2 


Va'~  y.sin.  0? ^g^  —  &«.  sin. a: 

"(a+6).cos.«±-(a-6)gin.«?  ""       ^+«-  ^^^T^^^*'^  P"* 
2  2 


=:  taa.-^      /o^.tan,  1^ 


/•  F  =     rT — t;  X  tan.-»  -7— (2) 

4^  oT'-br  b  -^  a  cos.  x  ^  -^ 


Again,  tan.2fl  :=:i^;-ZJ'-lJ'»:^  ^    ^^-««'^* 
^  6+a.  COS.  X  COS.  2  9 
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.-.  COS.*  S  0=  - (ft+«««.^)'     1 

(a* — 6').sin.'j: + (6 + a.  COS.  x)* 

-—         (6  -f  g  .  COS.  or)*         ^  (6+a.cos.x)* 
a*  +  2ab  cos.  a: + 6'.cos.*d:        (a + 6.cos.x)* 

.•.cos.8(»  =  *+"-°°»-^ 

a +6*  cos.  :i; 

Hence,  F  =  ^         x  cos.-»  *+<»'<^'^  which  is  the  in- 

V  «'  "  ^*  a+6.cos.x 

t^ral  required. 

For  other  integrals  of  this  kind,  see  Translation  of  Lacrotx^ 

p.  761.,  &c. 


(1  -  X3)*  _ 


696.  To  integrate  ^^  "" ^^^    x  dr  =  dF 


Assume  > i-  =  P 


Then  dP  = -Zi^ilzf!^  -  i^(l-x.^)^ 


— 4dx 


X  (l-x^)* 


P—      1      (l-x3)* 


•  F  —  —       —  — 

4  4  X* 

To  integrate  ^      —  s=  d.F. 

Take  away  the  second  term  of  the  denominator,  by  assuming 
a?  +  -5.  =  tt 

Thenec  dF  =  ^"^ 


vAxy.T^iil 


C     4C« 

'^^  (byputting  4-^=±Q) 


.-.  F  =  JL  X  /.  (tt  +  v«'±Q) 
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^3 

3 


To  integrate =  dr^ 

(1  -  x^y 

X^  T> 

Assume =  x^i 


1  ""     M     />    **^     -  P 


(1  -  X*)* 


=  p. 


Then  dP,  = ?  + 


.-.  P,  s=  8  F,  +  8  Fo 

SimUarly  P,  =    f     ^    ,  +  Fi 

«^  (1  -  ««)* 

\  Fft  =  — i-  —  Pa  +  sin.""* «  whidi  is  /.  known. 


To  integrate ^ r^.  =  d¥;  assume 

-       A       ^_B_^     C 


(a?-a)*.(«-6)         {x-ay        x-a        x-b 

Then  A.(a?  -  6)  +  B.  (a?  -  a),  (a?  -  6)  +  C.  («  -  a)*  a:  I 

Let  X  =  a 

Then  A/a  -  6)  =t  1  and  A  A  = 

^  a — b 

Letx=  6 
Then  C.  (6  -  a)*  =  1  and  /.  C  =      J^ 

Again         g-^ = L-=B.(x-6)+C.(x-a) 

x-a  «-* 
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Let  X  sz  a 


ThenB.  (a -6)=-  -L- 

a—  6 


/.  B  =  - 


Hence  dT  = 


dx  dx  ,  dx 


(fl-*).(x-ay    (a-6)-*(x-a)     (a-6)*(;r-6) 


(o— 6).(a?— a)        («— ^)*    *— <* 


Otherwise. 


P0t-i-  =  tt 


Then  .  ^      =  -  d u 


And 


{x^af 
1  1  tt 


x^b        _!_+„^^        l  +  (a-6).u 


« 


.•.dF  =  _Z!ff^=  -  JL.  +  ^« 


l  +  (a-6)tt  a-^        (a-6).(l+a-£>.  tt) 

/.  F  =r  -  — !^  + xL  (l+o— 6.tt)  a  result  equi- 

a —  b  (a  —  by 

▼alent  to  the  former. 


597.  To  integrate  ^         =  dF, 

Xjjbx^  —  a 


AsBome  ^bx^^a  ^  « 

Then_S=  =  du 
/Jba?—a 

dx  du 


b 

.\dV=    ^ 

14* +a 


Add 
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AiidF  =  ±.    /l^!L.  =  ±tanr^-« 
a     «/  tt*  +  a         a 


To  integrate  - — r =  rf  F^  we  have 

^         8in.49.cos.  0  ^ 

dV  —     ^^*  COS*  Q     —        ^'^  sin.  6        ^        <fe 
*^"^  sin.*e.cos.«0  "  sin.*.(l— sin.'fl)  ^s* .(!-««) 


Assume  /•  —  =  Pi 


s» 


1    /^         =  F, 


Then  dV.  := 21!L  =      ^^^^*'" 

s.^(l  -  «•)         s.«.(l-s^ 

.-.  P^  =  -  s  Fo  +  3  Fi 


s 


2 


«« 


Similarly  P,  =  -F^  +     T-A 

HenceFo  =  -Li-    P,  +    /Li^ 

8  ^/   1  — 

Bnt   /LJi-=±^  L±i==±  Z.^  +  ^^'^•^:=:JL/.tan.(450+l^ 
J  1  —  5«      2      1-s       2      1  -  sin.D      2  ^  2/ 

.-.  Fo  =-— i —  -•  -i«.+±/.tan.  (45  4-  —^ 
^  8sin.«9        sin.  0     2  ^  2/ 


Otherwise. 

dV  =  ^_1? .  X  (cos.«  9  +  sin.^  9)  =    ^^-  ^^'^  * 


sin.*  9.  C0S.9  '  sin.*9 

.  rf9  dsin.  9    ,  d9       .     ,  ,       ja    ,     •    im 

8in.29.  COS.  9         sin.*  9  sin,*9.  cos.9        ^  ^ 

_dsin.  9    .    (2.  sin.  9    ,      cfsin.9      1.11     *    .    ^1  1* 

+      .    . .    +   :«—  which  leads  to  the  same  result. 


sin.* 9  sin.*  9  l-sin.*9 


INTEGRAL  CALCULUS.  ^^ 


To  integrate  __-____..    See  problem  6.  pagers. 


598.        To  integrate  — .==_ _;,  assume 

jj  X  =  Uj  •*.  X  =z  u\  and  dr  =  2udu 


/_^    =  =  —  2tt  -  «  V^  .  t  (it  -  vT) 


To  integrate  —  ^  =r  rf  F,  we  have 

4/2aX'-x^ 

,p  __  adx^{adx—xdx) 

ij  Sox—  ^« 
•  F—     /*       !°^  _     r  adx^xdx 


ij2ax—x*        «/     x/8ax— j;« 
=:  Ters."**  —  ij%ax-^x^ 


To  integrate  dr.  log.  x  =  ofF, 
we  liave  log.  x  =  /.  x  x  log.  e  (e  being  the  base  of  the  Naperian 
sjstem) 

/.  rfF  =  dx.  Ix.  X  log.  e 
And  F  s=  log.  e  x  y*<ix.  /.x 

=  log.  c  X  (x  Ix  —  /x  X   —J 
=  log.  tf  X  (xZ.x  —  x) 


599: 


d«  ^    e/zxcos.^z 


1  —  tan.  '^z        oos.'z  -  sin.*5 

TOL.  I.  2d 
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«3 

=  -! a*«  +  tan.-*  x 

d 


To  integrate      ^^^     =  dV, 

(1  -  a:«)^ 


Assume 


(1  -  a:«)* 


ThendP,=Jf!^+      ^*^ 


/.  Pj  -=  8  Fj  +  8  Fo 

Siimlarly  P,  =    f     ^    .  +  Fi 

•^  (l-a:«)* 

.%  Fo  =  — i-  —  Pa  +  sin.""*  4?  which  is  A  known. 


,-_-      ., 


To  integrate — --.  =  dF ;  assume 

^         (x-ay.(a:— 6) 

-       A       ^^^     C 


(x-a)*.(a;-6)         (x-o)'        a:-a        x— i 
Then  A.(x  -  6)  +  B.  (x  -  a),  (a?  -  6)  +  C.  («  -  a)'ss  I 
Let  0:=:  a 
Then  A.(o  -  6)  =:  1  and  /.  A  s=  — L- 

Let  X  =  6 

Then  C.  (6  -  oV  =  1  and  .".  C  =  ^^  ^   ^, 

(6  — a)' 

Again  «-^  =:  -  --L-=B.(x^6)+C.(x-a) 

x-a  «-* 


INTBGRAt  CALCULUS.  ^99 


Let «  =  a 

1 


ThenB.  (a- 6)=- 
.^  B  =  - 


a-6 
1 


Hence  dT  = 


(a- by 

dx  dx  ,  dx 


(o-6).(x-o)*    {a-h).\x-a)    (a-6)'(*-A) 


•   p  -  1  .         »       I  x-h 

(a-6).(x— a)        («— *)      ^"-^ 


Otherwise. 


Put-L-  =  « 


Then  ,  ^      =  -  d« 


And 


{x^af 
1  1 


x-6        l^+a-'b        l  +  («-0-^ 


u 


AifF=        "^'^        ==-^-f  ^« 


\  F  =  —  -^  +  X  /.  (1+  a— 6.m)  a  result  equi- 

a —  h        (a  —  Vy 


Talent  to  the  former. 


697..         To  integrate  ^         =:  dF, 

XjJ  bx^  —  a 


Assume  tjha^—a  =  u 
Then      ^^^      =  du 

dx  du 


Bat  :f  =  ii!±fL 
b 


u*+a 


^  INTEGRAL  CALCULUS. 

AiidF  =  ±.    /1^*I_  =  ±  tan.~^' u 

a     J  u^  -^  a         a 

=  —  tan.       *  ijla^—a 


To  integrate =  dF«  we  have 

sin.*  0.  COS.  0 

^  "■  sin>d.cos.«9  ""  sin.«.(l— sin.^fi)  ^  s*.(l-s«) 


Assume  A  i.  =  P,     . 


±  =  p.   I'  ^^ci  -^)     ^' 


Then  dP,  := -HgJL  ^  -Sifsxd-s') 


s*  s*.(l-«») 


/.  P^  =  -  8  Fo  +  3  Fi 


Similarly  P^  =  - .  F^  +     T—* 
Hence  F.  =  —  L  -    P 


s' 


2    +       f 

8  J  1  _  «« 


/r^ 


But    /LJi-=±Z.L±l=:±Z.^  -^  "^•Q;=:ij.tail.(450+1^ 
J  1  —  ,9      2      1  -T^«       2      1  -  sin.G      2  2  y 

/.  F«  = i —  -  JL+±/.tan.  (45  +  1^ 

^  Ssin.aa         sin.G      2  ^2/ 


Otherwise. 


sin.*  6.  cos.G  sin.*0 

+  -; — _ —  +  —J X  (cos.*G  4-  sin.*G) 

6m.^G.  cos.  G         sin.*  G  sm.*G.  cos.G 

dsin.  G    ,    d  sin.  G    ,      dsin.G      i.  »,    j    *    *i  u 

—  +  — : — -  +  : —  which  leads  to  the  same  result. 


sin.*G  sin.'G  1— sin.*G 
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To  integrate  — ■===:    ^^  problem  6.  page7£. 


dx 
598.        To  integrate  — = _;,  assume 

,j  a—  tj  X 
gj  X  z=i  u^  .\  X  z=i  u\  and  dx  =  2iuiu 
:.  ^  =       2uda     __    9udu ^^^^_  g^^ 


To  integrate  — ===  =  rfF,  we  have 

A/2ax^  X* 

jp  —  odor — (adr — xdx) 

ij  %CLX—  X* 

.  p  __     /*       CKix  ^     r  adx-^xHx 

J    J2ax^x*         t/ 


jJUax—x*        «/     V2ax— X* 
=  vers.~*x  —  jj2cLX-*x* 

To  integrate  dx.  log.  x  :=,  dT^ 
we  have  log.  x  =  /.  x  x  log.  e  (e  being  the  base  of  the  Naperian 
system) 

/,  dF  =  dx.  /x.  X  log.  e 
And  F  =  log.  e  x  ^dx.  /.x 

i=  log.  e  X  (x  /.x  —  yx  X   —  j 

X  X 

=:  log.  e  X  (xZ.x  —  x) 


599: 


dz         ^    dzxcos.-z 


1  —  tan.  '^  z        cos.';8  -  siu.^2 

TOL,  I.  2d 
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^  (fex(l+COS.  2g)  ^      2dz        ,    d« 
"^  2  COS.  22  "^  4cos.  2z  2 

J  l  —  taii.'z         4.        J  COS.  2a( 


J  COS.  2z   ^  J  \  ^  sin.* 


*1 

2z 


/i 


_.     /*  i/.8in.2j8     ^    1   .  1  +  sin.  2z 
1— sin.'2z         2  '    1  —  sin.  22 


Hence  f     ^       ^  »+  JL/.1±»5: 
^1—  tan.'z  8      1— sin. 


2z 

2z 


dx 
To  intesnrate ,  assume 

X   +    =2  1* 

2 
Then  dx  :=i  du 

And  «»  +  «  +  1  =  «•  +  1  -  i-  =  tt«  +  A 

4  4 


"  J  l+ar+x«        J  u 


du 


2 


+i 


=:  —  X  tan.      i  u 

3 

=  -1.  tan."^  (x  +  —\ 
3  2  J 


600. 

dx 


/dx 
=  tan."*x  CVincCjIiCLcroiXy  Ac) 
1  +  x«  ^ 


f      ^        =  /.  (x  +    V  1  +**)  f^ince,  Lacroix). 

Arid    / — =   i. ==:  (Vince^  Lacroix^  &c) 

J  xJ\-¥x^  1  +  */  l-^-x* 
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dx 


(501.    To  integrate. 
Then  1  -  x^  rs  %^^ 


=  dF,  assume  (1  — «')^=r  uz 


And  x^  =: 


/.  dx  = 


.•.dF  =  ^  sr 


1  +it» 

—  ttJtf 


1  +«* 


Again,  assume 


1  +  ii» 
(«•-«+  1)=  1  +tt3} 

Ilien  A«*—  Aii  +  A' 


«  +  l 


-  .^^  '('-'^ ' 


/.  A  +  B  =  0 

A  +  C=:  1 

B-.A+Cs=0 


A  =  J. 

z 

Hence  B  r=  ^  i. 

8 


3 


^ 


*"  3  (»  +  1)        S(ie«*ii+1) 


—  rfu 


(2tf 


du         4.  *5   X 
S.(tt+1)  3 


li*— tt+1 


3    ii«— tt+l 


"-3.(tt+l) 

/.  F==±.  /.  (tt+1)- j-x  /.(«•-«+!)-  r — ^ — 

3         ^  '^        6  'J  «.(v*-tt+l) 

Put  tt  -  J-  =  t; 

2 

Then  «« —  w  +  1  rt:  v'  +  1  -  J.  =  v'  +  -5. 

4  4 


2  D  2 
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-  ./  A 

V 


r    sdu  r    sdv 8t^-V 

••  J  2.(«»-t»+l)  '-  c/  8  .  (»•  +  i)  ~ 
.-.  F  =;  4--  /•  («+ »)-  T-  ^'  («**-«+ 1)  -  «•  tan."  ^  *  («  -j) 


The  abore  assumption  applies  to  the  general  form  -i 

FoT  putting  oaf  +  ar*  =  t«*  a?*  we  get 

which  is  rational. 


To  integrate  e    'xdx  =  dF,  let  ^  ^  ^  « 
Then  F  =  f2u^^du  =  2feda.u^ 

Alnof^duM^  s=  €•.»«  -  2f^du,u 
AndfeTduM  =  c^tt  —  y>rftt  =  c^.«  —  «• 
Hence,  F  =  Sc-u^  —  6c*tt2  +  12  «••«  —  12  e' 


=:    «€         X 


(ar*  —  8x  +  §  V  *  -  «) 


If  the  index  of  e  be  complicated,  it  will  generally  be  more  com- 
modious to  assume  that  index  ==  w,  &c.  &c. 

To  int^rate  sin.  mx.  sin.  nx.  cos.  px.  dx  =dF,  we  have 
sin.  mx.  sin.  nx  =  -sgrj^-  (w  -  n)  x  -  cos.  (i»  +  n)x\ 

.-.  sin.  mx  sin.  nx.  cos.  px  =  — <cos.px.  cos.  (m  '- n)  x  — 

cos.  px.  COS.  (m  +  n)  x} 

n^                      ,           \^      COS.  (/»-n+p)x+cos.(m— n-p)x 
But  COS.  px.  COS..  <m  -  «)  x  = L.^ ii-— ^ LL 
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■  And  COS.  px.  COS.  (m+n)x  =  «*•  ("«+»+P)^+«>»-(«»+n  -  p)x 

dx        { 
Hence  dF  =  —  x  <cob.  (m  -^  n  +  p)  x+cob,  {w— »— p)jp 

—  COS.  (m  +  »  +  p)  X  —  COS.  (m  +  n  —  p)x} 

But  dx.  COS.  (m  —  n  +  p)  «  = X  d.  sin.(m— n+p)' 

HI  — n  +  p 

Sus.  z:&c. 

•  F  —    *  f  sin,  (m  —  n  +  p)  3P    ,      sin,  (m  *-  n  —  p)  jr 
4  I         m— n+p  m— n — p 

__  sin,  (m  +  n  +  p)  X  __   sin.  (m  +  n  —  p)  jr>    . 
wi  +  n  +  p  m+»  — p         5 

By  the  above  method  we  may  also  integrate  the  foUowing  ge* 
neral  forms. 


sin.  m^x.  sin.  m^x.  sin.  m^x..,.  sin.  m^^x  sin.  m^x  x  dx] 
COS.  fitjX.  COS.  m^x.  COS.  mjX....  cos.  f^V-iX.  cos.  m^  x  c{x| 

Also  that  form,  whose  n  factors  are  sines  or  cosines  of  the 
multiples  of  x  promiscuously,  may  be  integrated. 


dx.J  1  —  X* 
602.         To  integrate      ^         ^  ■  =  dF» 


Assume  u  =  


Vl-«^ 


Thendu=       ^^        +      ^'^ 


V 1  -  j«      (1  -  «^)* 

da:  dx,ij  1  —  j:* 


l+x* 


Also  x*  =  tt*  —  ttV 
.-.  Jd*  = 


tt« 


1   +  ttS 
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And 


^        ^     ^      1  +  tt«/       (1  +  tt'] 


And  1  +  a^  =  1  +  —  =  — 

1  +  tt«         1  +  «« 

Hence  rfF  =  ** 


(2««  +1)  (1  +  w») 

...  1  Ate+B    ,    au-^  b 

Airain,  put  „  ■  ■  ■  :$:  -.^ 4-  r 

^         *^      (!+«•)  X  (l  +  2tt*)  1+tt*  1  +  2H* 

then  B  +  6  +  (A  +  a)  tt  +  (2*  +  B)  «*  +  (8A+  a)  »»=t  1 
/.  B^+  b=i  1»  A  +  a  r=  0»  2B  +  6  =  0, 
and  2  A  4-  a  ss  0 
Hetuse  AsdO,  assO,  6=s2,  B=5  -  1 

.%  rfF^-£^ ^ 

■ 

And  F  =  //2  tan.*"*  j/2.u  —  tan.-»w. 


To  integrate  e^.  8in.'x.{2x  =  c2F,  we  hare  sin.*a;  =  — ^^' 


*'  J        2  J  2 

But  r^^    =  lf^.d.ax 


2x 


2a 


And  r^^  .COS.  2*  =  i-.  ^.  CO*,  to  +   /IL  «-x2dr 
J        2                          2a  J  2a 

1  /^l  1 

gin.  2jr  =  —  e^cos.  2x  +    I  — ii^.dx  sin.  2xss  — .  «^.  cos.  2s 

2a  J  a  2a 

+  -L.  ^,  rin.2x  —   / — .  i^dx  cos.  2* 
a*  J  a« 


1 
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Hence    (—  +  —].  fel^dx, cos.  2x  s:  —  e^.  cos.  9x  + 


—  «*■.  sin.  2x. 


.%  — yV"dap.  COS.  ax  =3 


a*  ^  fcos.  gjT    ,     sin.  2x\ 

8 "  a«  +  4  t     2a  ®*     J 


€"  g.  COS.  2g  H-  8sin.8x  ^       ^ 


a»+4  8 

a  8in.*x  +  8  sin.  x.  cos  Jbr) 

Hence  F=?!!l  - 


a«  +  4 


(-  - 


f 


8a 


X  ±  +  f!!^!ilf  x(a.siu.x+8cos.x) 
a«  +  4  8  a«  +  4     ^  ' 


2e"  ,     ^.  sin.  x    ,     .  ,    •     ^     % 

+  — :».— — .  (a  Bin.  X  +  8  cos.  x) 


a^a*  +  4) 


a«+4 


408 
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603.        To  iategrate  aJz  =  dy  .  i/a*  +  4y«  we  have  dz  = 


4/  dx«  +  dy^  (x  being  the  abscissa  of  the  curve) 

/.  a  .  jjdx*+dy^  =:  dy  .  V«*  +  4y* 
/.  a«  .  rfx«  +  a«  dy«  =  a«  dy«  +  4y«  <iy« 

.-.  a«  dx^  =:  4y«  dy« 

.'.    adx  =:  S^(fy 

and   ao;  r:  y^,  which  expresses  the  relation  required. 
The  curve  is  the  Cof^mon  Parahola, 

604.         To  integrate  ay  +  -^  +  £^  =:  0,  assume  (the 

dx  dx^ 

equation  being  Linear  with  respect  to  one  of  the  variables  and  its 
differentials) 

y  t=z  e-' 

Then5^=:«..^"* 
dx 

^  J    d^y  du    ^      fudM    ,      -      fmdtt 

and  — ^  =  —    X    c*'    •  +  «• .  e*' 

Hence,  substituting  and  dividing  by  e*^"^ 
we  have  a  +  fcw  +  -^-^  +  cu«  =:  0 

/.  dr  =        — ^^'^        —  ""^^  -  ""^^ 


a+6u+ctt«         ±,+±u  +  u«       t;«  +ii-.  ^' 


c       c  c     ,4<* 


-dv    ,  .     6 


.  (11  =  tt  +  A  and  «•  =  ^  -  -^"j 
•  2c  c  4c«  / 


ft 


.'.  ly:=ifudx^J  \^  is 


known,  &c. 
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605.  To  integrate  dz  +  x^dx  =  dz  -{^  zdx 

Assiiine  z  =  «  .  X  (X  being  an  indeterminate  function  of  x) 
Then  Xcfi«  +  wdX  +  ulULx  =  (1  +  x»)  dx. 
Now,  being  at  liberty  to  make  another  assumption  with  regard 
to  «  and  X,  we  will  separate  the  variables  bj  putting 

•*.  du  +  udx  =:  0  ) 

and  ni/X  =  (1   +  x^)  dx     \ 

Hence  ^  +  rfx  =  0 
tc 

/.  /tt  =:  —  a:  +  c 

/.  cfT'  =:  tt  (6  being  the  hyperbolic  base.) 

u  c«"*  c  c 

.-.  x  =  i-«»  +  —Jx^edx 

Buifx^e'dx  =  «»x5  -/(f.dx^  =  «■««—  sfx^^dx  =r 
^«»  -  3««e'  +  e/xeTdx  =  e'ar^  —  Sar^e*  +  ajse"  —  ee*  +  c' 

/.  X  =  2-  e«  X  (x»  -  Sjr«  +  6x  -  6)  +  i- 
c  c  - 

Hence  «  =  «.X  =  c— xc'(x«  -Sj«  +    6x    -  5)  + -L 

r=  *'  -3x2  +  6,  -  5  .|.  il 

This  is  a  ItMar  eqiuition  of  the  first  order.     (See  Lacraix^ 
AtU  257.) 

606.  To  integrated  +  ^15^==     ^"^  , 

X  y  ay" 

r 

Assume  x  :=  «7 

""*  rrfii 


Then  J^  =  r  ^~     du^ 

Up 


u 


rwi  i  r 
^-  —I 


Also'  f!!^  =  JL  X  J5-i ^ 

ay*  ap  y 

rw  \  r 

Hence  J!^  +  J!!^  =  -L  .  JL  '— '^« 


op  y' 
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op  ^ 

▼iding  by  r,  and  multiplyiiig  by  n  3^*) 


/.  ttV  =  Jl   X    ruT-^idu  = 


a(r.m+l  +  jm) 

•  •  y   = X  tt^;      +  ±. 


a.(r.m)+l)+jw)  «* 

**  X  *-+»  +  -1 


a.(r.m+l  +pn) 


xr 


607.  To  integrate  xdy  —  ydx  5=  cij; .  tjx^-^y* 

assume  :r  ss  vy 
Then  lix  s  ^y  -f  ^<ft; 


Hence  vyrfy  —  vydy  —  y^dv  =  (vdy  +  ydr)  y  .  ^  1  +  »« 


Or  —  dv  zr  v>  yi  +  v'.  dy  ^  ^^  ^    j/TTv* 

y 


andZ.y=   -  ± /.  JiCi±^Lzi  «  /.  .  + 

*       V  1  +  t;«  +  1 


/.  r  +  /.c 


v 


Vl  +  v2  -  1  ^x2+y»— y 

•••  V^^+y"  =  c  +  y 
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.\  ar«  +  y«  =  C  +  Scy  +  y« 


/.  X  =  tjc*+2cif  the  relation  required. 
This  equation  is  homogeneous. 


608.        To  integrate  adx^  ss  ydy*  —  bdxdy,  we  hare  dx« 

+  —dy%dx:=il^dy* 

a  a 

,.dx-  +  Liydx^^ysL^y.dy^+^l^zzJyL 

X   (4ay  +  6«) 

/.  ^  +  i^  =  ±  ^  X  v^y  +  fr* 

8a  8a 

/.  «  r=  ZA  y  ±  -i^  .  (4ay  +  6«)^  +  c  the  relation  re- 
2a  6a^ 

quired. 


609.        To  integrate  V  ^  +  y*  ^  (^y  +  y^*)  =  y^'y 
we  hare  xdy  +  ydx  =  — ^^ 

V  1  +  y* 

/.  ^  =  r  y^y     =  VT+7  +  c 

J  Vi  +  y* 

•'•  *  =  V^  +  y^   +  —  the  relation  required. 

y        y 


610.        Let  y  =  a  +  6x  +  cx«  +  ex^  +  5tc. 

Then  ^  =  6  +  2ca?  +  3cx«  +  &c. 
ox 

Let  dx  be  constant 
Then  ^^  =  «c  +  6cx  +  &c 
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Let  dy  be  constant 
Then  -^y^^'^  =  2c  +  6ex  +  &c. 

Hence,  it  appears  that  if  for  d*y  in  the  equation  where  dx  ii 

constant  we  substitute    ""  ^ — f.  the  equation  will  be  transformed 

dx 

into  one  wherein  dy  is  constant. 

The  same  process  continued,  will  conduct  us  to  a  rule  for  trans- 
fonning  an  equation  in  which  d^x  is  constant  to  one  in  which  d^y 
is  constant ;  and  so  on  for  differentials  of  higher  orders. 

To  apply  the  above  rule  in  the  integration  of  dxdy  —  xd*y  s 

xdy\  werhavectocfy  +  f^J^  -.  jp^yt 

dx 

Hence -f  -f  — £.  zzi  dy 
x  dx 

/.  y  =  .  ir  +  Idx  +  c 

Let  c  s  —  .Ldy  ±a  (since  dy  is  constant) 
rm_._      Ixdx 


*  jim^^kj 

y  -r  * 

(2y 

• 

e^T- 

.*.  e 

y^-rfy 

=  jm2x 

and 

gy?-  : 

=  —  -f  constant. 

611.        To  integrate  xdx  +  aydx  —  ydy  sr   l,makedy 
constant  and  =i  c. 

Then,  since  either  dx  or  Jy  must  enter  each  term  of  the  equa- 
tion, we  will  form  the  equation  thus, 

Xilx  +  aydx  —  ydy  cr  -? 


.•.  (j:  +  ay)  (/x  —  (y  +  —  j  (fy  s::  O 
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Put  X  ^  X  -f  w*1  ^  and  n  being  indeterminate  constants, 
y  =  y'  +  nj 

Then  (a?'  +  ay'  +  m  +  ai»)cto'  -  (y'  +  n  +  — ^  rfy  =  O 

1  1 

Again^  pat  m 


+  on  =  0 1      /. 


m   :=  — 


n  +  —  =0 
c 


in  =       — 

c 


And  afdx'  +  ai/  dx'  --  ydy'  s=  0  which  is  homogeneous.     Put 

/.  y  =  tcx' 

Then  dy  =  x'du  +  nd^' 

/.  y<i*'  +  aux'dai  —  tur'"(iit  —  ua^dJ  =  0 

/.  a^dr'  (1  +  o*  -  «•)  =  a?"iidu 

x'  1  +  au  —  It* 

±du-  (—du-udu) 

•  /x'  =  r    "^     _  f«        yg 

J  1  +  aK  -  tt«  -J  1  +  aii  -  u» 

=:    /!l  ^'*  -  -L  Z.  (1  +  au  -  «•) 

J  :«    l+a«  -u«         « 

Again,  put  u  —  —  =  v 

Then  1  +  att  -  »*  =  1  +  ^  —  «* 

4 


Hence 


-  —  X 
8 


/.  (1  +  au  -  u») 


4 
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whence,  in  certain  cases,  the  relation  between  x'  and  y'  may  be 
found,  and  from  the  equationi  ^  ^      +  ml  ^|^^  between  x  and  y 

y  =  y'  +  «) 

will  be  known.    (See  Simpson^  vol.  ii.  p.  86.  art.  278.) 


612.        To  integrate  adz  zz  (by  +  a*)^dy  we  have  a<  x 
(dr*  +  dy*)  :=z  (by  +  a*)  d/j  x  being  the  abecisfia. 
.'.  a*daf  =  bydy* 

.*.  ocLr  =:  j^   by.dy 
/.  ox  :=  — ^.  y^  +  c  which  gires  the  relation  required. 


>H»   «^  .-« 

dt      ' 

f 

Th.«    d'y    ^dp_              p    _    pdp 
de          dt                 dy          dy 

Hence  ^^  +  a«y  -  0 

dy 

Orpdp  +  a^ydy  =  0 

S              8 

/.     ^y'   +  oV  -  2c  -  0 
dt* 

•   ffr"  -       ''y' 

sc  —  oy 

Andrff-     '^y              '^y 

1 

V  2c  -  a*y'     V  2c  . 

'  '^  *       2c  'V  «c 


V  2c  V^  2c 


DIFFERENTIAL  B<tUATIONS.  ^^^ 

.-.  t  =  —.  8in.-i-^  +  c 

Otherwise. 
Let  y  s  oos.  o/^  then  dy  ss  *  adt.  sin.  a/ Jand  d*y  :=  —  aV<*  X 

€08.  at 

/.  _X  -^  a^  szi-^a*  COS.  ot  +  a^  ==  0 

.*•  y  has  been  rightly  assumed  s=  cos.  at 
Again,  let  y=sin.  af,  then  dy:=iadt  cos.  a/,  and  d^y  sr  —  a'<ff*  x 
sin.  at 

/.  — ?1  +  a^  =  —  a*  sin.  at   +  a^y  =  0,  also  verifying 

the  equation. 

Hence  y  s=  c.  oos.  at  +  c'.  sin.  at  is  the  general  solution. 


614.        To  integrate  ^^       —  +  ^  =so 

we  shall  first  simplify  the  expression,  by  multiplying  by  tj  A. 
Tho. ''"  +  il -o 

B  C 

Put  —  =  2a,  —  =  ft,  and  v  +  a=x,  a;  +  a  =  y 

A  A 

Then^  by  substitution,  we  get  ^  +   -===  =  0 

sjx'+b-a^         ^y^+b-a* 

:.  (whether  6  —  a*  be  positive  or  negative)  we  have 


/(x+ V-«^  +  ^-«')  +^(y+Vy*  +  *-«')  =fc' 


.-.  (x  +  ^x'+b-a')  X  (y  +  ^y^  +  b-a")  =  c' 
B 


^'^■'iA-'y-*+^+ 


the  relation  required. 
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Otherwise. 
Let  V  and  z  be  considered  functions  of  U  and  put 

^=  J  Av'+  Bv  +  C,   —-  JTF+BiTC,  and  v  +  «  =  y 

Then  ^  +  ifl  =  A  X  (t?«+«-)  +  B.  (v+z)  +  8C 
dt^         dt^  V         /  V       / 

Hence  £l+£!f  =  A.  (v+z)  +  B  =  Ay  +  B 
d^ 


But 


d«t;4-d'g  _    d^y 
df  dt^ 


.     dy^    _ 


dt* 


z=.  Ay*  +  2By  +  c'. 


.'.  ^=VAy«+2By+C.     But  y  =  r  +  z 
dt 

And  /.  f^  =  ^  +  ^  =  VAv»+Bt;  +  C  +  V  AFTbTTC 
d^      dt      dt 


:.  VAt;«+Bt;+C  +  VAz*+Bz+C  =  v^A.(v+z)«+«B(t;+x)+C 
an  expression  which  may  be  rationalized  into 
(2C  -  C  -  2Avz)*=  4  X  (Av»+  Bt;  +  C)  X  (As*  +  Bz  +  C) 


615.     To  integrate  SafdySardy  =  aycLr,  we  must  separate 
the  variables  thus,  ^  =  — ^ =  —  x 


y        Sx«— 3aa:        3  x.(x— o) 

1  AD 

Then,  assuming  — =:  —  +  ,  we  get 

a?.(a:--a)  x         x  —  a 

A  X  (x—  o)  +  Bx  =  1  ;  let  X  =  a  and  o  successively. 
Then  B  =  J-  and  A  =  -  -L 


Hence 


a  a 

^=z—  X  (   ^^    -  — ^  =  JL  X  ( ^  —  — ^ 

y        ;i        \,<*('""^)        ***/        3        vx— a        x) 


DIPFBR8NT1AL  SQUATIONS.  ^H 

fy  ^  ^^L(s  -  a)  ■-  —  Lx  +  Le  (makiof  die  cdottant  a 

o  8 


logarithm). 


—    ' **  X  c 


616.       To  integrate  adx  =  ^A+^^\  we  haTe 

dx 

X  dx 

.%  alx  .=:  XX  +  c  {dx  being  constant) 


^xdjx 

=  oxi^  ^  ox 
/.  y«  +  2.  (c+a)  X  -  2axix  +  2c'  s=  0 


Hence^  +  cx+c'  =  «/.x^  =  a.l.-«/: 


617.        To  integrate  dx.  (a+6x+cy)  =r  dy.  (<2+ex+^), 

Assume  *  =  •  +  «?.  and  g  being  constant  indeterminates. 

y  =  /5  +  »S 

Then  dM  x  (a  +  6.^+a  +  c  g+v)  srdt;  x  (d+e.a+u +/./?+ v) 

A  d«.(a  +  6«+  c/5  +  6u  +  cv)  =  cfi7. ((1  + 6« +//3  +  «i +/t;). 

Assume  a  +  6«  +  c^  =  0^      Then      =  ^  ""-^ 

d+*»+yP=:0^  "*      /6-cc 

/6  -  cc. 

And  6«dtf  +  cvdv  s=  eudt;  +  ^vdv  ¥rfaich  being  homogeneous, 
put  « :=  w,  and,  by  substitution,  we  get 
(6vt0+co)  iydw-^-wdv)  =:  (etncz+yv)  dv,  and  dividing  by  v,  fcc. 

there  ramlts  ftnaUy  ^  a  -      (^+0*"      =  ~  -L  X 

V  6w*+(c  — e)a;— y  .  2 

26io(fio -f  (c— e)du7  1  c  +  «.dw 

—  rr  X 


6«f+(c-e)ii;-/  2    *"   6tD»  +  (c~0v-/* 

VOL.  I.  2  X 
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dw 


.♦,  to  s  - 1.  X I  (*w+(c-«)«-/)-^y- 


■M^B^a 


Again,  put  w  +  i— f  =  at 


.        V 


Then 


c-«        /       .    /  .7^=^*       .    W  +  c-^* 

«^+  -r*  -T=*^-T+~s^='^ — "IP — 

And  r *f — .=  r — *=-  =  /v^ 


6         '   6'  4(« 


1      ,  x—r  .       *bf+  e  —  e)»\ 

/.  Zr.  =  -JL  /.  (&ic^  +  (c-c)te;-/)  -  £±f  x  /^  +  cor. 
Let  correction  =  /.Q 

^^j  '    =Cl,wliidi, 

Bubstitnting  for  v,  tD,  z,  thdr  values  in  terms  of  x  and  y,  will  gife 
the  relation  required. 


618.        For  the  integration  of  ^ —  +  -Li!-  =  ,  see 

Problem  605. 

Then  — IL  =  £  and,  by  substitution,  we  have 

dx^         dx  ^ 

ay  +  Ap  +  c  ^  =  0,  or  ay  +  «p  +  SS^  =  O 

dx  dy 

This  last  form  being  homogeneous,  put  y  =  tp 

Then  arm  +  hp  +    ^'^^     =  0 

vdp  +pdv 

Or  {av-hh)  vdp  +  (av+b)  pdv  +  cdp  =  0 

/.  dfp  X  (e  +  av^+ht)  as  -  jxfc?  x  (av-^-b) 


OIFFlEBNfTIAL  SQUAItONS.  ^     ^19 

p        c  +  6r  +  av*  ^       "F             c+iv+at/* 
:.  /.p  =  -  4-  i  (c+6o+a»«)  -  J-    C ^ 

Now  T—Wi—  =  A  r_^__ 

a      a 
Assume  v  +  —  =  «,  then  v'  +  —  v  +  — =  ii'+— - 


2a  a  a  a       4a' 

And  (putting  —  — =  ±  r*  according  as  —is  >or< A 

a        4a*  a  4a*  y 

we  get 

s  —    / J —  =:  tan.^  «  or c 

c  +  ow+ow*  a  t/  tt'x^'*  ar*  2ra    tt+r 

according  as  +  or  —  is  taken. 

1  A  «     ^  >whKh 

Or  ^p=:-J,/.(c+6v+at;«)--r.  x  /  !i^  +  cor. 
a  4ra  tt+r 

Talues,  bj  substituting  for  t;,tt  their  Yalues  in  terms  of  p  and  y,  we 

shall  have  the  relation  of  p  to  y,  or  of -i^  to  y.    Let  this  relation 

dx 

be  expressed  by  the  equation  J^  .=:  /(y),  /(y)    signifying  func- 

dx 

tion  of  y . 

Then  / — L.  =  /*c2x,  in  which  the  variables  are  separated, 

wiU  give  the  relation  of  y  to  Xy  as  required. 

Otherwise. 

Makey  =  e/-^,  then^=  ii^/-*,  and  -?f!l=:*^ e/-*  + 

dx  cte*     dx 

:.  a«/-^  +  6iic/«*  +  -f^  c/"*  +  €«•«/•*  =  0 

A  a  +  6i«  +  il^  +  ctt*  =  0 

dx 


4«0  tNTBORATION   OF 

—  cdu  —  du 


.'.  dx  = 


— + — tt +tt* 
c      c 


(1)    Lettt«+iu  +  — =  («-w)  X  (it-n)  then 


if  tt  s=  M,  we  have  yssej^ r:  c/^  =  c^-M  ^  ^  ^  ^m 

if  tt  =  n,  we  have  y:=zej'^  =:  c*/"**  =  ^"^  s=  c*  x  c^ 
A  and  B  the  constants,  which  in  the  differentiation,  disajqpeaied. 
/.  the  complete  integral  isy=c^  X«^  +  e"  Xc*" 

(8)      Let  tt«  +  Att  +  iL  =  (tt-»i)«,  then  m  =  n 

c  c 

Andy=:  c*' x  (e^+c^) 

(3)  Letu*  +  i-tt+  —  =  («-m'-nV"^)  (u-m'+nV"^) 
c  c 

Then  y  r=  e^  X  6<«'+«'v^>-  +e»  X  e^-^-^V^=r>«  ~  c-'*  x  (e*  X 

Now  c^  V=r-  +  «  -ii'V^-  —  2  COS.  »'  X  1 

Andc«V~-  — g     V=T- —  $  ^TTi.  Bin.  n' X  J 

And  c-^^^- 


^i**  :=  COS.  n'x  +  V  ""  1  *™«  »'*   I 
^•^  =  COS.  n'x  —  V  ""  ^  sin.  vlx  i 


Hence,  y  =  c*"  X  {(c*  +  c")  cob.  n'j  +  (e^  -c*)V  -  l.«n.ii'«} 


619.       To  integrate  ^^^    ^^  =  IWO,  we  have 

^  x2+y« 


/xdy—ydx\  ^   y^ 


1  +  ?^        1  + 


(I)' 

J      ««+y*  » 

And/IU«  =  K«  +  c" 


DIFFBRENTIAL  EQUATIONS.  ^^^ 

.\  tan-iX  rr  K0  +  c"  -  c' =  Kd  +  c  (c  =  c" -  O 

X 

:.  X  =s  tan.  (Kd  +  c) 

X 

And  y  r=  X  X  tan.  (Kd  +  c) 

620.  To  integrate  adr  +  (bx  +  cy)  dx  z::  d  x  dy  + 
(bx  +  cy)  ndxj  we  have  adx  —  d  x  'rfy  +  (1  —  n) .  (6x  +  cy) 
dx  sz  0 

Let  ix  +  cy  =  tt 

Then  dy  =:  — Z ,  and  we  get 


c 


db 


(a+l-n.u)  dx  -   ^  x  du -¥— X  dx  =:  0 

c  c 


±   X    du 


/.  dx  = 


a  +  2[^  +  (l-n).tt 
c 


db 


.-.  X  =  — 5 X  Z(o  H +   1— ».tt)  +  const. 

c .  (1  —  n)  c 


d6 


X  /.  (o+  _+l-n.*x+l  -n.cy)+/.c' 


c.(l— n)  c 

cfc'  .  ,     ,   db 


Ore"=:_rr — ..  x  (a  +  _+l -n.6x+l-n.cy) 
c.(l-»)        ^  c  ''^ 

This  result  exhibits  the  relation  x  and  y  implidtlj.  The  me- 
thod pursued  in  (617)  may  conduct  the  Reader  to  a  less  compli- 
cated form. 


621.       Lei  fydx       =  F; 

fyxA,      =  F,  .  ^  ^^ 

f  yx^dx    ==  F,  >  .    *      , 

&c.  =  &c.  ^°^«^'- 


4£2 


INTKORATIOK  OP 


ThenA=/yda?  =  Fj 

B  tsfAdxzsfdx.F^  =  arFi  -  faxO?^  =  xT^  -  F, 
(from  the  form  J' udv  :=i  uv  -*  f  vdu. 

F,  =  /xdt, 

¥^=zfx^dFj^  or  =  /xdF, 
F^=:/ar«dFi  or  =  /a?«dF,  Grz=fxdF^ 

&c.  =:  &c. 
AndF.  =/r-idFi  orsr/V^rfFg,  ars/jT^Vfl?,, 
&c.,  we  shall  have  no  difficulty  in  accomplishing  the  gnooeafiive 
integrations. 


Now,  if  we 
observe  that 


For€=/B(te 


I-  otFj  +/xdF,     J 


But  the  jterms  on  the  right  (not  considering  coefficients)  are  each 
equal  to  F3  ;   /. ,  collecting  the  coefficients,  w^  have 

C=  £!  xFi-a:xF,  +  -L  x  F, 

2.  i      *       2.3*'  ^ 

Again,D=/Ccte=Ll.,F,  +  ±./a:«dFA  =  ^.F,- 
f!.F,  +-1.  F,  -^.  F, 


8 


2 


2.3 


It  appears,  then,  that  the  integrations  are  effected  by  integmt- 
ing  each  term  separately  as  if  F^,  F^,  &c.  were  constant;  thus 
obtaining  every  term  but  the  last,  and  collecting  the  coefficients, 
with  their  signs  changed,  of  these  terms  for  that  of  the  last  term. 
The  signs  are  alternately  positive  and  negative,  and  Ifae  coeffi- 
cients, equally  distant  from  either  end,  are  the  same.  It  is  also 
evident,  that  the  index  of  x  and  that  of  F,  in  each  term,  are  toge- 
ther equal  to  the  number  of  terms.  The  law  will  be  better 
shewn  by  actually  exhibiting  the  forms. 


DlFFEMieriAL  JHHIATiONS.  4«3 

AsF, 

B  =  ar.F,  -  F, 

C  rrJ^F,-«,F,+_l_.  F, 

Ds-EL.  F,  - -fl.  F.  +  -1-  F.  -  -i-F/ 

1.2.S  1.8  1.8  1.8.3 

E  =:_fl_  F. ^ F.+      *'      .  F, f_.  F.  + 

1.8.8.4  1X1.8.8  1.8X1.8  1J.8      * 

*         F 


1 .8.3.4 


F  =.fL.  F. f!_.  F,+_fL_.  F,._f!_.  P, 

1....5  1X1....4  1.8X1  JB.3  1.8X1.8.3 

+  2 F,--l-.Fe 

IXI-..4       *      1....5 

Sec  =  &c. 

Q  =— £1! —  F, £2 -.  F,+ — X  F, 

l...(n-8)  lXl....(li-S)  1.8xl...n— 1 

-  &c.  ..•  ±  f! F^  q: i- -.  F^  ± 

1.8x  l....(n-4)  1X1....(»— 8) 


1  ....  (n— 8) 


«  a*-* 


AndRrr—i:: ..F^- ±- -.  F,+ Z— .,  F, 

l...(»— 1)  lxl....(»— 8)  1.8xl....(n-S) 

^         ^.  F,+-~,-£l ^.  F,  «.  &C.  to  !i±Ith 


1.8.8Xl....(i»-4)  1...4xlo.(n-6) 

or— th  term,  according  as  n  is  odd  or  eren,  after  which  the  coeffi* 
8 

cients  recur  with  the  same  or  different  signs,  according  as  (n)  is 

odd  or  even. 

When  (n)  is  odd,  the  middle  term  =r  ± r-      x  P«+i 

(l.8.S....?Zi.y  « 

+  or  —  being  taken  according  -H.  is  even  or  odd,  i.  e.,  ac- 
cording as  (n)  is  of  the  forms  im+h  or  4m— 1. 


4M 


INtBORATION  OP 


From  the  above  ioTestigatioii,  we  learn  that  the  series 
1  1.1  ^     ,  1 


1...2n+l     1.2Xl....Sn     1.2.3Xl...Sn—  1 

=  ±-Lx 


— &c.db 


1.8...n)C  l..j(n+2) 


«      (1.8.8  ....n+l)« 


622.         To  integrate  cTy  +  Vydx  s=  Qdx  (which  is  the 
Linear  Eguation.) 

Let  y  s  lit; 

Then  dy  =  vdu  +  udv,  and  the  equation  becomes 

vdu  +  iuft7+  Pttvdr  =  Qdr,  now,  since  we  hare  assnmedy  s=  the 
product  df  two  new  rariables,  we  may  make  another  assumption 

udv  +  Fuvdx  =  0,  /.  dv  +  Pvdx  =  0,  and  vdu  =  Qdx 
and  we  hare  _  r=  —  PcLr,  /.  /.v  =  —  fPdx 

V 

.-.  usz/Qdx  X  «/'•**+•  + c' 
And,  by  substitution,  we  finally  obtain 

y  =  w=  -  €r.rf^  X  {/Qjdsy^tr.e/^  +  if} 


623.        To  integrate  y  -  i!!£. 


s=  O,  assume  y  ss 


Then 


dx 


d*y  _ 


dz' 


=  m««~ 


substituting  and 


bys-, 


<<*y  « 


li2» 


=  m<e 


dz^  J 


we  get 


m*  =5  1,  /.  iii«  c=  ±  I,  and  m  :=  ±  I,  or  ±  ^  -1, 


DIPFBRBNTIAL  AQUATIONS.  *^ 

/.  y  =  e*,  or  =  r"*,  or  =  e^^^y  or  =  r^V-i,  and  are  true 
Talnes  of  y^  because  they  satisfy  the  equation.  For  the  same 
reason,  and  because  four  differentiations  cause  to  disai^war,  four 
constants, 

y  r=:  ce*  +  c'e"^  +  Cc*-^  C'c"'-^,  is  the  general  value. 
But  «H/=T+e-.v^--8cos.«  ? 

Ande^"^—  e^vw  —  8^—1.  sin.  z    5 

••.  Ce*-^^=  C  COS.  «  +  C  V-  1-  »n*  2f  ? 
And  Ctf"^^  =:  C. COS. a;  -  CsJ  —\.  sin.a  ) 

A  ^  =  €6*4-  c'c"^  +  (C+C).  cos.  z  +  (C— C).V  - 1.  sin.  « 
The  above  assumption  is  not  to  be  depended  upon  in  all  cases. 
It  will,  bowever,  conduct  us  to  true  results  in  the  general  form 

^  +  A.  ^^'y  +  ....  Lw  =  0,  when  A,  B,  C,  &c.  are  constant. 

When,  however,  those  coefficients  are  functions  of  x  and  y,  the 
assumptions  are  erroneous.    See  Laemx^  Gamier^  Euler^  &c. 


624.       To  integrated  -  ^  =  ■■^^,  we  have 

y         *         ay  V » 

ify  -  X  d::r  =    ^^1  which  is  a  linear  equation. 

*  a  V  * 

Assume  .%  y  =  icv 

Then  «d»  +  vda  —  -^  etc  s  — ^= 

*  aJn 

V 

Again,  put  di«=  «  X  — ,  then  iMfw  =:         ^ 
Aiid*f  =  ^ 

«  X 

:.  lu^  Ix  -i-  Icsikx  (the  constant  may  be  assumed  any 
function  of  a  constant.) 
.".  u  ^  ex 

Also  dr  =  — — — =-  =  =s—  —  p= 

avn  x«        ca  ^J  nx         ac  sj  n 


4afi  DTOBf^TiOM  opt. 

/.  V  :»  2!1=  +  C' 

fMC  ij  n 

IbnOlSjr  fix  HV  BB  ex  X  ')'.  ■        ■'  ,jr  +  €'( 

(  mac  ^  n         3 


To  integrate  xdx+  ady^b.  aJ  cb^+dy^  divide  by  dx 
Then  *  +  «•  jj  =  ^-  V  *  "*"  "S;^ 

.    d^«  Sox       dy  _    3f—i^ 

"  "dte*"  ~  ■*•—<*•*   di  ~    *•-«» 

'         ft*  — a*  ft*— a* 

^       S-Cft*-**)        «•-«'      -^       '^  ^ 

Again,  aasnme  x.t/a^+t*  s  u 

Then  «ft»=  «te.  V^^+J*  +      ""^     =  <&•  /?+^  + 


•  • 


2 .  (o'  —  o  ) 
-*!!!_  Z.  (x+A/«*+a»-y)    +  cor. 


6r« 


DimmSKTUL  BQUATIONB*  ^7 


The  equfttioii  ydx  —  xdy  s=  dx.  tj sf+f^^hriaiig  homogeneous,  ' 
aname  y  s  xo;  then  vxdx -^  xvdx '^ g^dv  szdx.  jj af+  orV 
^    dx  _  dv 


X 


^\  +»• 


•  •    X   — 


ex 


Anda*  +  3P^  e:  c»  +  y«-«<gf 

x*  =:  c*  —  8cy.    See  Lacroix^  p.  885. 


625.        To  integrate  y'<^  =  dyxdx  -  ^cfy,  assome  x  k  i;y 
(the  equation  being  homogeneous.) 
Then  j^dy  =  8  vy*.  ^.(wy)  —  »yrfy 

/.  dy  =  8i;'.(fy  +  ^yvdv  —  v'd'y  =  %v*dy  +  8yvtfv 

« 

.-.  dy  X  (1  —  av^  =  8yud» 

.-.  y=5__£—  =  3! Hence  ys  -  c*  y* 

(l-8ti«)*  (y«-2x«)* 

=:8x«. 


626.        a^dy  +  Sxydy  =  b*dx  —  ydy,  we  have 
dy  X  (x*  +  2«y  +  y»)  =  6«<ic 

Orrfy=    *!^ 


^*B  INTRORATION  OP 

Put  x  +  ysiu;  then  dx  ss  du  ^  dy 
.   ^    ^b\(du-dy)  _   b'du  b^dy 

....,x(i4.^)(=.yx!i!±^)  =  *!f« 

/.  dy  =r 


/.  y  sr  tan.  ~*tt  +  c  =  tan.~*  {x  +y  +  c*) 
/•  Jt  +  y+c*  =  tan.  y  to  radius  b 
/.  a:  =  tan.  (y)^  y  ^  c' 

To  integrate  ca^dx  +  ydx  =  a(fy,  which  is  a  linear  equation. 

Assume  y  =  in;,  then  dy  =  udv  +  vdu 

And  c^c2£  +  uvdx  zz  audv  +  avdu 

Again,  assume  uvdx  3  avdu^  then  cj:'di:  sr  aiMiv 

:.dx^J!^ 


And  ±  = /«  +  fc' = /.icc' 


^   cor^cfx    ^  oc 


« 


Also  dv  s  I  =  _  a^dx.e    r 

av  a 


as  —  x*e    •  —  2axe    •  +  J ''2a*  x(—  — c    r;  —    —  j5*«    T 

a 


627.         To  integrate  y^dy  —  a*^xdy  +  c^^ydx  »  0|  which 
is  Linear^  with  respect  to  x,  assume  x  =  iiv. 


DlFPBRINTfJkL  1QUAT10NS«  ^^ 

y 

Again,  aamime  — — 5L.  ttv  :=  <f"*t«£i4,  then  d^vdv  =  —  tT^^Jf 
y 

y  ti 

.-.  c-' Z.tt  =  a"-Wy  +  /c' 

/.  tt^^     -^  =  c  y^      ' 

.•.u  =  (cf        Xy^'^    =  cV  (pitting  (O^        ^  C 
and  (fHy^sztn) 

•   ifii  -  -y^'^y  s  -       ^       X  y-^*rfy 


C^»tt  c'.c^' 


/.    V   =   - 


c".  c*-'  (n-m) 


X  y— +C 


.«. 


/.  X  =  ttv  s  c'y"  X 


I  <i".c--*(n-m)J 


<ix 
To  integnrte  o»«%»  +  ixdy*  =  (?d*y,  multiply  by  — , 

Then ««</*  +  6xd«=  c«(fa  x  -^  =  «•<*»    X  ^^ 

A  a«x  +  ifl  =  -  c««te  X  —  +  C  (dx  being  constaot) 
S  dy 

c»dx  c*       dx 

Hence- Jy=i  -g-j -—I-  "aT^"    ^2a«         «C 


a* 


•  Again,  assume,  a;  +  —  =  « 


'»»"  +  T--T-  =  -(J^^-T-)=-'' 


/.  —  rfy  =:  -i—   X 

^        4rh  «« —  r« 


-> 


*^  INTOQIIATION  OF 

And  -«  y  sft  -SL  x  Z.  !iZl  4- Z»  </ whidi  ezMBsei  the  1^ 

^         Arb         u+r  '^ 

lation  required. 

Sincefff  -  ^:^  -  ^  ::  n:l,whaTe 
a?  y      y  a?. 

ydx  —  x<fy  =  nxdx  —  nycfy,  which  is  homogeneous. 

Pat  /.  y  ==  a?v,  and  our  equation  becomes 
vxdx  —  vxdx  —  x*dt;  =  nxdx  —  now  X  d.  (xv) 
/.  a«iv  =  —  ndx  +  wfdx  +  nvxeit; 

1  —  nw    ^^    ndj; 


.'.  *  X 


t^— 1  X 


:.  r  ^    ^  rj^a^^nix  +  k 

J  »«  -  1        J  v«  -  1 


1  ,  r-1 


or  — /.ILli  -  -!L^(i;»-  l)  =  n^x  +  fc 

2      v+l  2      ^ 

or  ■  c=  c*s^ 

(v4.i)-+i.(v-i)-» 

or i =  , --i!l _.  sr  c«  «* 

.'.  (y  +  x)«+«.  (y  -  x)*-«=  -L 

/.  (y«  —  ««)•+•  :sz  ^  *"  ^^    an  equation  expressing  the 
relalion  between  y  and  x»  and  /.  the  nature  of  the  curve. 

Otherwise. 

Since  ^  .  ^   ^   _  ^^  ::  n  :  1,  componendo and  divi- 
^        y         y         X 

dendo  we  get  ±11.^  +  d^-^y  ,  dx+dy   _  dx±±..^+i 

X  y  ^  y 

:n-  1 

.-.   (<te  -  ci^) .  (x  +  y) :  (cfcr  +  rfy)  (j^  -  x) ::  II  +  1  :  it-i 
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.   dx—dg  ^_  n+l        dx+djf 
«— y  ii-l  x+y 

.-.  j:  («  -  y)  =  -  !i±i  X  t  (x  +  y)  +  fc 

A  (o?  —  v)***  =: -^  -  a  conclusion,  eqnindent  to  the 


former. 


628.        To  integrate  d*y  a/   ay  i±  dx^.  we  haTe 
d»y    _      1        1 

^*  /«'yi 

/.  — 2L—  =  .a/  y  +  c 

/.  ±1  =  g(c/^+g/y) 

dx« 7= 

V  « ^_ 

(MP  , 


ttdW 


VcVa  +  sv^y 

Now,  put 8i/  y  =  uand c  ij  a^h 
Then  y  =  —  /.  rfv  = 

And  i-  X     /TZ;-  =  ±  rfr 


2*   ""  V     ^" 


hdu 


/ 


*^«  INTBaRATIpN  OP 


ha^ 


2*  8.8* 

+  c'  the  relation  required. 


629.        To  integrate  ay^dy  =:  C3f^dy  —  ay  af^dx,  assume 
x"  =  «,  then  we  hare 


«y 


'dy  s=  ctui^y  —  -S.  du 


,\  n^'^dy  =:.  S!tu  ^  —  (fu,. which  being  linear  with  respect 

a      y 

td  «,  assume  u  szvz 

Then  ny-^«dy  =  £2  !!i^  -  zc^t;  -  vcfo 

a      y 

Again,  put  in  £i^  =  t>cfa. 
a      y 

Then^  =  £!^.  f^,and  .'.  dv=  ""^"^'^ 
z  a      y  z 

Also  Z.  z  =  —  /y  +  /.C  (the  correction  being  s  /.C) 
a 

.%  «  =  C  X  yT 

J  *  J         C  Cx(«-^) 


X  y*^ •  +  C 

_  an 


C  X  (en  —  am) 


+  C 


~  ■  an 


^+cr| 


Hence x*=:tt  =  vz^Cx y~  x 

€C  X  c»— am 

(an  •  w  \  1 
X  y    +  C.Cy  •  )•  which  expresses  the 
en  —  am  J 

algebraic  relation  required 
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630.        To  integrate  az^y'^dy  s  dF,  hayiDg  giren    dz 
=  (6  +  cy-)-(£y. 

By  the  iormfudv  =  mv  —  fvdv^  we  get 

n— 1  n— 1  n  — 1  n  — 1 

/z(i+  cy'Yy'-'dy 

•^    ^       *''     '       *  cn.(m+l)  »/      cn.(m+l) 

_,  z.(ft  +  cy")"+'  /\b+cy')r^'dy 
cn.(m+l)    J      cn.(m+l) 

n— 1  n-l"^     c»i.(i«+l)        »/      cn.;m+l)      $ 

»— 1  cn.(»— I).(«+l)         C 

We  have,  therefore,  reduced  the  integration  of  the  function  to 
that  of  (b  -f  cy*)***''dy  ;  which  may  be  effected  in  finite  terms, 
when  (m)  is  an  integer,  by  expanding  (b  +  q^'')*'^^  by  the  Bino- 
mial Theorem,  and  integrating  each  term  multiplied  by  dy  sepa- 
rately.   If  (m)  be  not  an  integer,  assume 

Pj  =  (6  +  cyO'-^'yl     F,  =  /(6  +  cy^y^'dy 


P,  =  (A  +  cy-)>     I     F,  =:/(6  +  cyy 
P,  ==  (6  +  cy*y^^y  I     &c.  =  &c. 
5cc.  =  &c. 


Then  rfP^  =  (n.2m+l  +  l).  dV^  -6n.(2»i+l).dFj 
c^Pj  =  (m.  2m   +    1)  dFg— 6».  2m.        rfF^ 


dP,  =:  (n.2m-l  +  l).cfF^-M2»»-t).dF^ 
&C.    c=:    &c. 

whence  by  integration  and  successive  substitutions,  Fj  will  be 
reduced  to  its  simplest  form. 

VOL.   I.         ^  2  F 
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631.        To  integrate  (a?  -  y).  dxd^  ss  y.  iW  +  (a  -  «).(y, 
divide  by  da^ 

Hence  y.  (1  +  p)  =  P*  x  (I  +  p)  —  op* 

(A)  /.  y  szps  --  -f^,  which,  being  of  the  form  y  =  p' 

l+p 

-.  f{p)  (that  of  CZatratU)  is  integrable by  differentiatioD. 
For  rfy  s=  pete  +  «rfp  —  d.  T-S—  j 

But  (ty  =  p.ete. 

""^         Vi+p/        i+P        (i+p)* 

(B)  :.dp.(x  +  ^tr-'-^:=^0 

/.  dp  =  0,  and  X  +  ^J^-^I^  =  0  =  x.(l+py-«^  -flp* 

0+p)     ^+P 

/•  p  iis  c^  and  the  general  solution  is  (by  equation  A) 

y  S5  CO?  —  

1  +  c 

A  particular  solution,  involving  no  arbitrary  constant,  may  ke 
obtained  by  eliminatingp  by  means  of  equation  (A),  and  the  other 
factor  of  equation  (B). 

The  result  will  be  (x  +  y)*  :=  4ay. 


To  integrate +  ^  +  cos.  mz  =  0,  assume 

X  =r  «.  sin.  z  +  v.  cos.  z 

Then  —  =  Ji .  sin.  z  +  —.  cos.  z  +  «.cos,  z  —  ».  sm.  « 
dz        dz  dz  . 

Assume  —,  sin.  z  +  -^.  cos.  z  =:  0 
dz  dz 

.•.  —  =:  t«.  COS,  z  —  V,  sin.  z 
dz 
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•  •  -"T^  =  T—  COS.  z—  — .  sin.  z  —  (u  sin. z  +  v,  cos. «) 

•  (Px     .        .  c&c  civ     •  , 
--  +  X  +  COS.  mz  r=  —  cos.  2—  —  sin.  2  +  cos.fiu 


cfe*  dz  dz 

Hence,  we  have  du,  cos.  z  —  cfo.  sin.  z  =  —  dz.  cos.  mz 
And  cftf.  sin.  z  +  dv.  00s.  z  =  0 

.    .  ^ cto.cos.z  ^^    cfe.  COS.  mz  +  cfo.  ffln.  z 

8in.z  COS.  ar 

/•  dv.  (8in.'z  +  008.*z)  =  dz»  cos.  fnz  X  sin.  z 

A  i6;  =  cb.  sin.  z.  cos.  mz 


} 


ss  — dz.  (sin.  m+l  z  —  sin.  m—  l.z)  by  Trigonometry. 

2S 


ss  —  d!z.  sin.  m-f  1.  z  — -.dzsin.  m— 1  z 

Hence  du  =  Zi — :^ — 1  =  ^dz.  cos.  z*  cos.  mz  = 

sin.z 

— —  dz  (cos,  m+ 1.«  +  cosj»— 1 .  z)  =  —  —  dz.  cos.  (m  +  l)z 
—  —  dz.  cos.  (m  —  1)  z 

Integiatingy  we  have  v  =  — .co8.(in+l)z+  — 

X.cos.  (m—  i);r  +  c 

And  tt  =  — -.  sin.  (m+ 1)2—  — ..sin.rfn  —  l)z  +  c' 

2.(»n+l)  ^  '        2.(j»-l)        ^  ^ 

.•.  «  a:  tf.sin.  z  +  v.cos.«  =  —  — (sin.z.sin.m+l.z+ 

2.(ot  +  1) 

eo8.z.  co8.m+  iz)  +"^ -.(cos.z.cos.fft—  l,z--0iiL  z^xun-^  l  %) 

^     2(»i  -  1)  ^ 

+  c. coSiZ4-(^8in.z  =  —  —7 €os.  mz  '^  —7 -.  cos.  mz 

2.(m+l)  2.(ot—1) 

I                  ■    /    *           COS.  mz   ,  ■     /     •        ^v        1  A 

+  c.  COS.  z.  +  c.  SU1.Z  = h  c.  COB.  z  +  c .  fiUL  j;  the  ralQ^ 

wt*  —  1 

required. 

2F2 


496  IMTSORATION  OF 

This  Differential  Equation  belongs  to  the  Problem  of  the  Three 

Bodies. 


632.       To  intefinrate  -llL  =  ■    *"  ^  we  have  dx  constant, 

,    dy  .d*y  _     mdy 
dx"  (a-y)' 

:.    ^=  ±  _/g(a-y)  =  ±  ^/£.      /^ 

*f  ^  tn  +  ae-cy         -  ^    c       ^  h-tf 

(putting  6  =  2L±_1«) 

Assume  y  —  —1-  s=  u  and  substitute, 

2 


=*^//5— ^ 


Then  x 

2 


/.  (tt  +  V  «*—  '^)  +  t?,  which  yalues  of  x  being  designated  by 
p  and  p'  we  shall  have 

X  -  p  =  0,  a:  —  p'  =:  0,  and  (x  -  p) .  (x  -  p')  =:  0  each  ful- 
filling the  conditions  of  the  Differential  Equation 


To  integrate  d^y  +  Ay(te«  =  X  (te«,  or  -^  +  Ay  =  X 


■  1  J- 


DIFFERENTIAL  EQUATIONS,  437 

which  is  /.  a  Linear  Equaium  of  the  Second  Order ^  we  will  mul- 
tiply by  e'^^dx. 

.     Tbeae-^dxyc  f^  +  Ay)  =  c— Ac  xX=  dP(byhyp.) 

Assume  P  +  C  =  c"*.  (a.  ^  +  ft.y)  and  differentiating  we 

hare  rfP  =  -  me-^dx.  (a  ^  +  6.y)  +  e-- .  (a-^+  My) 

cue  r  lijj  ^' 

=s  e^d»  X  (a.  -£^  +  ftT^  ^  _  fony) 

Cm?  cut 

.%  equating  coefficients  of  like  terms  in  the  two  Talues  of  dV  we 
get  a  =  1,  &  —  am  s  0»  and  —  6m  r=  A 

Whence  -  —  -msr  0,  or  A  +  m""  =  o  and  :.m  =:  ±J~^ 
m  ^ 

A  a  =  1,6  =  ZlI  =   ±  JZa 

m 

Hence  then  we  have 


+    — ==    X    (e    ""    —  €        "  )  which,  although  in  an  ima- 

ginary  form,  admits  of  being  realized^  by  means  of  the  form 
e     '  ""*  =  COS.  6  ±  i^  —  1,  sin.  6 

By  the  same  process  may  be  integrated,  a  Linear  Equation  of 
the  (n)'*  order,  or  one  of  the  form, 

^  +  A..|  +  A..^  + *-^  =  '' 

The  values  of  m  will,  in  this  case,  be  found  by  the  resolution  of 
the  equation  A  +  A^  m.  +  Ajm*  +....  A,.m*  =  0. 
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To  integrate  ^  —  JL .  _  =  —  ?^,  which  is  a  particular 

dx         X     dy  X* 

case  of  the  general  jPartial  Differential  Equation,  —  +  M. 


I 


dx  dy 

s=  N,  (M  and  N  being  any  functions  whatever  of  Xy  y,  z,)  we  will 
assume  the  integral  of  this  latter  form  to  be 

F  {xy  ^,  z)  =  0  (F  being  the  <Aaracteristic  of  a  determinate 
function) 

'  Now  w<j  have  ^=-iZW,x-^^ 

dx  dx         d,F(z) 

^See  LacroixGtOanner.) 

Aiid±:^.i!M._sL- 

dy  dy         dF(z) 

And  by  substitution,  we  get 

dx  d.F(,z)  dy  d.F{z) 

A  £l(fl  +  M.  £IM  +  N  IZC^  =  0....  (A) 
dx  dy  dz 

But  d.V  (x,  y,  z)  =  d.  Y(x)  +  dF(y)  +  dF(z) 

=  d.F(y)+dF(z)-M.(iar.!?IL^  -N.  dar.  £LW  =  0 

/.  dY(y)  -  M(te.  ^?M  +  dF(z)  -  Ndx  iZi^ -owhich 

dy  dz 

equation  will  be  verified  if  we  put 

dy  —  VLdx  =  0  1         « 
And  dz  »-  Nda:  =  0  J 

Now  by  integrating  the  equations  (B),  which  are  of  the  first 
degree  and  .*.  contain  two  arbitrary  constants  cand  <^,  we  may  ex- 
press any  two  of  the  variables  x,  y,  t^  each  m  terms  of  the  third, 
the  constants  c,  c'  and  those  contained  in  M ,  N.  Hence  and  by 
substitution,  we  shall  express  F(x,  y,  ;s)  =  0  in  terms  of  these 
same  quantities.  But  v  d.F(x,  y,  z)  =:  0,  this  third  variable  will 
disappear^  and  F(x,  y ,  z)  will  be  a  function  of  c^  c\ 
A  p  (c,  c')  =:  0  (^  representing  an  arbitrary  function.) 
(C)  .\  c  =  ^  (c),  an  equation  which  will  give  m  the  integral 
required. 
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In  the  Problem  we  have  M  s  —  i^  and  N  s  —  IL 

•%  the  equations  (B)  become 
dy  +  l~dx=:  0 


dz  + 


HLdxszO  I 
of  j 


From  the  former  we  deduce  xdy  +  ydx  s  o 

•*.  ay  =  c 
Hence  the  hitter  becomes 

dz  +  —dxssO 

For  a  more  complete  discussion  of  problems  of  this  nature,  the 
Reader  may  consult  with  grei^t  adyantage  Zocrotx't  Differential 
and  Integral  Calculus,  and  the  collection  of  Examples  on  the  same 
subjeet  b j  the  translators  of  that  work. 


633.        To  integrate  xdy  —  ydx  —  («*  +  1).  <b  ss  0. 
First  dy  —  y.~  SI       ***,  ,  dx^  which  being  Linear  with  re« 


X 

spect  to  y  assume 

y  =  ttw 

dx  x*  4-  1 

Then  vdu  +  vdv  —  u v  —  ==  — 2. —  dx ;  again  put 

X  X 

J  dx       ^ 

mav  —  ttv  —  cs  O9  or 

X 

do  ^  dx 

V  X 

/.  Lv  9  Lx  +  Lc  ==  Lex  (the  constant  being  put  =  k) 
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dr 


x.v  ex'  c  cx^ 


. .    u  z^  —   —   —  +  c 
c  ex 


Hence  3^  =  kv  =  ex  x  (  —  —  —  +  c^)  =  a:*  +  cc'x  —  1 

\  c  ex 

=  x'  +  c"x  —  1  (e"  =  ce'  being  the  constant 
proper  for  the  integration  of  an  equation  of  the  first  order.) 

To  integrate  [daf  +  dy*)*  +  8o*  >/  a  -  x.  dr.  d^  =  0,  divide 
by  dx^,  &c. 

Then  i!y    X   Sai  /T^x  ==  -  (1  +  ^V 

.-.  i!i=- i .(i  +  ^V 

Put  ^  =  p,  then  ^^  =  *  (dr  being  constant) 

cue  dX  ttX 

And  we  have  ^  =:  — ^  x  .(l+p*)* 

dp         ^  — dx 


Again,  assume  P=: E ,  then  dP  = 2 —  — — E-2— 

s- £ Hence  then  we  have 

0+pO*"    . 

P  —  r  dx  _     1      ; ^ 

— ^=  -     —7—=r  =  -T-V«-*  +  c 

.\  a//  s=  (Vo-x  +  c')'  +  pr  (Va-JP  +  c')« 
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.•.p  = 

± 

ij  a 

—  X 

+  c 

v«- 

un 

+  c' 

^f 

A  dy  Si 

v« 

—  j; 

_ 

V«- 

(V^ 

-  *+( 

^J 

X  <2j; 


Now,  piiti^a  —  x+c'=r« 
Then  a  —  a;  =  («  -  c*)* 

/.  dx  =  2dtt.  (tt  -  cO 


Again,  put  v  =s  «.  >^  a  —  u* 
Then  rfv  =  du.  Va-«*  -      ^"^^ 


4/  a^u* 
adu  fiu^du 


du 


•.    /     ^  =s  a    /  — ^  —  t;  =  a.  sui  "*    /— 


sA^ 


in  which,  substituting  for  u  in  tenns  of  x,  we  shall  have  the  relation 
required. 


634.  To  integrate  d'dx  -  i^  =  dy  -  ydr. 

Pute-rs  tf 
Then  ^dx  £=  du,    /.  x  =  —  =:  — 


Arfu^  JJ±r=dy-if*i 


4tt  IMTBBRATIOK  1^     > 

•*.  udu  —  ydy  s  loly  —  ydte,  which  being  homogeneous,  the 

variables  may  be  separated  by  assuming  y  =:  «v,&c.   In  this  case, 

however,    it    appea:r8  better  to  transform  thus,  da.  (tc  +  y)  = 

dy  (tt  +  y) 

.*•  du  r^  dy 

And  y  .*.  s=  «  +  c  =  «■  +  c 


635.         To  integrate  ij  x.  dy  ^  ijy.dx  -¥  */y*  dy^  which 
is  homogeneous,  assume 

X  zsuy 

Then  ijluy.  dy  sz  j^/  y.d.uy  +  ^  ydy 
•%  tj  u.dy  =:  ttc^jf  +  yc^u  +  dy 

Again,  assume  tJ  u  —  —  r=  v 

Then  u  —  a/IT  +  l=t>'  +  l  —  —  t=v*  +  — 

4  4 

AIsotts=  (t;  +  —  y 

1*  \ 
/•  cftt  =  2dv.  (v  +  — ]   =:  2vdv  +  dv 

,    dy  ^^   ^2vdv  ^       dv 
/.  /y  =  -  /.  (v«  +  — J  -  y.tan.      ^  *  t;  +  c 

=  _.(i.^+„_4.^-vi(y|_i) 

+  c,  which  expresses,  in  a  transcendental  fonn,  the  relation  of 
X  and  y. 


dz   .      dz 


To  integrate  x.  —  +  y. —  s  n.  V^+^9  which  is  a  Partial 

dx  dy 


Dimsiinnju^  mvationb.  <M0 

Differential  Equation  of  the  Pint  Order^  and  of  the  fotm  exhibited 
in  the  last  equation  of  No.  638,  we  will  take  from  thence  the 
equations  (B) 

dtf  —  Mdx  ^  O  7 

dz  —  Ndar  =  0  J 

Here  M  =:  -^  and  N  =  n  ^ — ^^^ 

X  X 

:.  dy  ^  ILdxssO 


n.  v^+y* 

And  dz  — .  dr  =:  0 

From  the  first  we  hare 
xdy—ydx  _,  ^ 

/.  iL  =  c.     /.  substituting  in  the  second 


n.  jj  s^  +  c**c* 


dz  = -^ eLc=:n.  i^l+c^  X  dr 


A  z  s:  n.  jij  l+c* «  +  c' 
"But,  by  No.  632,  c'  =  f  (c)  c=  f  r~\   (^  representing   an 
arbitrary  function.) 

=  n.  iJlF+^  +  ^.  ^— ^  *  result  which  we  may 
easfly  verify. 


636.       To  integrate  :^dHf  s=  qydx*»  ve  have-^X  s  f^ 

which  bebg  linear  with  respect  to  y  and  its  differentials,  we  shall 
aasume  y  s=  ej^** 

dx 
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di«  da? 

Hence  ^.  e/-^  +  ««. «/-»-  f5i!l 
.'.  ^ +  ««= -1»^1"<*  being  of  the  form  *f  +  A««r=B.a-<ij 

(Riocati's  Equation)  we  will  put «  s  -L 

z 

Then^f  =  Z^and««=  ± 
(2x        z^dx  z^ 

/.  — —   X   —  +   JL—    ^ 
da:        z«         a«         x« 

•*•  —  =  1  —  — ~  which  is  homogeneous. 
Put  .-.  «  =  arw,  and  we  have^  sz  v  +  ^^^ 


dx  dx 


««  X* 


,     xdv        ,  , 

dx 


• 

(2x 

7 

put 

r 

(ft; 

- 

= 

a 

Again, 

1   _ 

av* 
w 

a      a 

Then  «•+  JL-JL=-io»-J.^     ^     =  »«  -  i* 
a        a  a        4a* 

«  a     7*  —  vf  a  4o«  I 

Aad  .-.  toss  -J_   /.  1±!2  +  /.<, 

2ar  r-*io 


i 


♦  • 
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-    »'+«'  — 


r— w         \  <^  / 


Uenoe  10  =  r.  '        •  •  v  ssr.       ■  — -— .  —  — - 


/.  «  r=  rx. 


a^  +c*^         da 


And  «  =  —  =  —  X  . = 


z         X         2ar-l.a^-2ar  +  l.c«^ 

Aeain,  if  ^'^        :=  p,  we  have 
^  «ar  — 1 

I  .  /-ji-r      N  f    8acP"'       /*       dx 


"^(-'H^/r 


^r.(8ar-l)  2ar  - 1  J  x. (jf*  -  p) 

Then         ^  =.J ^ 

J? .  (a^  —  p)         ftar    s.  (s  -  p ) 

Now,  to  integrate r,  we  assume  —7 =  —  + 

^        ».(s-p)    •  s.(s-p)       *       «-p 


andB=± 


/.  As  -^  A^  +  B»  =  1 

/.  A  +  B  =  0      1     .-.  A  r=  -  i- 
AndAp=  —  1)  f 

Hence  then  we  finally  get 

w 

^       r.(8ar-l)      ^  r.(8ar-l)      f  « 

dnction  of  which  compliciBtted  form  we  shall  leave  to  be  aocdm* 
plished  by  the  Reader. 


4M 
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(1  +  .^)* 

637.        To  integrate-: ^'  ^     =2:  f^,  put^  =  » 

d^y  fix^    dx       ^ 

Then  *.*  dx  is  constant,  we  have 

^    £=  -^  and  substituting,  &€.  we  get 
dx^         dx 

$    X   ^  =  (1  +  p^* 

dx        2x        ^         ^^ 

dp         _  SamLt 


(1  +  f)^      "• 

-    Assume  P  =: P 

Thai  dP  =       * £!^L_ 

Vl+p*       (1  +  pO* 
^       dp 

(1  +  J*")! 
.-.  4  =/dP  =  P  +  c  =         P         +  e 

.*.   /"  ^~*'*<^  \  '-_      P' 

*  V    ca*   y      l+p» 

Hence  p  s=  ±  __^Z^_ 

X.  aJ  Sea*  —  x' 

A  dy  =  ±  ^*^       q:        «*«^ 


VSca*  —  a*        xJicaF^^ 


s./  a/-/i«        »/  x.Jaca*—  X* 


itj  2  CO? 


^  8^2     V  8ca*  +  V8co'-** 
To  ialegiwle -_^i_  +  -=^  =  o,ire 
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sin.-**  +  8m.-«  y  =  C  =  sui.-»  C  (byasnppootion  which, 
from  C  being  an  arbitrary  constant,  we  are  at  liberty  to  make) 
Let  «in.-»a;  s  X  and  sin-^y  =  Y 
Then  C  s=  sin.  (X  +  Y)  ss  sin.  X.  cos.  Y  +  cob.  X.  sin.  Y 

Bat  *  =  sin.  X,  uid  y  ss  sin  Y 

.-.  c  =  X. Vi-y*  +  y Vi-«* 

In  the  same  manner  may  be  integrated  the  forms 
(1).  d.  cos.-»*  +  d.  cos.-»y  +  d.  cosr^t  +  »c.  =  0- 
(8).  d.  vers.-**  +  d.  vers.-»y  +  d.  Ters.-»z  +  &c.  sr  0 
(S).  A  tan.~»*  +  d.  tan.->y  +  d.  tanr^z  +  &c.  =  0 
(4).  d.  oet.-»«  +  d.  cot-»y  +  i  cot.-»«  +  &c  =  0 
(6).  d.  see.-**  +  <i.  "ec-'y  +  d.  aecr^t  +  *c  ar  O 
rtV  A  co9eo.-»*  +  «i  co«ec-»y  +  d.  cmeer^t  +  4c  =s  0 
^  '  accs&o 

which  alAoa^  Transceadertal  in  form,  wiB  ffam  be  leoderod 
AlgdiraicaL    The  ^saenl  form  would  be 

d.rKx)  +  d.r'  (y)  +••••  =  ^  cr'(*^  ^*^  *^  '"''*™' 

ftmetion  of  (*),  or  that  number  whose  function  expressed  by  (/) 
— :  «).    Hence  we  should  hare 

/-»*+ /~*y +  &«•  =  /"*  <= 

'  esif.  {/-'*  +/~'y  +••••}  ^^"^'*  *"  theabore  six,  and 
sa^  other  forms  may  be  algebraically  expressed.   Take,  for  ex- 
ample, the  third  form. 
ThenC  =:tan.(tan.-*+  tan.-'y+....&c.) i_s,+S,-.... 

(by  a  weU  known  theorem)  S,  being  =r  the  sum,  tan.  Can.-*) 
+  tan.  (tan.-y)  «cc.  S,  the  sum  of  the  prodacts  of  every  two,  S, 
that  of  every  three,  &c  fcc. 

But  tan.  (tan.-*)  =  *.  tan.  (tan.-y)  s:  y  tie. 

^       Tf7+     -^rv,->.itfip+fcc.)+(iy»«>t>+to.)-to. 
•■•  ^  -  — i_(«y+**+y«+y««'+-H(*y««'+--)-»«- 

Again,  take  the  5th  form. 
Then  C  =  sec  (sec.  '*  +  sec.-'y  +  — ) 
—  ^1  +  tan.*  (sec-'*  +  sec.-'y  +&c.) 
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Now  tan.  (8ec.-»  x  +  8ec.-»  y  + )  =  ^^  7  \'^  ^' ;  S^ 

being  the  sum  of  tan.  (sec.'^'a;),  tan.  (see.~*^),  &c.  &c.,  and  if  w« 
put  Bec.~*x  r:  •  we  have  a:  =  sec.  0  r:  V 1  +tan.*(l 
/.  tan.  d  =  tan,  (8ec."'a:)  zz  tj  a^  —  I 

.\  Sj  =  the  sum  of  V  ^  —  l>   ^V*  —'  ^t  &c. 

S^  = the  products  of  erery  two  of  them 

&c.  £=  kc., 

Vl-Sj  +  S^-&c./  (1  -  S,  +  S4  -  &c.)« 

which  18  purely  algebraical,  and  which  will  terminate  when  the 
number  of  Tariables  is  limited.  For  another  method  of  treating 
functions  whose  variables  are  separated,  and  which  are  of  a  tran- 
scendental form,  the  Reader  may  consult  the  Examples  on  the 
Differential  and  Integral  Calculus,  by  O.  Peacock^  A.  M.9 
dec.  page  345. 


To  integrate  xy-^ =    0  which  is  a  Partial  Differential 

dxdy 

Equation  of  the  Second  Order,  we  have  first 

=  xyy  and  considering  x  as  constant,  we  have 


dxdg 


_  zufxydy  =  -3L.  +  C  =  -^5L.  +   ^x  {(px  being  an 

CM?  S»  Sv 

arbitrary  function.)    Now  let  y  be  constant, 

Then  z  =  fdx  fxydy  =    /^^  +  Jdx^x 

=    i^  +  (p'  {x)  +  <p".  (y)  (/  and  ^"  being  arbi- 
4 

trary  functions). 


638,        To  integriate  -r^  =  a  sin.  x  •{•  hjvie  have  cfy  -^bydx 

ox 
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IB  adx  sin.  or,  which  being  a  Linear  Equalion,  we  will  aasome 

Then  udv  +  vda  ^  huvdx  s=  adx,  sin.  x. 
Now,  put  vcftt  —  hwodx  =:  0 

u 
/.  /.It  =:  6x  +  /.c 

:.  —  'sz  ^  (e  being  the  hyperbolic  base.) 
c 

/.  It  =  cc*' 

Bat  icdv  also  =:  a  sin.  «.d« 

.    .        asin.  j:xc2x 
.*.  av  ss J- 

And  V  =s  -fL.  /cix  sin. j?e~*"2=  —  — .coB.a:  x  e"**  —  — Sdx  cos,  a:  e"^ 
c  c  c 


=  —  — .cos.«X6f"^- — sin.irxe^^— .fdxsin.xxir*' 


BvXfdx  sin.  x  x  e~**  =  ^  v 


c 
a 

a6 


/.  V  =  —  -fL  €^^co8.  a:  —  —  6^^  sin.  :c  +  6*  v  —  const, 
c  c 

:.  V  =  —  — --f — -X  r^  x/cos.  a:  +6  sin.  a:  C+  const. 
c.(6«  +1)1  5 


—  a 


Hence  y  =  «v  =  -II X  (cos.  ar  +  6  sin.  ar)  +  cc'  e** 

Otherwise. 

The  equation  when  multiplied  by  e~^  evidently  becomes  in- 
tegrable ;  for  we  have 

^-^dj^  —  be^dx  yc  y  sz  a  c"^  x  sin.  ar  x  dx 

Or  y€r*»  =  af€^dx,  sin.  a: 

/.  y  — :  _fL- /V^rfx.  sin.  ar,  which  may  be  integrated  as 

before. 

VOL.  I.  2o 
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To  integrate -2z .^^  +  2y  =:  0,makey  s=  e*^ 

da^  dx 


dx 


And -^  =  t*"*/*^  +  ^Le/*^ 
da^  dx 


^     ,    fwix     ^    du     f*^  «      A*»     .    -.    A^'    _ 


/.  «•  -  8m  +  2  =  -  ^ 

do: 


Put  tt  —  1  =  r.    Then  u«-2tt  +  2s=t>'+2-l  =«•  +  I 

=  tan.*"*  V 

«•  +  1 

/•  V  =:  tan.  {c  -^  x)  ^^u  ^  1 

/.  fudxi:ifdx  '\'fdx,  tan.  (c— x)  =  x— y(i.(c— x).tan.(c— x) 

^       __     /'  tan.  (c  — a:).cf.tan.(c— x) 
c/  l+tan.*.(c— x) 

=  X—  -L  .  /.  l+tan.V  -  ar)     +    C'c 
2 


=  X'^LjiJ  1 +tan.*(c— x)  -  Lc'  (c'  being  arbitrary.) 


=  X  —  /.  c'.sec.(c— x) 

But,  putting  e'-^*'«~-«'^^=:  m  we  have 
/.  Z.  (c'  sec  c— x)  =  /.w 
A  c'.  sec.c— X  =  m  =  et-ic.MS:^y 

•  «  — .  «*  «.  c'.cos/c— x) 

^.8ec.(c— x)  c' 

From  the-  above   operation    it    appears  that   the  hjperbolic 
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logarithm  of  a  function  is  the  inTone  of  an  Exponential  of  the 
same  function,  and  vice  versd.  To  piore  this  generally,  let  ^  (x) 
represent  a*.  Then  ^~* .  (^x)  =  a:  r=  log.  a*  =  log.  (ipx)  (a  being 
the  base  of  the  system)  .'.  fr  W  has  the  same  meaning  1<^.  as  ii| 
or  ^ »«  =  log.  «. 

Also  log."*  II  =  fT^"*^  tt— ^  u.  Hence  then  we  may  conveniently 
employ  the  symbol  (log."')  to  express  Exponential  Functions. 
The  very  circumscribed  limits  of  this  work  prerent  us  from  pur* 
Buhig  this  subject  to  the  extent  we  could  wish.  It  belongs  indeed 
to  the  General  Theory  of  Functions,  which  the  Reader  will  find 
▼ery  ably  laid  down  in  the  writings  of  Mr.  Babbage. 


639.        To  integrate  (a  +  y).  —  =  x  +  y  -  x.  ^,    sup- 

dy  dx 

poae  dy  constant  and  differentiate,  then 

,     dx    ,     d^x     f     .     \       J     1   J..       dx.dy    .    xdyd^ 

'''•^  +  -^-("  +  *^  =  '^  +  ''»'--dr  +-^ 

d^x    /      ,     V         xdyd^x 
..  (a  +  y)  =     ^ 


dy     ^  d3* 

:.  a  ^  y  ^  .^.  X 

■  dx^ 

X  «+y 

.      dx     _       dy 


^x         tJcL-k-y 

/.   a  -k-yz::  (f-  9c  ,fx  +  x 
.\  y  ss  c»  -  a  -  «c  V*j+  * 


640.        To  integrate  y^^  ;7  =  c 

(*+yy 

Than  rfy  =  tcis  +  oxfttand  we  haTe 

tot 
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(jc+ti«y  («  +  «)•  *"  (1  +«)» 

/.  F=  -L.+  Cr=-i-  +  C=  -f-  +C 
1+tt  j_j_y  «+y 


To  integrate  xdy  —  5^db  ss  —  ^      ^    t 

Putx  =  vy 
Then  „^cfy  -  y.d(t,y)  =:  ^^  '  y'^jv^f)  =  ^^y-y^^, 

Vl  +  v* 

^  y*  y 


A  —  =/dvVl  +  v* 


Now  assume  v.  /J  I  +v^  =  « 


Thendtf  =  di>.  Vl  +  v«  + 


sz2dv.^l+v^  - 


dv 


y«      8       y       V     *+^      S       Vy       V  »  +  ^^ 

«  S  y 


641.        To  integrated  -  "  +  ^  "  ^  let 

dx        a-^  X  '{-2y 
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Pat 


a 
a 


4-  to  —  y  =  tt) 


—  «  +  ^v  —  8tt 

^  "t  Then  ^  « 

V  -{•  2u  -^  8a 


8 


.        "^         =  ii.  which  is  homogeneous. 
do  +  Sdtt         V 

Then  ^^  +  ^^  "*"  ^*^    =  HI  =  « 
dv  +  2vdz  +  Szc^v  V 

:.  wfe  .  (1  -  8z)  =  dv .  (2z«  -  8) 
•    ^^  —    (^  —  2z).dz 


4  «+l 


9 


-i\i 


•     «4  =  c*      £=I    X  ^  =  ^'^ 

"   "  "^    •  i+1         (^_  1)«         (z  +   1)»  .(*-!) 

c*  c*v* 


(«  +  «)*    (  M   —  «) 


/.  c*  =  (u  +  v)*  .(«  -  t;)  =  (2a  +  x  +  y)*  .  (to  +  8y)  = 
3.  (8o  +  a:  +  y)^  •  («  +  y) 


642.        To  integrate  «* .  (ydx  +  xdy)  =  y» .  (ydx 
we  will  diTide  both  sides  by  xy. 

\x         y /  Vy         yJ 

dx  _    I     d»\ 

J*"* *"  =  n  then  ^  "  «"S'l 
andy«=«J  ^^         ,      ^^ 


-*rfy), 


V 
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/  \      du    ,     I      dv\  /IdH  1      do\ 

\m      u  n      V  /  \m      u  n       vj 

which  equation  being  homogeneous,  afisume  u  =:  vw. 

Tu^-         /       vdw  +  wdv     ,    _    dv  \ vdto+VNlir 

Ihen,  w  (n.  +  m        ■  1  ^^  *         . 

vw  V    /  vw 

^    mdv 

V 

/.  nvwdw  +  nw^dv  +  mw^dv  =:  nvdw  +  »w<2v  —  mwdo 
/.  vdw  X  (nw  —  n)  s=  wd»  .  (n  —  j»  —  mtci  '—  nw)  • 

•    ^^  —  n.  (w  --  1}  .  dw ^        n         w  —  1 

^  ii;.(n— m  —  n  +  m.io)         n+w         w 

dw      ♦    ^^.       n'^m    N 

IfmtUng  — ; =  a) 


a  —  w  n  -^m 


^        n  (     ^      ^  dw        ^ 

n  +  m     la  —  w  w  .  (a— w)  j 

Now,  put ■  ■      =  «—  + 


u; .  (a  —  w)         w  a— w 

Then  A  •  (a  —  «;)  +  B  u;  =  1 ;  let  ii;  ;=:  a  and  0  soDoeS" 
tiyel J,  and  from  the  corresponding  results  we  get 

B=:±,A  =  -L 

a  a 

Hence^  =       *      .  f^zl .  ^J^  -  -L.  -*L} 
»  n  +  m     I    a         a  — w  a        w    I 

/.  /v  = .  {  1  —  a  .  /.  w  (w— a)  —  /.  +  /.  c  } 

a  .  (»  -f  w)  ' 

a  .  (n  +  f»)     1  w  J 

/.  V       n       s  c .  ^       °^       /.  substituting  we  have 

to 

u  —  m  9m  9m 

v       »         =  -£..(w-a)  «+m  2-  £!!.  (tf  —  gyjITf^ 

^^  «        ;;25l — 
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r~  ">  "+"    («-ar)"+" 

U 

^»      ^^      ^W                                    ••              WPW                                                  V^v 

Ofy               s=^-*'   n+iii    .  f«^-.av'>+» 

J- 

«— !■                                                9m 

/.  y  11  +  »    —      ^     ,  («*  —  ay*)n+i» 

,  —  a,                (»  +  m) 

-m)y 

Hence  y      s      sr            «»        (»+»i)«"  -  (»• 

*      9 

^    ,    (n  +  »»)x*  —  (n— wi)»y* 

ji  +  m 
X  — -— 

9 

By  the  above  process  many  other  general  forms  may  be  inte^ 
g^ted.  All  those,  for  instance,  capable  of  being  reduced  to  the 
very  general  one, 

jF,     .laj — L  +  6- L  +  ....  J  +ar,     .Ja-  ^+68-J+....t 

I       a?!  x^  j  I      Xi         a:,         J 

+0  •  Us^^  +  ^3  •  -^  +  ....  I  +  &c.  &c.  &c.  =  0,  the 
logarithmicforms — ^  &c.  being  taken  in  any  order  li^hateTer. 


We  should  here  assume  x^*"'  =:  u^,  xj^  =  u^y  ^«  =  &c. ;  then 
from  the  very  elegant  and  useful  property  of  the  Differential 
of  the  power  of  a  VaricMe  divided  by  that  power  y  being  always  of  that 
tame  form  with  respect  to  the  Variable  itself y  we  obtain  infallibly  an 
Homogeneous  Equation,  the  integration  of  whicn  is  attended  with  no 
difficulty.  The  student  is  recommended  4o  commit  this  theorem  to 
memory. 

To  integrate  d^y  —  Sd^ydx  +  Zdydx^  —  ydx*  =  0,  or 

■    K   —        y  +  —M^  —  V  =  0,  which  is  a  particular  case 

dx»  dx^  dx        ^ 

of  the  general  Linear  Equation  of  the  Third  Order, 
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^  +  Ai!L  +  B|i  +  Cy  =  X,  A.B,CbeiBg 
dx^  dx*  dx 

8taiits,  and  X  a  function  of  x. 

Assume  y  =  ^fyidx'\ 

vi  =  ^^''fy^dxK (A) 

Then  since  fz  =  e*'  {m/^lfidx  +  yj} 
dx 


Bj  substituting,  &C.9  in  the  above  equation,  we  get 

*!?! +  (3m*+2Am+B).-^+(8»i+A)yi  +(m»  +A»iHB«+C)  X 
dx*  dx 

fy.dx  =  \ 

e 


Now  by  assigning  to  (m)  its  Talues  in  the  equation 
m^  +  Am<  +  Bm  +  C  :=  0 (m) 

we  reduce  the  integration  to  that  of  the  Linear  EqwUitm  d"  the 
Second  Order 

^  +  (8m*  +  8A«  +  B)^  +  (am  +  A)y,  r=  ^ 

Bj  exactly  the  same  process,  with  regard  to  the  second  and 
third  assumption  of  (A),  we  obtain 

if  +  A^m^  +  Bj  =  0 (m  J 

X 


•»•,  +  Aj  =  O (iWg) 


And 


_  X  I  A,,  Bj,  A„  being  put 


=s  8m*  +  2Am  +  B,  8m  -f  A,  and  jem,  +  A^  respectively. 
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Hence  then  we  get 


t/    «f  I       1       * 

Let  now  a^,  a,,  a,  be  the  roots  of  equation  (m) 

^11  *« (»»i) 

And  c^ (m,) 

and  diminish  the  roots  of  (m)  by  any  one  of  its  roots,  for  inttance, 
An  by  snbstitnting  for  (m)  the  quantity 

tt  +  a^  =  m     . 
Then  the  resulting  equation  will  be 
««+(3ai+A>«+(3af+«Aai+B).tt+(a?+Aaf+Baj+C)=0 
But  since  a^  is  a  root  of  equation  (m), 

ai  +  Aaf  4-  Ba^  +  C  :=  0,  we  have  .*. 
u^  +  (3ai  +  A)  «  +  (Saf  +  SAa^  H-  B)  =  0  whose  coeilicients 
being  precisely  of  the  same  form  as  those  of  equation  (m^),  the 
equations  are  identical,  or 

Mj  =  «  =  m  —  a^ 
/.  ftj  ss  a,  —  ttj  1 

*«  =  O3  —  «!   J 
In  the  same  manner  it  may  be  shewn  that 

9»j2  =  9iij  —  h^y  or  that 

Hence  then,  and  substituting  a^^a^  -  ^i*  ^j  **  ^t  ^^^  ^y  ^i 
m^  respectiydy,  we  obtain 

,^e''*/e^^'^dx/e*^'dxf^,  which  wiU  be  the 

O0mplete  integral,  because  of  the  introduction  of  three  constants 
by  the  three  suooessive  integrations. 

By  an  extension  of  this  process,  the  Stodetit  will  be  enabled  to 
integrate  the  very  general  Linear  Equation 


Xdx 


^*  INTBORATION  OF 

It  will  be  found  that 

(f^y  a^ a^  being  the  roots  of  the  equation 

«•  +  Aj»— '  +  Bm— '  +    ...  Pm  +  Q  =  0 

In  the  problem  before  us  we  have 
m^   -  8m*  +  8w  —  1  =  0 
Or  (m  —  1)»  =  0 

.%  in  this  case,  a^  =:  a^  s:  a,  =  1 

and  consequently  ^  =  ^  f  e^dx  f  e^dx   I 
But  since  d.  (const.)  =  o,  we  have 


/■ 


221^  =  /  (O)  =  const.  s=  Cj,  and  e«  s  1 


.'.  y=  efdxfdx  X  C, 


2 

A  more  commodious  although  less  scientific  method,  may  be 
devised  for  the  integration  of  all  those  Linear  EquaHons  whose 
constant  coefficients  are  the  same  as  those  of  (1  +  x)"  expanded, 
(n)  indicating  the  order  of  the  equation.  The  general  equation  of 
this  class  is 

Putting  ^  :=  e**  fy^dxy  diiferentiating,  &c.  we  obtain 
m»  +  iwn*-*  +  ....  1=0  =  (m+l)» 

and  £ry±.  +  A,  £^1.  +  A,  ^1^  +  ....=.  ^ 


dx*"'  rfx"^  (tc"^  e"" 

And  it  will  be  seen  that  A^,  A,,  dsc.  will  Tanish  from  being 
=!  n.  (m+ 1)"^, ».  (n—  1)  .  (m+ 1)*^  &c.  The  integration  will 
/.  be  reduced  to  that  of 


^'Vi    «     X 


dx"-» 
difficulties. 


.,  and  of  y  =  e"'  J y^dx  which  present  no 


DIFFKACNTIAL  EQUATIONS.  ^0 

If  any  of  the  voots  of  the  general  eqoatioD 

be  imaginary,  the  integral  may  be  rendered  real  from  the  dr- 
cnmstance  of  imaginary  roots  entering  by  pain,  which  enablef  ui 
to  nse  the  forma 

COS.  Odb  V  ■"  *  8***'  •  =  «     ~* 
soceessfiilly  for  that  purpose. 

To  intemie  x—  +  y  — =  z,  which  is  a  Parfia/ Differential 

dx  <fy 

Eqnationy  Zdnear  with  respect  to  z  and  its  cUfferetUial^  assume 

Then  dx  s  e^duy  and  substituting,  &c.  we  get 

xdtt     ,     ydu  ^  , 
dx  <fy 

Also  dx.  —  +  <fy-  -T^  =  rf«» 

Hence*,  =  *f■xd«  +  ^(l--^^ 
•  dlx  y  cior  / 

_  (fy        dtt        ydx  -  xdfy 
y         dx  y 

.   J  /       I  \       y<i«    ^   vrfx—  rrfy 


«    5'<^« 


X   «?. 


^(f) 


dx 

Now  the  first  member  of  this  equation  being  a  complete  dif- 
ferential, it  is  necessary  that  the  other  should  be.    (Lacroix.) 

Ptat  A  1*L  s  IILL,  f  /'^'^      being    an   arbitrary 

function  of  — 

y 


Thence  we  have  u— fy  e  ^  f-f.  j 


^ 


^^  DIFFBBENTIAL   EQUATIONS. 


But  z  =  ^ 

•••'7  =  '(7) 


=zy>cp'(—\hwB3asef'(—j   repre* 


sents  an  arbitrary  function  of  (—\ 


By  a  similar  process  we  may  integrate  the  general  finrm 

x^  +  y^  +  t^  +  u^+  ....^nz.    The  integral  wiU be 

dx       "^  dy        dt  du  ^^ 


=  y  X  ^  (— ,  _,  _,  ) 

\y    y    y 


461 


FINITE  DIFFERENCES,  OR 
INCREMENTS. 


643.    We  shall  here  use  the  notation  Az,  A'z  Sbc.  instead  of 
«,  M  *c,  in  oonfonnity  with  that  adopted  in  the  Differentiat  OJr 

cuius* 

Let  Zf  Zgf  z^»"Zta  «»^i  &c.  denote  the  suooessiye  ndues  of  s,  as 
constantly  augmented  bj  the  Increment  A  2. 
Then  z«  s=  z  +  n  A  z 

«■+»  =«+(«+  1)  A  « 
ftc.  =:  &c. 

Hence±  =  .-5!.  =  L±J^  =  ±  +  !L^ 

2  Z«»  ZZ,  Z.  ZZn 

1      _     2h->"    -.  g+(n+  l)Az  _        1        ^  (»  +  I)  A  z 
».  22.2^1  «r.z^,  2.z»4.,  «*•«»«« 

1      _       Z|^+^        _z+(n+8)Az^  1  ^(»  +  g)Az 

'  T 

^^2»44      S2^i2»4.|2a.|^         2Z,^,^.|Z»44  '■^^•.(.i  2ik|-«       "■^«i4>i^^»4-t 

&C.  S=  &C. 

By  substitution  we  .*.  get 


644.  Potting  the  constant  increment  of  v  ss  Ao  we 
tL^«.,v,  =  »,  (©—  At;)(t;,  —  4At;)  =  t;t?,  v,  —  (Vi^s-f  4tfV^X 
Av  +  4v«  At)* 

Bnt  V|  17,  =:  V,  (v  +  8  A  v)  =  v  Vi  +  S9|.  A  v 

And4vi;i=:  4o(i;,  +  Av)  =  4W|  +  4v.Av 
.•.  v-^v-,ti.  =  wviv^—  6«r,Aw— «(»i  +  ««>)  A»»+ 4t>   At?« 


4<n 


FINITE  DIFFERENCBS. 


Again r,  +  2©=s©+  Ac  +  2r  =  «i7-f  Aw 

And  4  0,=  4(0  +  SAv)£:=4v  +  8At; 

Hence  then  we  finally  get 
t>^  r_|  t^,  =  rTjVa  —  5w, .  A  v  —  Sv  Ao*  +  6  A  D*. 

Othenyise. 
Aflsnme v^v^^  v^  s:  A. vv^v^  +  B  vv^  +  C  v  +  D 
Then  we  have 

(v  -  8-A  v).(t^—  A  ©)(«+  8  Av)=  A. «>.(»+ A  t;)(v+8Av) 
-|-Bt;(r+  A©)+Ct;  +  D 
And  by  reduction 

^•-8Ai>.t?«-6A«*.t;+6Av9s=A.r«+8AAr-j     +2AAt^1 

+  B       j       +BAr^''+D 

/.  equating  coefficients  of  like  powers  of  (y)  we  have 

A=  I  1        A=l  ^ 

aAAr»+BAv+C  =  -6At7»^  •'•  ^ «--••  >aa  before, 

D  s=      6At)^ 


D=:     6AV* 


645. .       To  difference  z  log.  z  we  have 
A  («  log.  «)  =  (z  +  A  «)log,  («  +  A  z)  -  « 1<^.  z 

=  (z  +  Az)  {log.  (z  +  A  z)-log.z}+  Az..log.z 

=  (z+ Az).log.(l+  -^^  +  Az.log.z 

A  mtdtiplying  and  collecting  the  coefficients  of  like  powers  of 
Az  we  have  A  (z  log.  z)  =r 

=  Az.  log.  z  +  4x  5  Az  +  iLf>:-i^)+I^i)L  -  te.l 

Ml  1.2.Z       2.3Z'       8.4z»  J 

the  difference  required. 


646.         -L  =•     ^■■-t     —  ^i^^'g— t  J.      1    _A.z^, 


FINITE  BIFPBBBNCKS.  ^^ 


Similarly -i-=:  J—  -     ^•^--« 


A. 2. 


&C.  2=   &C. 

*   —  JL  -  ^:£« 

1     _     I  Az, 


^1  *i  *«  *i 

1  1  A2 


Z|  Z  Z{Z 


Hence,  and  by  substitution  we  get 
^    —    ^     -,     A^     «.    ^^»    ^    AZf   __        __    Ag.1^1 

Z«  Z  ZZ|  ZtZ,  ZyT,  ^m^i^m 

ButAz,  =  A.(z  + Az)  s=Az  +  A'z 

Az,=  A(z,+  Az,)=Az,+  A.(Az+ A*z)=Az+2A»z+A»z 
Az,=:A(z,+ Az^=:  Az,+  A.(Az,)  =  Az  +  8A'z+8A*z 

-h   A*z 

&c.  =:  &c. 

A  z^,=  Az+(m-l)A*z+(m-l)^Zf  A»z  +  ....(m  -  l)x 

A..1Z  +  A"z, 
Hence  -L  =  JL  -     ^^    —  Az+ A*z  _   Az+8A*z+A*g 

Z.  Z  ZZj  ZiZ,  Z.Za 

—  Ac to  (m  +  1)  terms. 

The  Student  may  apply  to  this  Problem  the  two  Theorems 

^  I    See 

•i  —  1 

ti,4^=tf,  +  nAtt,+  n A'tt,  +  &c. 

Appendix  to  the  Translation  of  Lacroix,  where  this  subject  is 
treated  in  an  able  and  perspicuous  manner. 

647.        Here  we  have  A  Ix  =  L  (x+  A:p)-te=/.  i±Af 


=  M.  +  ^) 


484 


FINITE  DIFFERBNCS8. 


Fat  1  + 


A*   -  1+y 


Theny  = 


X  1— If 

8«+  A  X 


And  A.te  =  /.  1Z2  =  /.  (l  +  y)  -  i.  (1  -  y) 

l-y 

V  -  y*  +  y'  -  y*  _ 
+  21  +  21  +  2l« 

8  3  4 

{     ^^    +JL.  (     ^^    )'+!.(     ^^    )V....[ 

l&c+Ax       S       \)8x+  Ax/     5\8x+Ax/  j 


..si 


46i 


INTEGRAL   CALCULUS   OF   FINITE 

DIFFERENCES. 


648.        To  find  the  integral  ofx^  we  have 
«^  =  j;  +  4=j:-f  4  Ax(Ax  being  =:  1) 

.-.  rx^  =  £  (ar)  +  4  j:  +  C 
Assume  Xx  c:  Ax*  +  ^-^  +  ^ 
Thenx  =  A(Ax«+Bjr+F)=  A.F+7\«+B.(x+l)  —  Aj:«  -  Bx 
=  2Ax  +  A  +  B 

•*•     8  A  SSI  II       •  •  A     sz      .1MB 

/  « 

AndA+B  =  oJ  B=-JL 

1-  7 

Hence  rx.    =  —  x«  -f  —  x  +  conit 

2  2 


Otherwise. 

Xx^  =  r  (x  +  4)  =:  rx  +  4X Ax 

=  (izilf  +  4x  +  C=  —  +  !^+    C,  by  the 

2  2  2 

role  of  suocessiye  factors,  which  is  known  to  eveiy  Student. 


649.  First  let  us  prepare  the  difference  in  proper  factors. 
We  have  (x  —  m).  (x  —  5»i)=:(x— w»).(x— 2i»— 3w)=(x— m),X 
(x  —  2m)  —  Bm.(x  —  m) 

And  (x  —  2m).(x  -  6m)  =  (x— 8m)(x  -Sm— 2m)=(x-2«>.  X 
(x  —  Shi)  —  Sm.  (x  —  2m). 

TOL.  I.  2  H 
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Then  r  {(x  -  mUx  -  5)  +  (f^l^i^^-;^ j  ^ j(^_^)  ^^ 

(x— 2m)  +  —  X(x  -  2m) (a;—  Sm)  —  3m,J:.  (x— m)  -m5:(j:— 2m) 
2 

Jx -mXx-2m)(x-3m)  +(,_g^)  (, _8«)X(*- 4m),<  -L-1 X 
Sm  6m     2 

(x  —  m)  (or  —  2m)—  —  (x  —  2m)  (x  —  3m)  +  const. 

X 

^  (x-2m)«(x-8m)  ^  (^_2m).(2x  -  Sm)  +  C 
2m 

ar»     -  11  x«  +  I5m«  -  12m»  +  C. 


2m 


Otherwise. 
The  difference  may  be  reduced  to  the  form 

ifl  —  i^.  *  +  10m«=  A  tAa;s  +  Bx8  +  Ca:+D)  by  hypothesis 

=SA7».ar'+(3Am   |-2Bm)a:+(Am»+Bm»+C«) 
Hence  by  comparing  coefficients  of  homologous  terms  we  get 

A    =:  — i. ,  B  =£  —  ii ,  C  =  15m,  and  .*. 
2in  2 

r.  ( — X  +    10m*)  = —  —  J*  +   15«x  + 

\    2  2  2m  2 

arb.  const,  the  same  as  before. 


650.        Here  we  have 

1      _       v,v,v. 


Now  assume  ViV,V«  sAxWiV,  +  B.Wj  +  C.V  +  D 

'nieii(V+l)(V+s),(V+4)=A.V(V+l)(V+2)+B.V.(V+l) 
+  CY  +  D  supposing  aV  =  I  as  in  the  enunciation. 

.-.  V*  +8  V«  +  19V  +  12  =  A.V'+aAI-y'+SA') 

+83        +BP+D 


FINITE    DIPFERENCBS.  <^^^ 


/.  A  =  1 

B  =  8  -  SA  =  5 

C  =  19  -  B  -  SA  =:  18 

D  s=  12 

Hence  r.         ^     '     =  r  WiV»  +  ^^i-»-t«V  +  ^« 

1  •  1  1 

s=I .     +5.1 . +18.r t 

+     18.    1.  »  »  « 


—  Ig  _  Ig  _  _  J^ 

1  i|V»  +  95V«  +  170V  +  7g    .    _. 
_  ■  -r-  cor. 


661.         To  '"tegrate^^^;;+g^^^=A..,weha^ 


(x  +  A).(z  +  2k)  z.(z  +  ikX«  +  2k) 

4         13  1 


A:      « +*  2      z.(z  +  *) 


+  const. 


652.        To  integrate  — ,  put  u  =  /z 

z 


Then  Ati  =  A,  fa  =  /.  («  +  Az)  -  &  =  /.  *±Af 


=  |.(1+J^) 


logarithmf. 


f  H  9 


468  INTEGRAL  CALCULUS  OF 


A  fa    _^      Ag_(Ag)'  ^(A  zV    _    (Ag)*    ^  j^ 


•  • 


a:  Az  2z*  32^  4z*  oz5 


z           Az               )2z«             32«  4z*  J 

=  -^  +  S.  \—  +  -^  +  i_  + I  by  supposition. 

Az  fZ*       z^       z*  J 


Let  now  £. 


\zi       z^  z   ,     z^       z^       z* 


then  we  have  bj  differencing  both  sides  of  the  equation 

<J^_,h,c,d,        _      AAz    ,    AAz'-2BAz 

— — ■  T  — —  "T"  ——     I    —    t"  ••••  •— -  ^     ^  T     ^^— — i^-^-^— ^— 

Z«  Z«  Z*  Z«  Z«  2» 

-AAz3-h8BAz*~8CAz     .    AAz*-4Baz»  +  6CAz*-4Az 
z*  z5 

—  &c.    Hence  equating  coefficients  of  like  powers  of  z  &c.  we  get 
-a  1 


A::= 


Az  % 


g_AAz«--6  _  _    Az 
2Az  12 

C2=  --AAz^+SBAz^-c  _  Q 
3Az 

jv_,  AAz*--4BAz^+6CAz^-"d    _    Az» 
^^  4Az  lio" 


&c.  e=  &€.  the  law  of  continuation  being  evident 

VTy  ^    Az         »z        12z^         J«0«*         852 JB* 
+  &c.  +  const. 


HenceXf-^=A.-±-.^+    ^''  '^«' 


653.  The  integration  of  —  may,  in  a  series,   thus  be 

effected. 

i.  =  -L  X  -li-  =  —   X  ^+^^  -r      ^      +     Ar 
r«  ""    r  rr,  r  rr,      *"    rr^  r^.r^ 


FINITE    DIFFBRENCBfl.  ^09 


AL»±-    »    X     '••    r-    » 

r*          r          TTg           r 

X 

r+8Ar  ^      1           «  A  r 

AnH    »     -     1      y       '.I      -. 

_      1        ,    3Ar 

r«          r            rr. 

...  k—               1       '     ■ 
rr,          r«.r. 

&c.  :=  &c.  to  infinity. 

Hence  by  substituting  the  values  of —  in  these  several  equa- 
tions we  get 

1    «.       1        .       ^r     ,    2(Ar)«     ,      8.S.(ArV     , 
— +  +   +   i i.  + 

'  ^  /^^    &c.,  each  term  of  which  being  rendered  separately 


T ....  r^ 


integrable,  by  the  common  rule,  we  have 

2.  JL  =  C  -        ^        -  -J !Al   X  L. 

r«                    Ar  xr         2rr,  5              rr,r, 

« .  8  A  r«  1 


-&c. 


rr^  U  r. 


This  method  will  hold  good  in  other  functions,  such  as  — , 

—  &c.    The  more  general  way,  however,  is  to  assume  a  series  of 

terms  consisting  of  the  successive  factors  with  indeterminate  co- 
efficients. See  Emerson  s  Increments^  and  Mr,  Herschei^s  Examples 
of  the  Applications  of  the  Calculus  of  Finite  Differences. 


654.        We  will  find  the  first  integral,  second,  third,  &c.,  in 
snooession,  taking  care  at  each  step  to  introduce  an  arbitrary  con- 
stant, or  such  a  function  of  x  that  its  Difference  may  be  zero. 
In  one  copy  we  have  x, ;  in  another  xv.    We  will  resolve  both 


Z  .  x«  =  ^^•^•-i  4.  c,  (A  beii)g  the  const.  Increment  of  x) 
2h 
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2 .  8  A*  A 

2.3.4  V  A  h  ' 

t 


+  J^.xa:_i.  +  ^  +  C, 


2  .  3  .  4A»  2A2 

2.  SAM*         2.3A,  *      '  2A«  * 

+    C,  ^  +  C, 

&c.  zz         5cc. 

2.3.4.5....  (n+l).A-  '       *  -(— «)-r 

Vg  .  XX_2   ••••  J?— (K-^)   +   Cj  ,  X  X_jL  ....  X_(||„_4j    +   C^  .  XX_j  .•..-^|»_j| 
+   ..••  +  C|,„^  .  X  X_|    +  C„_,  X  +C., 


c„  c.«  c,,  being  known  iiinctions  of  the  arbitrary  constants 
Cj,  Cg  ....,  and  the  determinate  constants  A,  1,  2^  d^  &c.,  ai^ 
themseWes  arbitrary  constants,  or  such .  functions  of  x  as  we  de- 
scribed above. 

We  have  exhibited  r"x,  merely  in  terms  of  the  successive 
values  of  x. 

Secondly,  because  A  .  PQ  =  (P+  AP)  (Q-f  aQ)  -  PQ  •= 
PAQ  +  a,AP, 

/.  S  (P  A  Q)  =  PQ  -  2  .  (  A  P  .  Q.)  (which  is  similar  to 

J'udv  =  «v  —  f'^du) 

Similarly   r    (  aP  .  Q.)  =  aP.  rQ,  -  £»  (a«P.  xQ.) 
£(A*P.XQO  =  A»P.rQ.^i:.(A»PE«Qj 

&c.    =     &c. 

.•.£.(PAQ)=:PCl-AP.2Q.+  A»P,2?Q.-A»P.r3Q,+... 
(a)  which  is  a  Theorem  from  which  others  of  greater  generality  may 
be  deduced.  Thus,  applying  the  Theorem  to  the  Integration  of 
each  term,  and  taking  their  sum,  we  have 
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1?.(PaQ)=P.£Q- AP.rHl,+ A'P.X'Q,- A»P.i:*Q,+.../ 

-  A  P.X«Q,+  A'P.r'Q,-  A»P.X*Q3+.... 
+  A'P.PQ,-  A3P.X*Q,+  .... 

-  A>P.5:'Q3+....^ 
=  P.rQ-2AP.rQ.+8.  A'P.x^-  .... 

....wiA-^'P.  X*  Q,_,  ±  ....(6) 

By  proceeding  in  this  manner  with  this  latter  form,  and  so  on, 
we  get 

z;».(PAQ)  =  P.rQ-  (1+2)  aP.i;»Q,+(i+2+8)a«Px 
r*Q,~  .,..Il±!!^  .  A— T2:-+»  (l_,  

S*  .  (P.  A  Q)  =  P  .  S'Q-  (1  -hT+i)  A  P.s*ft,+  ...'"^"'"^  lX»>+2)  ^ 

2.  3 


r'.(P.AQ)=:P.rQ  -  (I  +  1  +  1+2)  aP.i:*Q,  +  .... 

m.(m+  1)  (m+  2)  (m  +  3)  ^,-.ip    £-+i  q 

2.3.4  ""* 

&c.    =    Sec. 

The  coefficients  of  the  general  terms  are  derived  from  one 
another  as  follows : 

We  see  by  the  actual  process  that  the  (m)^  terms  of  the  respec- 
tive series  are  of  the  form 

jb  1     (  :t  according  as  m  is  odd  or  even) 

±  (1  +  1  m  terms)  =  m 

±  (1  4.  t  +  8  +  ....m)  =  ^'("^^  ^)  (by  taking  the  In- 

tegral) 

+  il+8  +  5+ m(^+l)|  ^^»(«+l)(n+2) 

^  *      3  ^-^ 

(Integrating) 

m.(m+l)  (m+2))_m.Cm+l).(n+2).(n+3) 
2.3  (  2.3.4 

(integrating) 


±  {i^4+io+...r^^\''';^'^'^U 


^^f%^m  ^BH»  flM^^« 
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Hence  then  it  appears  that  the  coefficient  of  the  (m)^  teim  of 

the  (n)*  integral  r  •  (P  A  Q),  is- 

rp    ^  ^fn.(m  -f-Jl)  .  (m  +  2)  ^...  (m  +  n  «  8) 
*""  1T273 »— "1 

And  we  /.  get 

£-(P  A  Q)=T»  X  Pi:*-»Q  +  T,  x  A  P.r*Q, +  T,  x 

A«P.iT»-'Q,  +T,  X  A'P.z"^  Q,  + +T,  X  A— 'P 

Y,*+^  tt  Q^_^  -I-  5tc.,  Tj,  Tg,  T,  expressing  the  yalnes  ai 

T.,  when  (m)  is  1,  2,  8 respectively. 

Now  in  order  to  resolve  the  problem  in  question  IT  (xi;), 

put  X  =  P     ^  j^^^  ^^        Q  =:  rt;  )&c.and  .'.have 

r  =   AQj  *  ^ 

&c. 

f  (xp)  =  T.  X  X  r-v  +  T,  X  AX  r+'  v,  +  T,  x  a'xx 
r*+*  v\  +  &c. 

+  T«  X  A*-*x  .  !:«+"-•  v._,  +  a  Theorem  which 

reduces  the  (n)^  Integral  of  the  product  of  any  two  quantities,  to 
the  resolution  of  the  general  terra 

T„  X  A-^'x.!"'**  't?^, 
which  implies  the  product  T.  x  {the  (m-l)^  difference  of  one  of  the 
quantities}  x  {{n  -h  m--  l)^  Integral  of  the  (m  —  1.)*  succeeding 
value  of  the  other  quantity] .  Having  found  this  term  by  common 
rules,  and  the  integration  of  the  form  Xx,,  already  exhibited  in  this 
discussion,  we  may  proceed  to  find  each  term  of  the  series  for 
X*  (xv),  by  putting  m  =:  1,  2,  3,  4  ....  in  succession.  The  sum  of 
the  results,  annexed  to  the  (m  +  l)^  terras  of  the  forms  for  £  (xv), 
£<  (xi;), ....'.  r*  (xt;))  which  we  omitted  writing  down  for  the  sake  of 
brevity,  will  be  Ae  complete  Integral  of  (xv). 

Having  said  so  much  already  on  this  subject,  we  must  leave  the 
rest  to  the  student,  who  will  be  amply  gratified  by  applying 
this  very  important  Theorem  to  the  differences 

x«  .  COS.  x9,  x^  .  (x  +  1) .  sin.  (xd/,  «*cos.  x6 
x' .  a",  5tc.  5cc.  &c. 
The  general  coefiicients  expressed  by  T«  are  those  of  the  several 
orders  of  figurates* 


FINITE    DIFFERBNCB8.  ^7^ 

S5S.        To  integrate  x^  we  haTe 

x«  =:  x«  .  (x  —  1  +  1)  =LX«  .  (x  -  1)  +  OP* 

=  X .  (x  -  1)  .  (X  +  1  -  1)  +  X .  (x  -  1  +  1) 
=  (x  -  1)  .  X  .  (x  +  1)  +  X 

•  _      .  _(x~2).(x-l).x.(x+l)         (x-l).x      ^ 

4  • 


(A  xs=  1) 


X*  x^     .     x« 


+  1-  +  C 
2  4 


or^ilLliiZJli+C 
4 


To  integrate  c*  cos.  x0  we  have, 

COS.  xfl  = 

/.    1  (C-COB.  Xfi)  =  X^  ^ g +    J ^ 

Now,  generally,  A  e*  =  e«+^«  -  e"  =  «" .  (e^"  -  1) 


<5^«-    1 


and  2: .  €•  =  2  — Af =  — f —    +  cons,  pnmded 


An  be  constant. 


.-.    Supposing   Ax,  and    .'.     A    (x  .  1  +  6^  —  1)  «n^ 


A  .  (x  .  1  —  OV  —1)  constant,  we  have 


s.  X  9)  =  -:.  X    Z- 


2  (c*  .  COS.  X  d)  =  —  X     ^  "^  ^iT  ^ 


(1  — dV— 1)   A*  _| 


+  c 


_i 


*7*  INTBOKAL  CALCULUS  OF 


|ei+  fl^/-l.A*_l}  |gi-W-i  •  ^_i} 


{f^ 


,(*«— Sax)  V— 1  +  g  —  (««  —  «  A»)  V—  I 


8 


X    e**  - 


+  tZZZlL\+C:^ 


"i  /   '  c*^*-2e^*.cos.  (fiAx)+  1 

Je^*  X  COS.  (x—  Aar .  0)    —  cos.  xO  |    +   C,  which  is  by  no 
means  an  inelegant  result. 

This  method  applies   to  the    general    form  e*  .  cos.  "xd   x 
8in."(xfi). 


656.        To    integrate    the    Equation  u,^^  —  Au,^  + 
Btt.  =  0 

Assume  i/,  =  /a'  +  K  (ft  and  K  being  independent  of  x) 
Thenti^i  =  ^-^-^  +  K|    .  g^^bstituting,  we  get 

14,*^^  -  A^H-i  +B^'  +  K.(l-A  +  B)  =  o 
PutK  =  0 
Then  ^*+-«  —  A  f^.'-^^  +  B  ^'  =  o 
/.  /x«  -  A/A  +  B  =:  0 


Hence  u  = 


_  A   ±    VA«— 4B 


8 


.-.  «,=  ^'  +  K  =  {A+  VA>-^4B?^  +  K 

Or  =  |A->  VA^-^Bt'g  +   K  which 

ing  particular  integrals,  the  general  integral  will  be 
«,  =  C  .  JA+VA«-4B|»  +  c, .  /A-VA«-4Bl* 

S^e  the  Xpptfndtx  to  the  Translation  of  Lacrcix^  or  Gamier,  or 
Dtt^ot^rjpreie^. 
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657.        To  integrate  —  we  hare  the  fonn 


X.uv  zz  u%v  —  £ ( Aii  XVj)  which  gi^eit 

X  1 

X  —  =  xS. —  —  X(A  xXv,) 

2=  —  X r*.  — 


1-a 


1  J  Ax        a^    I 
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658.        Since  the  Scale  of  Relation  is/  +  ^,  we  haye 

a   sz  a 
bx  =  bx 

cx^=zjhx^     +  gax* 
d3^:=ifcx^  +  gbx^ 
&c,  =  &c. 
Hence  S  =  a  +  ftx  +/r  .  (S  —  o)  +  ax^  .  S  (S  being  thesum 
of  the  infinite  series) 

•    S  =  a  -{•  bx  "  afx  _  g  +  (6  —af)!  ,. 

l-/r~fla:«         (1  -  mj?)  .  (1  -  nx)  ^ 

supposition) 

Hence  assuming, =  ^       +      " 


(1  —  mar).  (1  — nx)         1  —  m.r         1  — luc 

_  (A+B)-(mB  +  »A).* 


(1— »u:)(l  -JUT) 
.^  haTe  A  +  B  =  n  ^^   .  ^  ^  _«_ 
nA  4*  "iB  ^  0  J  m  —  A 


m  and  n 

and  B  =  -      ** 

i»  —  n 

being  found  fiom  the  equation  I  —  fx  —  qx*  =  0. 

HenceSr:      ^       x   ?±i*Z2^  -  _ZL«  x  i±l?Jl3!Qf 
fn—  n  1  —  WW?  m  —  n  1  —  nx 


-.m.(a+6-a/.  x)  ^  {l+mx+iiiV+m»j:»+ ....oo) 


»i  —  n 


-  m.  (a  +  6^a/.j;)  ^  (i+„j,+«v+^^+  ,_^) 


:— » 
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Which  are  two  Geometric  Series,  whose  first  terms  are 

— ^ — : '- 1,  —  — 1 — . :L ^  and  common  ratios  ma?, 

J»  —  W  III  —  » 

nxy  respectively. 

When  m  =  n,  or/*  =  —  45r,  the  series  becomes 
S  =  g+(^-<^/l  '^  -:  g-f  (6-flfOj   ^         1 

■(i-/fV  i-/f       1-^ 

2  /  S  S 

==  lliillf^lLi:  X  (1  +  :^ +-^  +  -^ +&C.) 

2 

80  that  in  the  case  of  the  denominator  of  the  generating  fraction 
having  equal  roots,  the  Series  may  be  expressed  by  one  Oeame' 
trical Series.     See  No.  671. 
In  the  same  manner  a  Series  whose  scale  of  relation  is/,  +  /^ 

4-/3 fm  may  be  resolved  into  (n)  Greometrical  Series,  when  the 

roots  of  the  equation 

are  unequal,  and  into  one,  when  those  roots  are  equal. 

This  Problem  may  be  solved  by  the  method  of  Finite  Differ- 
ences.     See  Appendix  to  Translation  of  Lacroix^  p.  534. 


659.         It  is  well  known  that 

X  -  f! '+  -  -  &c.  =  /.  (l+o:)  =  -  /.  f — I— ^ 
2  3  ^  Vl  +  x/ 

=  -/.  (1--±.V 

...  X  -  f!  +  51-....=.-^  +  i..  f-i.y+ 

2  3  l+x         2      Vl+o?/ 

JL  .  ^-JL- I    +  &c.,  the  form  required. 
3      \l+xJ  ^ 

This  might  have  been  determined  by  the  method  of  indeter* 
ninate  coefficients. 
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660.         Oiven  a  +  fr  :=^  «,  and  a6  s:  p,  to  find  o^  -f  jT  in  a 

series. 

We  have  a«  +  2a6  +  6«  =  s* 

and    4ab =  ip 

:.  a«  -  2afc  +  6«  ==  ««  -  4p 

/.  a  —  6  =  ±  ^8^—4^ 
anda  +  &  s=  « 


Hence  a  = 


_   »±  V**"'*P  —  *i*' 


2  2 


and6=  li^^i!:i&  =  ii!!  (t;  =  V^^^^) 

2  2  ^ 


/.  8"a»  =  »"  ±  n«^* t7  +  ».1-L.  s"-^ty  ± 


+  &C.  j 


2"&''  =  s*.Tn  fT-'v  +  n,- — !Ls"v»:f:  ««  t;»  +  Ike. 


Hence  a*  +  6*  r^  — L-  x   /s"  +  n  .  Hi  .  f^v*  +  nx 

2—'  I  2 

2  8  4  2  S  4  6 

n-5 


6 


^  «•  +  &c.  I  the  expression  required. 


Otherwise, 

This  problem  may  also  be  solved  by  the  method  of  summing  the 
n^  .  powers  of  the  roots  of  the  equation 

x^  —  ««  +  p  =  0  whose  roots  area  and  6. 


661.        To  find  the  value  of  a*  +  6*,  when  a  and  b  are  roots 
'      of  the  equation. 

We  have  a  +  6  ss  pi 
and  ab  rs  ij 

Henoe  <f*+^=  o^  +  ^  and  the  above  methods  may 
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be  applied  to  obtain  the  series  required.    A  better  method,  how- 
eTer,  readily  suggests  itself ; 

Put  a  +  —  —  2  COS.  fi 
a 

Then  a*  +  .^  =  2  cos.  nd  which  being  expanded  according 

to  the  powers  of  cos.   0  will  evidently  give    the    series    re- 
quired.   This  expansion  is  effected  in  different  ways  by  Authors. 
The  most  simple  and  obvious,  perhaps,  is  the  following : 
From  the  form 

Cos.  (A  +  B)  +  cos.  (A  —  B)  =  2  cos.  A.  cos.  B  we  get 
Cob.  n9  =:  «  cos.  0  ..cos.  (»  —  1)  fi  —  cos.  (n  —  S)  d 
=r  p .  COS.  (n  —  1)  0  —  COS.  (»  —  2)  0 
Similarly  Cos.  (n  —  l) 0  =:  p .  cos.  (»  —  8)  d  —  cos.(n— 3)  0 
Cos.  (n  —  2)  6  =:  p  .  COS.  (»  —  3)  0  —  cos.  fn— 4)  0 
&c.  =  &c. 
Cos.  20  =  p  .  cos.  0         -  . 
Hence  by  substitution  we  get' 

Cos.  nfi  =:  p .  cos.  (»  —  1)  fi  —  COS.  (n  -  2)  8 

=:  (p*  -  1)  .  cos.  (n— 2)  fi  —  p  cos.  (n-^S)  d 
=  (p«  '•'2p)  COS.  (»— 8)  fi  -  (p«  - 1)  .  COS. (»— 4)  fi 
=  (P*— 3p2  +  l)  COS.  (n— 4)  fi  —  (p«  -  2p). 
COS.  [n—5)  fi 

e=  &c. 

=  {p*"»  —  (»—  2)  .  p"^  +  &c}  COS.  fi  -  {p»-«  — 
(n— 3)  p*~*-f  &c.)  COS.  0 . 

=:{p-.-(n-2).p--+....||.-{p---(n-3)x 

P"^'  +  } 

Hence  2  cos.  n^  r=:p*  -  n. p*^  +  n p*~*  —  n .  . 

2  2 

2      '^ 

.-.  a"  +  6*  =  p*  —  &c. 
On  this  subject  the  reader  may  consult  Woodhouse's  Trig,  ahd 
apaper  by  Mr.  Knight  in  the  third  vol.  of  Leyboume's  RepotUory, 
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662.         To  resohe into  quadratic  diviaora. 

1+0*  ^ 

Put  of  +  1  c:  0  and  first  suppose  n  even. 
Then  j*  =  -  1  =  cos.  (i^+l>r 


=  CDS.  (2p+l)«r  ±  jj  "  I  .  sin.  (Sp+iy 

i^  2p  +  1       I    , 7  Sp  +  1 

.'.  x  *=  COS.  -i— - —  »  ± V  —  1  .  sin.    ^  «•  a 

n  It 

form  exhibiting  the  n,  values  of  j^  in  pairs,  corresponding  to  p  s  0, 

1,  «,  ate.  —  —  1 
2 

Hence  a;"  +  1  =  ( x  —  cos —  i/  —  1  sin \  (x— cos,  — 

n  n  y'  n 

+  V-1.  sin.  -l'^  X  (j  -  cos.  5^  -  V  -1-  sin.  Jl'N   (x  -cos.  ?!! 

n  /  n  n  J'  n 


+  V  -  1  sin.  -^  X  &c.  =  (x-cos.-Yh-  sin.*-^  x  (x-cosi^Y 

»y  n  nj  «  ' 

+  sin.*^'\  X  &c.  =  (x"-2x.cos.  JL+l)x(aJ"-2x.cos.5![+i)x 
« /  »  n 

(x*  -  2x.  COS.  5^  +  1)  X  &c.  to  -1  terms. 

n  ^  2 

Again,  let  n  be  odd. 

Then  X  =  COS.  ^±i»±  /^l.  gjn.  SJLl  ,,  and  the 

n  n 

pairs  of  values  corresponding  to  p  =:  0, 1,  S !Lz£,  are  cos.  ^ 

8  » 


«•     S»  ,     ? — -  _.     8«r 


±  V  -  1-  sin — 1  COS.  —  ±  V  - 1  8i«.  _,  &c ,  the  other  ta* 

n  n  n 

lue  of  X  being  evidently  =:  ^  l. 
Hence,  as  before,  we  get 

x*+  1  =  (x  +  1).  (x«  -  «x.cos. JL  +  1).  (x«  -  Excos.- 

n  11 

+  1)  X  &c.  there  being  2zl  of  the  quadratic  factors. 


/ 
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663.  Here,  by  the  form 

COS.  (A  +  B)  -f  COS.  (A  -  B)  =:  8  cos.  A.  cos.  B 
we  have 

COS.  4x  z=z  2  cos.  X.  cos.  3x  -'  cos.  8x 
cos.  3x  =  2  COS.  X.  COS.  2x  —  cos.  X 

cos.  SX  =  8  COS.  X.   COS.  X  —  1 

.'.  COS.  4x=:  (2«.  COS.  «x  —  1).  cos.  8x  —  8  cos-^x 

=  (8«.  C08.«X-1).  8cos.'x— Scos.sx— 8*.C08.*X+1 

c=  8^.  cos.^x  —  4cos.  «x  +  1.     See  Number  661. 

664.  Here  we  have 
/x=/.    ^+^    ~ 


J±f-  =  /.(l+jr)-/.(l+±\ 


But  /.  (1  +  x)  =  X  -  ^  +  —  -  f!  + 

8  8  4 


A»d/.(l+arO=«~^  -  -^  +   -^  -  -^  +  

'^  8  3  4 

,  ,        X*— ar*     ,     X*— x~* 


8  S 


665.        Since  by  the  above  probloBi 

,  _,        x«— x^«     ,     x»— X-* 

/X  =:  X  —  X    * + 


+ 


8  8 

Put  X  ;=:  c"^^ri 

ThenzV-»==«*^'^"*-^^'^- i 


8 


sill.  8z  .  «  # — r  sin.  8c 


=  8  V  — 1  sin.  «-8.  V  - 1.  =— ^  +  8^-1. 

.     z                      sin.  82     .     sin.  8)b 
.•.  —  =  sm.  z  —     I.  +  

8  8  8 

TOL.  I.  8  1 


8 
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666.        Since  2  cos.  x  =  ef^^  +  e"*^~,  we  have 
2».  cos."jr  =  (Cv^^  +  c-'-^i)"  =  e"*^"  +e-»'v^i  +  n.  (cf'-^V" 

+  c-(—«-»V^)  +  7i.?Zl.  (6(--^)V^+<r-(*-*i'V^)  +  to 

2 

!i±l or  JL  terms,  according  as  n  is  odd  oreren:  in  the  latter 
8  8 

—    +     1)**      term    in 
2 

which  no  power  of  e  appears. 

First,  let  n  be  odd. 

fi— 1 

Then  2*^*  cos.'x  =  cos.  nx  +  ».  cos.  (n  —  2)  j:  +  n X 

2 

n+3 

(-V        .    o                    Ji""l  fi— 2           2 
n— 4j  X  +  &c.  +  . ..  n . .... X  cos.  x 
^                                   2         3          n-1 

2 

Let  n  be  even. 
Then  8"-'.  co8.*x  =  cos.  no;  +  n.  cos.  (n  — 8)  x+  ^..  n 


-1  +  8 

cos.  2x  +  middle  tenn. 

2 

n.  (n-l)(n-.2)....  f  —  +  1) 
This  f—  +  1^  tenn  =  4^ 


2=  2^*    X 


1         9        «l  ** 

2 
l.S.5....n—  1 


A.SS.o  .■••■      ■■ 


n.(n-l).(»-2)....  f~  +  l) 

_^    ^         ^       \2  _2n.(2n-.2).(2n-4)...(i 


A      •     w      •     O     ..... 

2 


4     •    35    •    o    .....     ^—^ 
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n.(»-l).(«-g)....J!L+l 

^U3.o....n     i_gy ^ » ^  1.8.6 ....(n-l) 

1.8.6....n— 1  1.8.8 ....(»— 1)  .n  ' 

_  g J  1.86....(n— 1) 

2 

Hence  then  we  have 

I  n  — 1 

(cos.  x)*= X  {co8.  nx+n.  cos.  (n— 2)  x+n.  __*.cos.(ii— 4)« 

2"""^  S 

n+8 


n.  (n  —  l)  .... 


+     ...    + 


8 


1  mdS     .... 


n—l 


..  cos.  x}  when  n  is  odd. 


And  (cos.  «)■  =  — — -.  X   {cos.ifx  +  «.  cos.  (n  -^  9)  x  +  ... 

«.(n-"l)....^ — +8 

2                 -I        1            1.8.5 ....  n—  1 
— .  cos.Sx}  -f  ^   X   


2.S Jl-1 

8 


8' 


18        JL 
8 


667.        Let  the  arc  be  X,  then,  by  Taylor's  theorem, 
u  s=  sin.  (x  +  a)  =  sm.  x  +  — r— —  ^  ~r  —---..  ^.-.  +  &c. 


dx 


M-       rf.  sin.  X -   ^ 

Now  — =  cos.  «  s:  1  ^ 


dc*      1.8 


dx 
d'.sin.x 

cP.sin.x 


s=  —  sin.  X  =  0 


> 


when  X  1=  0 


dx 


=  —  COS.  X  =:  —  1 


&c.  =  &c.         rs  0  >/ 


/.  sin.  (A)  =  A  — 


A« 


A« 


1.8.8 


1.8... .6 


-  &c. 


LetA  s=j? 
Then  sin.  xs:  x* 


X3 


1.8.3 


1.8.8,4.5 
818 


.•..• 
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668.        Pat  2"  -  1  =  0 


Then  z^s  1  =  cos.2pv  ±V  —  1-  sin.  2pw  (p  being  any  integer.) 

And  z  =  COS.  ?£  w  ±  V  -1  si"-  — ""  (by  Demoivre's  theor«n,) 

n  n 

a  fonn  exhibiting  the  n  values  of  « in  pairs,  corresponding  to  those 
of  p,  viz.  0,  1,  8,  8 — .    These  values  are 

COS.  0  ±  sin.  0=1 

COS.  —  lb  V  ""  *  ^*"'  — 
n  n 

4W    i_    t      .'     •-  4W 
COS.  —  ±  V  ""■!•  sm —  . 
n  n 

COS.  — ±V— l-sm 

n  n 

&c.  &c. 

COS.  ir  ±  V  "  ^'  sin.  »  =  —  1 
Hence,  b^  the  Theory  of  Equations,  we  get 

2--l  =  (z  +  l).(2-l)  X  (z'-cos,—  +  V  -1  sin.?I'\  X 

n  n  J 

r«  -  cos.  ?^  -  /^-  sin.?^^  X  (2  -  cos.  — +V  ^^Hlin.l^'j  x 
^  »  nj  n  nj 

(z-cos.l^-/^-sin.il'\  X  &c.  =  (2«  -  1)  .  (z2  -  2z.  X 
fi  ^n  y 

COS.  —  +  0 .  (««  -  2«.  cos.  1^  +  1)  X  &c.  to  —  terms, 
n  ^  n  2 

Assume  _L_  = -^  + -Q^  +  ^,+8,.  . 


2-_l      *-l      z  +  1       ^*_s^.eog.!!r  +  i 


n 


Z^-2z.COS.—  +  l  22^.22.  COS.  Ulir+l  ^« 


n  n 


+  ^e^^g^  4.  ....  .^^_J_  by  supposition.      Hence,  reducing 

to  a  common  denominator,  we  have 
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{P(a+l)  +  Q.(z-l)}  X  D,.D,D^....D.+  (A,+B,*)D,x 
D,  D^  ....D.  +(A,+B,2)D,D,D«Dj....  D.  +....+  (A,  +B.z)x 

Now,  substituting  for  z  each  of  its  values  (a,,  a^ )  in  D,  D, 

....  D.  we  get 

A3  +  B3  a,  =  J. 

A,  +  B,  a.  =  -— 

djy  c^ji&c.  denoting  the  values  of  D^.  D3.  D^  ....D«,  D^  D^  D^.... 

D,  &c.  resulting  from  those  respective  substitutions. 

If 

Now,  the  roots  a^,  a3....being  imaginary,  and/.d^,  d^^^fA,  also 
of  that  form,  we  may  at  once  determine  A,,  B^  ;  A,,  B3,  &c.»  by 
equating  I  he  real,  and  the  imaginary  terms  in  these  equations. 
It  only  remains  then  to  determine  P  and  Q,  which  may  be  rea- 
dily done  by  substituting  for  x  the  values  1,-1  successively. 


669.       To  resolve into  quadratic  factors^ 

we  will  put  «*•  -  8/«"  +1=0 


Thenz-  =  l±  sJl^-\ 


Let  cos.  6  .*.  =  L  (since  I  is  less  than  unit) 


Then  z*  =  cos.  0  ±  V  -1-  «"»•  fi=cos.  (O+gpw)  ±  ^  -l  X 
sin.  (fi  +  8jjw). 


466  8ER1B8. 

Hence  z  s  cos.  JiLfLjtJ  —  l.siii.-Z2!![afoniiwhichex- 

n  ft 

hibits  the  (n)  pairs  of  roots  of  the  equation  corresponding  to  the 
Taloes  0,  1, 2,  3, ....  tt—  1  of  p. 

Hence  then  we  have 

af**— 2fa"+l  =(z— cos — —  V  —  1-sin. —  1.(2— cos +V  —1  ^ 

n  n  /  » 


Sin.—  )  X  (z— cos.  — i. —  —  V— l.sin.— L — )(2— cos 

n  /  n  n      /  n 

+  y^.  sin.iii!l^  X  &c  =  (z»-Sz.  cos.-i  +  l)  («*  -  ««  X 

n      /  » 

cos.  t:tll+ 1)  (z«  -»2Cos.  LLfl  +  1)  X  &c.  which  is  Cote's 
n  n 


Theorem. 


670.         Putting  log.  cos.  A  =  /(A)  =  u,  we  hafe,  by 
Haclaurin's  Theorem, 

"       dA  dA«     1.8        dA»      1.83 

—2—.,   --^  being  the  values  of  the  differential  coefficients  on  the 
dA      dA^ 

supposition  that  A  =  0. 

NowJg^=  -""•^•=-tai..A. 
dA  COS.  A 

MdStf  1 


dA'  cos.^A 

Hd'tt    ^   —8  sin.  A 


dA'  cos. 'A 

Md«tf  —  8         6  sin.'A 


dA*  cos.^A        co8.*A        cos.*A        cos.^A 

&c.  =  &c. 
Hence  u^  =  log.  cos.  0  =  log.  (l)  =  0 

dA 
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dA*  M      C0B.20  M 

dA» 

dA*         IT  ^        ^         M 
&C.     r:     &c. 

Hence  ti  =  —  =5-  s  —  +  + I 

M     I  1.8  1.2.3.4  ^ 

=  -±.{1*  +  ^  + I 

M     I    2  3.4  ' 
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671.  Let  A  +  By  +  Cy*  +  Dy»  +  By*  +  ....  =  S  be 

the  TCcniring  Series,  y  being  a  quantity  perfectly  arbitrary,  and 
A,  B,  C,  Sec,  the  absolnte  values  of  the  terms. 
A  =  A 
By  =  By 
Cy'  =  Cy' 
Dy»  =  /Cy'  -  s(By»  +  eAy» 

Ey«  =,/TV  -  ffCy*  +  «^* 
Fy»  =  /Ey»  -  jfDy*  +  eCy* 

&c.  =  &c. 

Hence  S  =:  A  +  By  +  Ca:'+/y.  (S-  By- A)  -gy\(S-A) 

+  ey'.S 

•    o  -  A  +  By  +  Cy*  -/y.  (By  +  A)  +  gy«A 
•■  l-fy  +  99*-ey' 

'   R  -  (C-/B  +  gA)y»-  (B  -/A)  y  +  A 
..  o r-fy+gy^-ey' 

Put  X  =  — .    Then  y  =  J-  and  substituting,  we  get 

y  * 

,  A:,'-(B-/A)a:  +  C-/B+9A 

Now,  supposing  n,  m,  r  the  three  uneqwU  roots  of 


*^^  8ERIEB. 

A  S        N      ,      H      ,     R 

Assume  —  S5  — — .  +  -^  - 


_  N.(x— wt).(3?— r)+M(j?— n).(3?— r)+B.-(^— w)-(g— «) 

x^  —  yy  ^  gx  —  e 

:.  Aj*  -  (B-/A).ar  +  (C-/B  +^A)  =  N.(x  -  »).(x-  r) 
+  M.  (x— n).  (j?— r)  +  R.  (x— m) .  (x-n),  both  of  which  sides 
rising  to  the  same  powers  of  x,  N,  M,  R,  are  independent  of  x, 
and  may  be  determined  thus, 

Let  xziLnymy  r,  successively,  and  the  corresponding  results  are 
An*  -  (B  -/A).  n+  C  -/B  +  yA  _  j^ 

(n  —  m),(n  —  r) 
Ant«->(B-/A)m  +  C~/B-h(yA_  T^ff 

(i»  —  n)  .  (m  —  r) 
Ar»-(B-/A)  r  +  C--/B+<yA_p 
(r  —  7»)  .  (r  —  wi( 
.    S  N      •       M      .     R 


X  X— n        x—m         X— r 


Now,  since  y  may  be  any  number,  let  it  =  l,  .'.  x  s  —  si 

AndS  =  JL  +  JL +_R- 

1— »         1— m         1  — r 

!N  +  Nn  +  Nn«  +  Nn«  +  bol 
M  +  Mm  +  Mm*  +  Mm»  + oo  [  (by  division) 
R  +  Rr  +  Rr»  +  Rr*  +  ooJ 

which  being  geometric  series,  whose  first  terms  are  N,  li,  R,  and 
common  ratios  n,  m,  r  respectively,  the  problem  is  solved. 

The  same  process  extended,  will  serve  to  demonstrate  the  sin- 
gular property  of  recurring  series,  that  if  the  scale  of  relation  be 

the  series  may  be  decomposed  into  (n)  geometric  series,  whose 
conunon  ratios  are  the  several  roots  of  the  equation  (provided 
those  roots  are  unequal) 

N.B.  The  use  of  the  successive  powers  of  arbitrary  quantity  {y\ 
is  precisely  of  the  same  nature  with  that  of  (jt)  in  the  Theory  of 
Generating  Functions.  It  merely  serves  to  indicate  the  general 
term. 
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672.        By  the  Theorem  we  hate 

Let  X  s=  COB.  « 
Then  «  =  cos.'^'j: 
And  ^  zz  COS.-*  (x  +  h) 


<te  /l-x« 

d««  —a: 


«***  (1  -  x«)i 

d»u    _        —  1  3a;«        _  8  S 


<^*         (I  -  x*)f        (1  -  x«)f        (1  -  x»)i        (1  -  x«)i 
fcc.  s  8k. 

A  X  A* 


A  COS.-*  (x+A)  =  cos  ~'x  — 


Vl-**        (l-x«)i     »•« 

+  /_f L_)   X-iLi&c. 

1(1-*')*         (l-a:«)4j         »•«•» 
Now  put  X  =  0>  ^^i^^iy 
and  A  =  X) 

Then,  since  cos.**'  x  =  (2p  +  1).  J!l.  &c.  on  that  sapposition 
wehavecos.  'j=(ap+l) — —  x— — — 5cc. 

^  '^       ^2  1.2.3     2.4.5      2.4.6.7 


673.        To  expand  6  in  terms  of  its  tangent  we  put 

tan.  0  =  X 
Then  0  =  tan.""*x  =  w,  and  «'  =  tan."*  (x  -f-  k) 

And  tt  =  tt  +  —  A  + .  +  -- — .  +  «c. 

dx  dx^       1.2  dx^      1.2.3 


dx        dx        1  +  x2 

d*u    _        — 2x 

'dj^  ""  (1  +x«)« 

"5x3  (I  +X2)« 


^OO  SBRIB8. 

dx*  (1  +  a?«)»         (1  +  ar«)* 

c/^«  24  288xc  884x« 


&c.  £=:  &C.    Make  »  =  0 
Then  «   sr  tan."*  0  =:  pir,  and  u'  =  tan.-*A 


= 

1 

d^u 

«M 

0 

==    -    2 


=  0 


:=  2.3.4 


dx« 

dx^ 
&c.     r=:     &c. 

.'.  tan."*A  =:  p»  +  A  —  —  +  —  —  —  +  ...  (p  bdnjr  any 
1^  3  6  7  \r        ~o      ^ 

integer.) 
Put  A  =  tan.  0.    Then  tan."»  A  s=  tan.-»  (tan.  fl)  =  0. 

And  0  :=  pir  +  tan.  9  —  +  —  «c. 


674.        MadaurifCs  Theorem  is 

dx  rfx«         1.8  (ix»        1.2.3 


+&C.,  the  zero  indicating  the  values  of  the  coefficients  when  xr=0 

Here  fx  =  (1  +x)*   .-.  f^x  =z  1 

dfx   _  I  .    4oJf  :^  1 

dx  (14.  jp)|  rfx 


dyx  _         -1  .     rf;./x 1 

^J^"  2(l+x)i'    "     rfx»  2 


SKRUeS. 


4»1 


d»/x  _      +a       ,  dj .  /«  _  s 


:i   • 


^'  4.(1 +*)i  dx*  «* 


r»    •  • 


d^fx  _       S.6.7         .    dg  ,fx    _  8.6jr 


»  • 


<«*•           2*.(l  +  x)*            ^'               2* 
<f/j?    _   ±3.5.7...(gn-3)     .   dp'/jg  _   ±3.5 (2it-3) 

a*"'.(i  +  x)   « 

8>      1.2.8       8< 

:f:  &c.,  which  may  also  be 


Hence  (1  +  x)^=:l  + 


2  2      1.8 

X*  ,  8.5..(8n— 8)  Jf 


1....4  2"-*  1.2....  n 

deduced  by  the  Binomial  Theorem. 


675.        This  is  called  CoUon'$  Theorem. 


(a +6)-  = 


»  r,   ,  ^        ,  n+1 


&• 


a+6 
(he  Binomial  Theorem. 


2        (a+6)« 


+  &c.  to  oc  }  by 


Again,  put  S  =  ±  +  ±.  ±  +  iL.  ±.  J.  +  ... 
^*^  82      8«2S3« 


00 


—  .     31+_.    +     .    .    +  ...C30  \ 

3       I  2       3  2       3      3^  ' 

which  being  compared  with  the  preceding  form,  we  have 

^3/  si 


a*  :=: 


3 
n=  3 


and 


a+6 


2_ 

8 


Also  6   =  iL  = 

2 


*',  *.  ^5  =  2-5-Mi---;rr|- 


2  X  SJ 


t^l^       ^  j^  Z'  i  -t      Jt 


^[I'^r  =/r*^^'^^ 


h^-.i  :.  5-- 
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I  ^St         2  X  3*''  ^8  X  si-' 

1 


=  -5- 


A  great  variety  of  series  may  be  summed  by  this  Theorem. 


676.        If  we  have  two  equations 
tt  =  2  +  *f  w  U  being  independent  of  the  variation  of  x,  and 

/,  p  denoting  given  functions  of  u,  we  may,  by  the  Theorem  of 
Lagrange^  express  v  in  terms  of  z  and  x  generally  thus 


dz 


cfz 


^^^  ^       dz    S         1.2,3  dz 


Now  in  the  question  before  us,  we  have 

^u  =  sin.  u 
X  =z  e 

.*.  fz  =2  z  :=!  nt 
and  f  3  =  sin.  z  =  sin.  n/ 


V    Hence  by  substitution  we  get 


u  =  n<+esin.n^  + 


tf2       d.  sin.'nf 


1.2 


d(nt) 


d\sin.^nt 


1.2.3       (d,nty 


+  &c. 


Now   ^'  "°'*^^   =  2  sin.  n^  cos.  nt,  =  sin.  2m 


d.rU 

d*.sin.*n* 
{d.nty 


==  6  sin.  ni,  cos.'n/  —  3  sin.'fti 

=  6  sin.  nt  —  9  sin.*n^ 

27  9 

=  6  sin.  n^  •—  —  sin.  n<  +  —  sin.  3}if 

4  4 

9  3 

=  —  sin.^n^  —  — .sin.  nt. 
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c« 


.\  u  Si  ni  +  e  sin.  nt  +  .  2  sin.  nt+ 


1.8X2  1.2.3X2^ 

(8*  sin.  Snt  —  3  sin.  nt)  +  &c. 

For  the  proof  of  the  Theorem  the  Reader  may  consult  the 
Translation  of  Lacroix,  p.  633,  or  the  new  edition  of  Strnpsan. 

This  Problem  is  of  the  greatest  use  in  Astronomy.  If  nt  =:  the 
mean  anomaly  of  a  planet,  e  =  eccentricity,  then  u  will  be  the 
eccentric  anomaly  expressed  in  terms  of  the  mean.  See  Wood^ 
house's  Ast.  Vol.  ii.  and  Laplace^  Mech.  C^l.  lib.  II. 


677.        We  will  first  expand  the  fraction  into   three  geo- 
metric series,  thus 

Let  fn,  n,  r  be  roots  of  the  equation 

1  —  «  a;  —  gar'  —  y  x3  =  0 

»r»L                                   a+bx+cx*                     M  N 

Thenassummg ^     ^ = 4- 

(l— »u:).(l— nx).  (1— rar)     I  —  mx     1  —  nx 
we  get 


1  —  r  j; 
a+bx  +  co:"  =  M.  (1  -  nx)  (1  -  rx)  +  N.(l-ma:).  (1-rx) 

+   R.  (1    —   fax)  .  (1  —  nx)  in  which  substituting — ,   — ,   -*- 


m      n 


successively  for  x,  since  M,  N,  R  are  independent  of  x,  we  get 

a+l  +  4=M.(l-iLV(i-JL) 
in  wi'  m  J  my 

«+l  +  ±:zN.(i-^Y(i-JL) 

n  n*  »,/  » / 

«+A  +  £  =  R.(i  -  JiY  (1  - 1.") 

Hence  M  =    «»*+fa»+c 
(»j— n).(m— r) 

j^ an^-^bn+c 

(n— f»).  (n— r) 


^W  SBRIES. 

Now- _.  =  M.  (1  +  mx  +  wV  +  ui*  a?»...  in*»  of  +....) 

=  N.  (1  +  nx  +  nV  +  »«  x»...n^j*  +  ....) 


.   1 

—  mx 

N 

1 

—  nx 

iR 

=  R  .(1  +  ro:  +  r*a:»  +  r»a:«...rPj:'  +  ...) 

Hence  then  the  p^  term  of  the  expansion  is 

T^  =  (M?w^»  +  Nn**-'  +  R?*-)  af-> 

This  method  which  the  Reader  will  perceive  is  related  to  the 
subject  of  recurring  series,  and  the  Integration  of  Finite  Differ^ 
ences,  will  apply  in  the  case  of  the  degree  of  the  Numerator  being 
less  than  that  of  the  Denominator. 

If  this  be  not  the  case  M,  N,  R  will  not  be  independent  of  x,  a 
circumstance  which  is  essential  to  the  legitimacy  of  the  above 
process. 

The  method  universally  applicable  is  this : 

Assume      «  +  ^^  +  c^      -.  A,+A^+A^+....A^+.... 

1— aO?— /5j:* — yX^ 

Hence, 

a+bx-hca^  =A|  +  A,*  +    Aj  x*   +   A4  x^  +  ..JL^     of  +  .... 

—  a  A,X —  aAfX^  —  «Aj*'+  ...  —  oA^^jOf  —  ...- 

—  y  A|4;*  +  ..,—  yA^  J  j^  —  ..,. 

.'.  Equating  coefficients  we  have 
Ai  =:  a 

Aj  =:  6  +  «  Aj 
A3  =  c  +  .A,  +  ^Aj 
A4  =  «  A,  +  i?  Ag  +  y  A^ 
A5  =  «  A4  +  /3  A3  +  y  Aj 

A^  =  «  A^.  +  /?  A^^  +  y  A^., 
exhibiting  the  series  in  its  recurring  form.     It  is  easy  from  the 
above  equations  to  find  A,  and  .*.  the  Greneral  Term. 
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678.   JPutScos.  6=  X  + -L    Then  we  hare 


X 


(a*  -  ab.  2C0S.  ft  +  b")'**  =  {a*  +  6'  -  oA.  (x  +  — )}"* 
^  ^      ^  a*  +  6«  ^         0?  /J 

^     *  ^   ^  ^hTF  ^"^  ^  t;  ^  — 2 —  ia^+by"^ 

^  x)  2.8  (a«  +  68)3    ^  x) 

&C.  to  00  } 


Now  jr  +  —  =2  COS.  ft 


(or  +  — V=:  ^  +  — +2=2cos.  2d+2 

X  J  X* 

Cx  +  -LV=  a:^  +  JL  +  S.  (x  +  -L^=  2eos.  Sd+6cos.fl 
^  x)  x«  ^         xJ 


Similarly  (x  +  JL^    =  cos.  4  ft  +  8  cos.  2  ft  +  6 

I  V  5 

X  +  _  I   =2  COS.  6  6+  10.  COS.  3ft  +  20.  cos.ft 
X  J 


&c.  =  &c. 


1  \^  - 

(x+_  )   =  2,  COS.  2p  ft  +  2/>.2cos.2j?  —  2.0 

X  / 

2  2.3.... p 

,    2''.1.3.5....2p— 1 
1.2...p 

(x+  ^'j^^*:^  -2  COS.  (2p  +  1)  ft  +  (2p  +  1)X  2  C0S.(2p-  l)  ft 

+  (2p+l).^  X2C0S.(2p-  3)ft  +  &C.+<^^)'^'^^^-^)""^^- 
2  1.2....p 

^         .       ,    2M.3.6....2t)'+  1  o  ««..   0 
2cos.  ft  or+ i-— I —  2  COS.  8 

I.2....p 
&c.      =      &€. 


4d6 
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ab 


Hence,  if  we  put  -Jif_  =  C,  F,  =:  2«,  F.  =:  2s. 

*^     a»  +  ^  • 


^  «.«»+» 


2 


P^  =  &c  and  collecting  the  coefficients  of  the  cosines  of  like 
mnltiples  of  6,  we  get  the  expression 

""i  +  gF.C^  +  i:-^F.C*+  !i:l.F.C«+.... 

*  2  2.3 

+  (F,C  +  sF3.C^+  ^.F.C*+  Z±^.F,0 +....) 

8  1.2.8 

X  2  cos.  d 

+(F,0+4.F,0+  i^F.C«+  ?;^.Fe  (?  +  ....) 


=(a«+6«r"X^ 


2 


2.3 


X  2  COS.  2  0 


+(F,Cs+5.F,(?  +  Li.F.C+i^  .  F^  (?  +  ...) 

X  2  COS.  3  d 
Vs^  +  &c.      &c.     &c.     &c. 

the  law  of  which  is  very  evident.     See  the  Translation  ofLar 
croix,  p.  672,  &c. 

This  function  may  also  be  expanded  by  Lagrange's  TheoraiL 
See  Lagrange^  Resolution  des  Equations  NumSriques^  Note  XI. 


679.        Since  cos.  6  is  the  only  variable  in  the  expredsion 

Assume ^'S   ^^  ^  =  A+ A,cos. 0  +  Ao cos.^O+ ...A,co8.*d.... 
1+ccos.O  * 


Then 


(\  — c»^=  5^  "*■  ^»  ^®'^  "*"  A2Cos.*ft+  ....  A.oos.*0+  *.. 
t   +  cAcos.6  +  cAiCOS.*d+....cA„-^,cos.*d-f,.. 


.-.  A  =  o.  (1  -  ^) 
Aj  =:  —  e  A 
Ag  =  —  e  Aj  =  e*  A 
Aj  =  —  eAj  =  —  c*  A 

-&C.  s:  &C. 

A.  =  ±e»A 
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^^"^  -77- K  =  l-«C08.d  +C*.COfl.*«-C».CO8.*0  +  ...± 

a.(l  —  e^  r    -»- 

e'cos'dif  &c. 

Now  put  8  COS.  0  n  a:-f  — 

Then  2*0coi.*(l  =  x«  +  JL  +  2  =  gcos.  2  0  +  2 

2S.COS.3  d  =x»+JL+S(ar  + J.^=2co8.8•+8.2coB.^ 

2*  COS.*  d  =:  2  COS.  4  0  +  4.  2C0S.  2^+6 
2».  cos.«9  =  2cos.  5  0  +  5.  2  COS.  3  d  +  10.  2  cos.  d 
2«.  CO8.«0  s  2co8.  6  0  +  6.2.008.4  0  + 15. 2G0S.2  0+20 
&c.     =     &c.  (See  678.) 
Hence  bj  snbstitntion,  and  dae  arrangement,  we  get 

-^  =  .+..(|)%-.(^)V-(i)V.« 

+-.».«{,  +  ,.  (|)Vl^.(i)V-.(|)V...», 
--.....,.  +  .(|)V^i.(i)ViH.(|)V....) 

+  &c.  &c.  whose  coefficients  are  summahle  in  finite  terms  by 
Problem  776. 


680.        It  is  uniTersallj  known  that 

a-  =  1  +  fa .  x  +  to.«  —  +  lo.»  J^  +....(a) 

1 . 2  1.2.8  ^ 

Put  ^  s  y 

Then^=  dy,  .\^^x 
X  dy 

Assume  x  =  A  +  By  +  Cy    +  Dy»  +  .... 

Then  ^  =:  B  +  2  Cy  +  8Dy«  +  i  Ey»  +  

dy 


▼01.   I.  2  K 


498  SERIES. 

Hence  A  +  By  +  Cy«  4-  ■..  =  B  +  8  Oy  +  SDy«+.... 
.-.  B  =  A 


2  2 


D:=«   = 


A 


8  8.8 

E  -  D  -.     A 

4    ""  8.8,4 

Sec.  =  &c.  s  &c. 
And  because  whoi  y  =  0,  x  =  I,    .*.  A  s  «  s  1 

Hencexsl  -f  y  +  ^  +  ^  +  Jf^+.-whidi night 
however  haye  been  deduced  from  (a). 

Hence a:«  =  l  +  y  +  %f*  +  4-  J^'+  T^  +  *^ 

«»  =  1  +  8y+  l.y*  +  4-y»  +  ^y*  +  *«• 

8  «  # .  4p 

X*  =  1  +  4y+ 8  y«  + rfy»  +—--»*  + »c. 

3  8  •  S 

.*.  substitnting  in  (a)  and  arranging  the  terms  aoooiding  to  their 
compound  dimensions  we  get 

ar  =  l  +la  +  ».la  +  y^.la+  ^l-la+ ^la  +  ... 

S.8  !<.8  «        «.« 

la*  la* 

S.8.4  8^.4 

fa*      + 


8.3.4.6 
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A  ooUecting  teniis  reduced  to  a  common  denominator 

«•  =  1  +  ^^^^^'  +  8y'h+6.yfa«+fa' 
^  «  8.8 

^4y»fa  +  g>8.4y^fa«  +  8>4yla3  4-  fa*  +  &c  *c 

8.3.4 


Now  since  y  ==   fo  ss  _  | 


and  2a=:  :1 


"  by  the  common  role,  we  finallj 


obtain 


fl*  =  1  +  »^XA  + A»  ^  8X«A  +  8.3.  XA»  +  A» 

8ms  8.8.m3 


.     4X»A  +  8.3.4.X<As  +  3.4XA«  +  A*    .    . 

8.d.4.m« 
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aooeeeoaoQeoeoQDQODB 


681.         Let  r  =  -L.xl+-1-X— +-i-x  JL  +  ....00 

1.3      8      3.5      3>      5.7      3^ 

1       J+»         ^4-H        ^|+» 

Assume  S=x»+  f —  +  f +  f —  +  ...00 

8  6  7 

Then  £^  =  X-*  +  :c*+  :c*+'  +  x*+*  +  ...00 


1— X 


+    +    +  ....  00 


1.8  3.S  5.7 

Then,  to  introduce  the  numerators,  multiply  by  x%  and  we  have 

*        1,8  9.S        5.7 

.    «     _    d.x*S,  8x      ,     Sx*      ,     4x»     .         ^ 

'  dx  1.8  8.5  5.7 

which  will  evidently  c:  £  when  x  =  — 
NowS,  =  ±J^  =  JL  x-is,  +  f^  =  ±.x-*X 

/i^  +  4^  =  -  x-V«fcr/-£^  +  ^^ 


INVERSE  METHOD  OF  MRIBfl*  ^^ 


*dx 


»"/^/# ='/-#-/?? 


*        8         t/     l-or 

1  ^-i  rx^dx 

8            */  1-X 

Again,  put  x*  :=  u 

.       x^cte  _    gii^rftt    _ 

**«      -«</« 

And 


1— X        1  —  u«         1  —  it« 
1— X  I  -  u« 


Hence  Sj  =:  —  x  x^    / '^  t  ^       1 1 «  ^    4t 


1+tt    .    ± 


=  JL  (8x*  -  x~*)  .  I. 

8  1— tt 

==±.(8x*--^\x/.i±£  +  i- 
8  xV  1-V^  * 


Putx  =  — 
3 


1   + 


^^=7"  (71-  ^'''rryf  +  T 


3 

It  will  be  found  also  by  beginning  at  the  (n  +  1)*^  term  instead 
of  the  first  in  the  aboye  process,  and  taking  the  difference  of  the 
two  resulting  sums  that  the  sum  of  (n)  terms  of  the  given  series 

will  be 

1    _  1 

4  4.(l  +  2»).3- 


i^  IKTlRn  METHOD  OF  8BRIEB. 


DemoiTTe's  method  would  have  applied  with  greater  bfenty  in 
this  case,  but  as  the  principle  emplojed  above  is  of  considenUe 
importance  in  the  summation  of  series  we  shall  take  eyeiy  oppor- 
tunitj  of  familiarising  the  student  with  its  application.  It  maj 
also  be  resolved  by  the  Inverse  Method  of  Diffeienoest  or  Incre- 
ments. 

Again,  S  =  1.8.4  +  3.4.6  +  5*6.8  +  ....a  terms 

Then  aS  s  (n  +  1^ <«™  —  i^^  +  0  •  (S»+S)  •  (8a+4) 
r=  2n.  («n  +  2)^2n  +  4)  +  (8a  +  8).(8a  +  4) 

4x8  8X8 

ss  8.(n-l)«.(«+l).(«+8)  +-i.ii.(a+l).(«+8)  +  C 

_  n.{n+  l).(i>  + 1)  ^  (^_i^  (ainoeC  =  o) 

8 


682.       Let  S  s=  «  +  x<  +  «*  -f  .*.  oo  s 

1— JT 

Then45L=l  +  8«+8««+....oo=:— L-+      * 


Similarlj  we  haye  1  —  8«  +  &if  +  ....00  = I 


.    l+ax+Sa^+ 


1— 8»+8x' 


—.....00        \1— «/ 


683.         LetSss -)-«-— ^  +  — -f....  00  and  assume 

1.8     8.4         8.S 

%SX  I  +  S  +  X^  +.,..  CO    ss 


1-j? 


Then  ads  s  dar  +  xdx  4-  J^te-f...  00  =:  -fL 

1-x 

.-.  /ttcte  =«  +  f!  +  f!+ ....00  c  rj±.^^L{i^x) 

8  8  J i-a 


INTBESB  METHOD  OP  8BBU8.  ^9 

Again  multiply  by  xdx 
Then  tdxf^dx  s:a^dx+  f!fEf +i!£f +....00  s=-  xdr  2.(l-;r) 

.-.  B^s:/xdxfudxssJ^+^fl^+J!L^+...aoss^fxdxl.{l--x) 

B^/xdx.  I.  (1  -*) = f!  f.  (1  - «) + y*5^j 

s  fl.t(i-x)-JLi(i-«)-f!-*+c 

Hence  8,  =  —  +  ±0L{(1-  «>»"*l 

Let  2  =:  1.    Then  I  (1  -  *)«  "^=  2.  1  s  o  fte. 
And  8  ==  -i-  +  -i-  +.  =  —  +  —  =  —. 

1.8  8.4  4  8  4 

Otherwise. 
The  (n+ 1)*^  term  is -L .  s   A   S  (S  being  the 

sum  to  It  terms.) 

.    ^  g  _  »-f-8 j^  1 

(«+l).(«+8).(n+S)         (n+8).  (n+8) 


(n+l).(ii+8).(«+S) 

.-.  S.  A  S  2=  8  = 1 L; .  +  C 

«+8        8.(n+l).(n+8) 

Letns  1 

ThenC  =  J.  +i-  +  ±  =  ± 
8  8  18  4 

.    fi  _    8  8n+8 


4  8.  (»+!)(»+ 8) 

To  sum  1  +  8*  -h  8*  + n'  =  8,  we  have  the  geometric 

X 


series  x+  x'  +  j:*  +  oo  — 


1-x 
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1 


A  1  +  2x  +  ««•  +  4«*  +  00  = 


(l-x)« 


/.  X  +  2jfl+  S±^  +  4^^  + 00  =:       * 


(l-x)" 
And  again  differeiitiating,  we  obtain 

Again,  we  have  ai^*  +  af+*  +  ....  oo  s= 

1— X 

/.  (n  +  1).  X-  +  (n  +  8).x-+>  +  ....oo  =:  (!L±i)f!+-^^ 

1— X         (1— *)* 

.-.  (n+1)  x-^'  +  (n+2)  x-<-  +...  oo  =  kLt}l£^+^^^ 
Hence,  (»  +  i)«x*  +  (n  +  2)\  x-+»  +..-00  =  (^  +  ^)'-^ 

1— X 

^  (n+l).j^'         (»+2).x*+'  gx''^    _  ^, 

(l-x)«  (l-x)«  (l-x)» 

•   Q'-^o       c'—     1+*  (»+iy.x»         (2i»+S)x*<-* 

(1— x)»  •  1-x  (1—*)* 

_     2X^*    ^     1+x     _  X*.  {(n+  ly  +  (1— 2n*~2i>)x  +  nV} 
l-x)*         (1— x)»  ""  (l-x)» 

Hence  then  we  get  the  series  . 

S'  =  1  +  2«x  +  8V  +....n'x'^»= 


(l-x)»  ^ 

immediate^  the  value  for  every  possible  case,  except  the  one  in  the 
Problem. 

In  Chat  series  we  have  x  =  1,  and  S  =  a  vanishing  fraction^ 
which  we  will  investigate  by  putting  x  =  y  +  1  &c. 

Then  S'  =  g  +  y  -  (1  +  yy.{2  +  (1  --  2n)y  +  itV} 

y' 
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«+y  -i}^^  !!rly^».!!zi!^yHR.j^{»Ki  -«»)yhiy} 


2 


2 


y + n.(l  -  2iiV+8iiI!^.^y»+ Ry 

+  n.(»  -  ly  +  ny 
=  2!  +  !^  -  JL  -  R'y 

3X6 

Pat  x  =:  1,    /.  y  =  0,and R'y  =  0 
Then  S  =  1  +  S*+  S«  +  ....  n«  =  !^  +  —  +  — 

3  2  6 


y 


Otherwise 

A  Ss=(n+  l)«=n.(n+l)+(n+l) 


3An 


2An 


_  n.(n«-l)         n.(n+l)  -  ^^  +  !^  +  JL  the 
3  2  3  2  6 

same  as  before. 


(584.  S  =  1  .  32  +  3  .  5«  +  5  .  7«  +  (2»  -  l)  . 

(2n  +  ly 

Hence  A  S  =  (2n  +  1) .  (2n  +  3)«  =  (2n  +  1)  .  (2n  +  3)  X 

(2n  -  1  +  4) 

=  (2»- 1)  .(2n+l)  (2n+3)+4  .  (2n+l)  .  (2tt+3) 

.    ft         (  2n  -  8)  .  (  2n  -  1)  (  2n  4-  i  )  (2n  +  3) 

4  .  (2ii  —  1)  .  (2w  -f  1)  .  (2n  +  3)  _^  ^ 
3  A  T 


^^  INVBR8B  METHOD  OF  SBRIB8. 

—  (4»*-9).(4n*-l)  ^   g.(4n*-l).(gti+3)  ,   ^ 
8  3 

T  de)ioting  any  factor  whateyer,  and  /.  A  T=:S. 

Let  now  nszl 

ThenCsso  +  —  -  10=  Z. 

8  8 

8  3  8" 

Again  8  =  -JL  -  _L.  +  «i-.  -  — L.  + oo 

1.2  g.4  8.6         4.8 

rr  —  ,  1 —  —  —  +   —  —  —  +  00   / 

8      11  8«         8^         4^  ) 

Take  dx  —  xdx  +  j:«dx  - oo  = 


Then*-f!  +  fi-  00  =    rJl 

2  3  J  1  + 


1    +   X 
dx 

X 


.     .  xdx    -    x*daf  dx    P  dx 

..MX    —    ■■  +     —   00    22   _      I  

8  3  X  J  1+x 


X*  x' 

.%    X    —    _    +    _    -   00 

2«         s« 


/.  S  =  JL  .    rjfL  /liL.,  the  integral  being  taken  be- 
*     t/      X    ^J  \  +x 

tween  x  =:  0  and  x  ^  1. 

This  value  may  be  elegantly  exhibited  by  means  of  hyparbdiie 
areas. 

Let  AMm  (fig.  56)  be  an  equilateral  hyperbola  whose  asymp- 
totes, JL  to  one  another,  are  CR,  CT.  Take  CB  =  BA  =  1,  and 
PM,  CP,  any  other  co-ordinates,  A  being  the  vertex.  Put  PB 
=  X,  and  PM  =  y, 

Then  by  the  property  of  the  curve  we  have 
(1  +  x)  X  y  =  CB  X  AB  =  1 

1+X 


INYSBBE  METHOD  OF  8BR1ES.  ^7 

/.  d  Area  CPMA  =  ydx  =    ^ 


.%  CPMA 


1+* 


1+x 
dx 


CPMA 
Now  let  PM'be  always  taken  s=  -^ traciiig  oot  the  carve 

X 


AH' 

X  a:  j/  1+x 

/.  Area  CPMA'  ==    C—   /If^  and  the  Unite 

portion  of  it  BPM'A'  (BP  being  s  1)  will  be  the  value  of  the 

/         /  taken  between  x  s  o  and  s=  1 

/.  S  =  —  .  (Area  BPM'AO 
Otherwise. 

AS  ^5  ^ 

Patsin.  0(=  0 1^  +  1— -  - oo)  =0 

^  8.8         8.3.4.5 

/.   1  —  _-? +  —  ....  00  =  0  which  will  be 

8.8  8.8>4.d 

satisfied  if  we  put  for  9,  ±  ir,  ±  8v,  ....  &c.   (v  sin.  0  =:  O, 
sin.  V  s:  0  &c.) 
Hence  then 

^^  —  &e.  is  an  equation  whose  roots  are  »«,  4w*  &c 

8.8.4.  5 

...  _i_  --  last  coefficient  but  one  _  g^^  ^f  reciprocals  of 
"8.8  last  coefficient 

therootB=-L  +  -;V  +  -rT+  "^ 

11.  »* 

a«       8^  6 


^^  INVERSE  METHOD  OF  8BIIIS8. 


Hence  —  +  —  +  —  + oo  =  — 

2«  42  6«  12 

.'.    1    —   i-   +   — ^+  ....  00   s=i  — 

2«  8«  4«  12 

.-.  S  =  !^ 

24 

Agaia  8  = +  — I —  -  ....  00 

1.2.4  2.3.5  3.4.6 


Here  we  have 

dx  —  xdx  +  x^dx  —  x^dx  +  ....  00  = 


dx 


1+x 

dx 

X 


X*    ,    X^        X*    ,  _  rdjL 

8  3.         4  J  1  + 

.-.  xdx  -  f!^  +  f!^  -  ....  00  =  dx  /-*L 

2  3  J 1+x 

.      x«  x»  X*  n^  _/•._/  (ic 

+ ....  00  s: 


1.2  2.3  3.4 


1.8  2.8  8,4  "^        J  1+x 

X^  jf 5  -rd  ^  /*  ^Jm 

1.2.4  2.3.6  8.4.6  *^         '^       J  l+x 

=  (x+l).Z.  (l+x)  —  X 
.\fxdxfdx    /--— =/x.x  +  ldxZ(l+x) -«/x«rfx 

4^/     1  +X  -•' 


1  +  x 


4x*  X*  X 

— r—  —  T^  +  -r-  *'*®'®  being  no  correction. 


INVBRSE  METHOD  OP  SERIES.  ^^ 

Put  X  =  1  .  Then  /.  (1  +  x)  =  / .  2 

and  S  =  -i  .  /.  S  -  — 
8  36 


685.         S  =  na  +  n.  ^Ulrf.+n.  Hl  .  !!z£  d,   + 

S  8  8 


irhere  n  =  the  number  of  terms  summed,  a  the  first  term,  d|,  the 
first  term  of  the  first  difference,  d^  the  first  term  of  second  dif- 
ference, kc.  =  &c.  until  we  arrive  at  d^  =s  0.  See  Wood's 
Algebra, 

Here  1,  8,  27,  64,  125 

7,   19,  37,  61 

12,   18,  24 

6,  6 

0 

/.  a  =  1,  d»  =  7,  dg  =  12,  d^=:6jd^::zO 

:.  s  =  «  +  7n.^i:i  +  i2.ji.2i:i.lLi:?  +  a.n  x 

2  2  8 

»— 1     »— 2     n-8 


2  8 


=(-^y 


Again,  putS=  1.2  +  2.8  +  8.4+  ....  «.(«  +  !) 
Then  A  S  =  (n  +  1) .  (»  +  2) 

•    8  =  «'(»+^)('*+^)+n-»-(^+M'('*+^) 


3An  8 


Asain,  put  S  = H +  ••••  — 7 — — rr 

^      '"^  1.22.8  n.(«  +  l) 


Then  A  S  = 


(»+!).(»+ 2) 


/.  8=  ^  JL  +  C=1  -  ^,  .  _ 

»+l  »+l       »+l 
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686.  Ss=:l  +  3-f6  +  7  + S»  ^  1  (a  ooniiion 

arithmetic  series) 

/.  A  S  =  2n  +  1 

8X8  4  4 


Again,  8  =  8—1+  — +  ....  «  which  is  a  geometiie 

3  9  " 

series,  whose  first  term  is  3,aiid  common  ratio L 

8  0 

/.  S  s  — ..—  =:  —  by  the  common  mie. 


Again  S  =  —1—  +  _1 —  +  _i —  +  ....  oo 
l.«.a         8.8.4         8.4.6 

Hence  A  8  = .    .    ^  ^    . (S  being  the  sum 

(n+l).{a+2).(n+8)  ^ 

to  n  terms) 


/.  S  = ; 1 +C  =  ±-. 


8(n+l).  {n'\'2)  4       2(«+l).  (ji+8) 

Let  AC:  00 
Then  8  =  JL 


687.        8  =  _!£-+-Ji«  +  ....  <^+^ 

1.8.8.4      8.8.4.6  ».(«+l).(a+8).(a+S) 

Here  A  fi-  a  +  4(n+l) 


(»+l).(n+8).(n+8).(n+4) 

6 


(n  +  l)(n+  8).(n+S)(n  +  4) 
4 


(n  +  8).(»  +  8).(a+4) 


INVBRftB  MBTHOD  OF  SBRIBS*  ^^^ 

*'  *"  S.(i»+l).(»+2).(«+8)  ■"  2-(n+8).(»f3) 

8  _  ^ t 

(ii+l).(n+3)  «     "   (n  +  l).(»+8) 

which  is  the  sum  to  n  tenns. 

Let  n  =:  00 

Then  8  sz —, 
3 


=  C- 


S  =  — i—  X  4  +  — ^  X  i  + «> 


Again, 

— .; X  —  +  —  X  — 

1.8.3  2«  8.3.4         8» 

Take  dx  ^  xdx  +  x^dx  +  .....  oo  =  

1  -  X 


.%  X  + 


^  +  fi  + «=r-A- 

2  3  J    1  —  a? 

1.8.8         8.8.4         8.4.6  "     "      J  l-x 

[ence  -*fl-  +  -ifl-  +  -^+...oo=8x/dx/dr  /-*!+ 
1.8.8       8.8.4       8.4.5  "     '     J  1— « 

<  /({«  r*^    by  diffetentiatioii. 
J  \—x 

.-.     ^     +     ^^^      +  -Zfl-  +  ....  00  =Sx./4x/da  X 
1.8.8         8.8.4         8.4.6 

=  i.«3  ~  ««  +  (3x«  -  «  -  8«»)  I.(l-«) 

8 


there  being  no  correction. 


Let  X  :=  JL  and  multiply  by  4. 

8 


^1^  INVERSE  METHOD  OF  SERIBft. 

Then  S  =  _i_  X  i.  +  _£_    x  -i  +  oa  = 

1.2.3         8«  8.3.4         «a  ^ 

A-    1   =  ± 
4  4 

Again, 

O   —    —    +    —     00 


1.3         3.5  5.7 

Take  dx  —  x^dx  +  x^dx  —  ....  co  = 


dx 


1  +x^ 


Thenx-f!  +  f!-  ....00=    T-^- 
3  5  J  1  +  ar« 

A«..;„  ^oj^      x*dx    .    x^dx  ^    r    dx' 

Again  x^dx  — +  .  —  ....  oo  =:  xdx  / 

3  5  •/  1  +  x« 

J  1  +  ar*  8  J  1  +  x«         ,/  8.(1 


dx_ 


=  —  C  ^    -  -1  +  -L  C  ^ 

8  J  1  +  x«        2         2j  l+«« 

=       ^     .  tan.- X  -^  +  C 
8  2  ^ 


l4^t*=0>   Tn,entan.-x5  ^ P-  A 

Andx=  1>  '  =P»    +    ^j 


And  S  =  -1  -  ± 

4  8 


688.         S=1-JL  +  J--.jL  + 

83  £5  g7 

This  series  is  geometric  after  the  first  term,  the  common  ratio 

^  ^       8V 

Hence,  by  the  common  rule  for  such  forms,  we  have 

«»     J  2«   ^  «*        •"  I 


INVERSE  METHOD  OP  SERIES.  ^A^ 


—i.^r- 


8« 


the  Talue  to  (n)  terms. 

Let  n  ^  oo 

TlienS=  I  -  ±  =  i.. 

10  10 


Again  S  =  -L-  +  -L.  +  .-L  + -L_ 

1.5         8.6         8.7  n.(n'{^4t) 

/.  A  S  =  ^  =,  (n4-g).(n+8).(n+4) 

(»+l)  (»+  5)         (n+l).(»+2).(n+S)(n4-4).(n+6) 

Now  assume  («+») .  («+3) .  (n+4)  =  A .  (n+  !).(«+ «).(«+ S) 
+  B.  (fi+ 1) .  («+s)  +  C  .  (n+ 1)  +  D,  and  equating  coefficients 
of  like  powers  of  n  when  expanded,  we  get 

A  =:  1,  B  rr  3,  C  ==  6,  D  =  6, 

•      A     G  _  1 I  8  . 

""  (»  +  4).(n  +  5)        (»+8).(n+4).(n+6) 
6  '  6 


(«+2),(n+8)...(n+5)  (»+l)  ..  («+5) 

1  8 


/.  S  =  C  - 


n+4         8  («+8)  .  (i»+4)      (n+S)  ....  (n+4) 

3 

«(«+!)  ....(n+4) 

85  8ns  +  I5ns  +  85n  +  85 


48         8.(«+ 1) .  (n+8) .  (n-^S)  .  (n+4).(n+5 
Let  n  =  00 
ThenS  =  2£  -  iJll  :=  *«  -  -L-  =  *£ 

48         8.  go'  48  oos  49 

Again, 

S  ?=  -JL  +  -JL  +  ....  « 
1.8        8.7 

TOL.    I.  81. 


^ 


d^4  IKVfiRSfi  MfiTBOD  OP  SAlIBS. 

Here  take  the  expression 

dx 


dx  +  x^dx  +  x^dx  +  00  s= 


1  —  ar« 
dx 


.    x^         x^  n    d^ 

8  5  J  1  -  x« 

Now  multiply  by  x^dXj  integrate,  and  divide  by  8,  and  there 

results 

x^      ,      x^      ,      x^      ,  ^    r  x^d^s 


1.3  3.7  5.11 

x^dx 


*/         2     */  1  -  X* 


t/   1  —  x«  J  1  - 


J« 


Putjr^  =  «.    Then 
c*d!r  /*2ii*(itt  l'    du  f    du 


¥« 


rx^dx  _  rtu^du  _  r*L_  _  r* 

•/!-««        J  I  -u^        «/!-««  ""tyi  + 

•     =  ±  . /.  l+!5  -  tan.- «. 

2  1— u 

Hence +  +  ....  oo   =  _ .  /.  — I —  — 

1.3  8.7  2  1  — X 

JL.  Z.  }   "^  ^^  +  tan.-*  Jli, 

which  being  taken  between  x  z:  b  and  1,  we  have 
^     +  -L.  +  -1-  +  ....  «  =  /.  a/HI  +  -  =  4 


1.8  8.7  5.11  1^1  4  4 

2 


-   -L/.2. 


689.         S=z-L+4-  +  -^+- .... 

1«   .      3«  5« 

I  ^     * 

We  have  cos.  0  =  1  -  _  +  — I —  —  ,.    +    *€. 

2  2.8.4  2.3.4.5^ 

whose  factors  are  (0  ±  '  VT0±??V(«;±  f^W.,  because  ± 


INVfiftSE  M£TI^OD  OF  8BRIE8.  ^1^ 

—  f  ±  —  &c.  being  substituted  for  d,  the  equation 

Cos.  6  =  0 
will  always  be  yerified. 
Hence  then  we  have 

(«+i)(«-f)(«+%)(''-?)   xfcc.= 

2  2.3.4 

.•.j..-(^)-|.|..-...(^)<|.  {..-...  (X)-}. 

&c.  =  1  -  _  +  — 1 —  -  &c. 

2  2.8.4 

Now,  from  the  theory  of  Equations,  the  coefficient  of  (fl>)i  ^ 

•^  ^  coefficient  of  (fi«)<> 

sum  of  the  reciprocals  of  the  roots. 

1.1.1.        ,^_  j^  _  J_ 


+    r^^-^-r    +    —  + 

*  1  2 


..  —   +   —   +   —   +    00    r:  — 

1  3»  5«  8 

See  (684). 


690.        This  is  a  common  Geometric  Series,  whose  first  being 

unity,  and  common  ratio  ^—  we  have,  by  the  rule, 

4 

S=  ^-<^  -.  1  x(i)"-i 

r— 1  i-1 

Hence  L(\ S)  r:  —  n24,  which  will  give  S  by  means  of 

4 

the  tables. 


691.        From  the  given  equations  we  easily  obtain,  by  suc- 
cessive substitutions 

2L2 


>10  1NTBR8B  METHOD  OF  SERIES. 

a  s  a 

« 

(  ss  a  +   A  a 

erz  a+  2Aa  +  A  «a 

(i=:a+SAa  +  3A<a+  A^a 

e  :=  a  +  4Aa  -H  6A<a  +  4A^a  +  A*a 

/=  a  +  6Aa  +  10A«a  +  lOA^a  +  5A*a  +  A«a 

the  coefficients  of  A  a,  A  'a,  A  ^a  ....  being  the  sum  of  the  second, 
third,  fourth,  &c.,  terms  of  (l  +  l)«,  (1  +  1)»,  (l  +  l)*i  (l  +  0*« 
&c.,  expanded,  respectively. 

Hence  a  +  6x  +  ex*  +  rfr'  + » 

=  a.  (l+x+ar»+x*+  ....  ) 

+  X  A  a  (1  +  2jc+S««+4  x»  +  ....) 


a?A»a 


8 


r:  (2+3 .  2  .  ar+4  .  S  aJ"+5  .  4 .  a*  +  ....) 


2.S 

+  f^!Ai  (4.3.2+ 5.4.8.2j;+ 6.5.4.3x«+ 7.6.5.4X*  +  ....) 
2.3.4  ^  ' 

+  Sec 

Now  each  of  these  series  is  recurring,  the  respective  scales  of 
relation  being  1,  2-  1,  3—3+1,  4—6+4—1,  &c.,  andappl^ng 
the  common  rule,  it  will  be  found  that  their  sums  are  respectively 


1— jr 


I (=-J— ^ 

l-2ar+jr«  "^      (1-^)*/ 


2 


1— 8x+3x« 
2.  3 


_(=^i_^ 
-x»  ^      (l-x)V 


^     (i-*)V 


1  -4a:+«*»— 4«»+x* 

Henoe  then  we  finally  get 

1-*        (1-*)'        (!-»)• 


.... 


INVBR8E  METHOD  OF  SERIES.'  ^17 

Tbe  aboTe  recmring  series  may  be  summed  also  by  the  form 

which  it  is  easy  to  prove  by  the  method  of  integrating  by  parts. 


692.        Let  P  =  (a  +  6)  .  (a  +  6  -  1).  (o  +  6  -8)  ....(a+6 
— jt-4-  l)i  and  since  a  is  independent  of  6,  assume 

P  =  A  +  A,  6  +  A,*.(6  -  1)  +  A, .  6(6- 1)  (6-2)  +  ....  A,,  x 
6 .  (6  - 1) ....  (6— n+ 1),  A,A| ...  A.  being  functions  of  (a),  at  present 
undetermined.     Then,  denoting  by  P^,,  P,,  P, ...  P,  the  values  of  P 
corresponding  to  6  =  0,  1,  2, 3  ....  n  respectively,  we  obtain 

A    :sPo 

A.  =  P,-A=P.-Po 
2  A,  =  P,  -  2A,  -  A  =  P»  -  2P,  +  Po 
8.2.  A,  =  Pj  -  8.  2A.  -  SA,  -  A  =  P,  -  SP,  +  8P,  -  P^ 
4.3.2.A^=  P^— 4.  3.2  A,-  4. 3A,-4A,  —  A=P^— 4P, 

+  6P,-4P.  +  Po 
&C.  =:  &c. 
Hence  A  =  a .  (a  -  l)  .  (a  —  2) ....  (a—  n+  !)• 

A,  =  (a+1)  .a-(a— l)....(a  — n  +  2)  -  a(a-  1)  x 
(a— 2)....  (a— n+l) 


=  a(a--l)....  (a-n+2){a+l— a~n+l} 
=  n.  a.  (a— 1)....  (a— n+2) 
Also  2Aa=:(a+2) .(a+ 1). a.  (a- 1) ....(a -n+3)  -2.(a+ 1)  x 

a.  (a  — 1)....  (a-n+2)+a.(a— 1)  ....(a— n+l)  ==  a.(a-l) 

(a-»+8)  {(a+2).  (a  +  1)  -  2  (a+1)  .  (a-n+2)  +  (a-n+2)  x 
(a— n+l)  }  =  a.(a-l)....(a-n+3).  {n*^n\ 
/.  A  =  a .  (a- 1) ....  (a— n+ 1) 
A|  =  n  .  a  .  (a—  1) ....  (a— n+2) 

n—  1 

Aj  =  n  . a .  (q—  1) ....  (a  —  n  +  3)  and  by  pro- 

IS 

ceediog  in  the  same  manner  A,,  A^,  &c.,  may  be  found.    The  law, 
however,  is  already  manifest.    We  have,  therefore, 

(a+6)  .  (a+6-1)  ....  (a+6-n+l)s:  a.(a-l)....  (a-. n+l) 
+  «A  X  a.(a— 1)  .....  (o-n+«) 


518  INVSME  l^ETHOD  OP  SS^I^IB. 

+  n.  !illl.  6.(A— 1)  X  a.  (a— 1)....  {a-^n+S) 

Bj  this  theorem  a  certain  class  of  series  may  be  summed. 


693.        S  =  -?-  -  -i-  +  — ...  CD 

1.2.S         2.3.4         8.4.4 

1  1.1 

+    —   ...  00 


1.3  2.4  3 .5 

dx 


fJow  dx  —  xdx  +  x*£ij?  —  jc'dar  +  xl^dx  —  ...  oo  = 


1+x 

—  +    ...  00    =     /  

4  J  1+. 

Multiply  by  mdx  and  integrate ;  then 

x^            X*      ,      x^                       r  J     P  dx 
—  + ...  00  ==  Ixax  I 

1.3  2.4  3.5  ^        J  1+x 

x^dx 

X 


2  3  4  ./  1+x 


»">-'*/il:  =  T'<'+"-T/f^ 


) 


a  J    i     J    2    J  8(1+* 

=  flU-l.  /.  (1  +  «)   -  f!  +  —  which,  be- 

tween  the  limits  of  x  =:  0  and  1,  gives 

S=lzi.;.2-i.  +  ±  =  ±. 

2  4  2  4 

AgainS  =  -l-  +  -1-  +  -^+ , !i±5 ,. 

^  1.2.5         2.3.6         3.4.7  n.(n  +  1)  .(n  +  4) 


We  have  aS  = 


n+4  1 


(n+l).(n+2).(«+5)         (n  +  l).(n+2) 


(«+l)(it+2).(n+5) 

-,  t  _  (n+3).(n+4) 

(»+l).(n+2>        (n+l).(n+2).(»  +  3).(»+  4)(»  +  5) 

Now  (n+3)  .  (n+4).  =:  (n+4-1)  .  (n+5-1)  =  (rt+4)  X 
(ii+'5)  -  (n+5)  -  (w  +  4)  +  1  =:  (n+4).(»+5)-2(»+5)  +  «• 


INVKRiE  METHOD  OF  SERIES,  ^^d 

1    .  1 


/.ASer 


(»+l).(«+2)         (»+!).(«+ 2).  (n+S) 
2 


(iH-l)...(n+4)         (n+l)..(n+d) 
/,  8  =  C  -  JL  +  ^  * 


n4-l         2(n+l){n+«)         8<n-f  l)(n+8).(fi+S) 
1 


8.(»+l)...(n+4) 

^  6.(n+ !)(»+«)..•.  (n+4) 

121 


Letn  =  l,thenC  = 


144    ' 


AndS  =  i?L  -         6n3+51n>+l39n+12i         ^^^^  .^ 
144  6.(n  +  l).(n  +  2).(ii+S).(n+4) 

the  value  of  S  to  (n)  terms. 

Let  n  ^  *  Qo 

121  6(x>3  121  1  121 


Theu  S  becomes 


144  6<n*  144  QO  144 


694.  S=:-l-   —  +  -1-  00 

1       s«       53 

Here  -we  will  take  Euler's  Series,  (see  665.) 

d  .     .       sin.  29     ,     sin.  3d  sin.  4d    , 

—  =  sin.  9  — +  —  +  

2  2  8  4 

»ru        fi^^ft         J  A    •      A       <=W.  sin.  2D   ,   rfO.  sin.  S9    ,  , 

Then  ~  d.fl  sin.  9 + — —  +  ....  and 

2  2  3 

integrating 

92  *  .   cos.  29  COS.  39    .  .    ^ 

—  =  —  COS.  9  4-  ■  —  +  ....  +  C 

4  ««  3a 

Let  9  =  0 

Then  0=1  -  i.  +  JL  —  ....  00  =  l!  =  S!  (see  684) 

22        S«  12        3 

ft<         Q*  .  .    008.89  COS.  89    , 

—  =r  _  — COS. »+  — —  +  .... 

4  3  22  32 

Multiply  by  d9  and  integrate.    Then 
?i  =  ^  -  si„.fl  +  iilL£i  _  i!^4 therebeing 

12  3  2*  3' 


12  3 

no  correction. 


MO 


INyKEfn  MSTHOD  C»  •IRIBS^ 


8 

Then^sr^-.  i  +  o  +  i- +  0 
12        8  S* 


thenSs  l^-L  +  i.—  ....  00 

8»      5« 


—  +  o 

5* 


18        18 


4 


696.        S  =  ±  +  ±  +  ±  +  .... 

1  4  10 


CO 


Then  (n+ 1)*  tenii  is 


1.8 


4.5  ....  8+n         4.5  ....  8+« 
1.8 n 


«  X  8 


4.5 


=  8.8  X 


4.5....  8+»  (ii+l).(n+8).(n+8) 

S' being  the  sum  to  n  tenns. 


s=  A  ff. 


/.  8=0- 


8 


(n+l).(n+8) 

,^, 

8 
8 

8 

(n+l).(n+8) 

Letn: 

=   €0 

► 

ThenSsr 

8 
8 

00^            8 

~  the  sum  to  n  tenns. 


696. 


LetS=±  +  ±  +  ±+....oo  ^ 
4        8        16 

»    s:  —  +  —  +  —  +  ....  00 
a         9        87 

1      1 


which  being 


geometric  series  whose  first  terms  are  _,  JL ,   and  common  ra- 

4    8 


tios  —  and  —  respectively,  we  have 

i-i         s 


INVKRSK  MrraOD  or  8BRIM.  ^^ 


And  S'  ss  — i__  =  ± 
l~i         » 

.'.  S'iszrS. 


697.        S  =s  _1    -  _i    +   i.  -  ....  ae 

I.S        4.S        7.8 

Let  ,=  _£-- ifl  +  i^ -....  _^!LlO£_^  ±  Ite. 
1.8  4.5  7.8  (8»-S).(3»— 1) 

ThenK«  :=P-  ^  -  ^^  +  -.    («*-')/^    +  <tc. 
'^  '^     1.8  4.5  (8n— 8).(8n-.l) 

dx  1.8  4.5 


(«»- 1)  (Sn^2) 

Put  pn  =  8n  and  jw  =  —  8 

Then  pn+pr=i  8»— 8,  and  p  =  3,  and  r  =  —  — 

8 

,    Sd(x^s)   _  j"*  _  8x*       5x^  _         (8n-l)  J*^ 
"         cte  8  5  8  (3»— 1) 

Midtiplj  hy  paf  and  differentiate ;  then 

dx     \       dx       y  8  5 

(8n-l)(pr+p.n-pf)  ^  ^H— f  ^ 

Sn-1 

Putpn  =  8n  and  pr  ^  p.  —  =  —  1 
Then  p  =  8  and  r  :=  —  sr  ... 

Hence  JL  d.  5^^>|  =  x^^^S  ^♦+5  **  -  .... 
dx      i      dx       ) 


(Jn-l)*""*  ±&c. 


^M  (]f  YBIUHB  MBTHQP  Of  WBIIM* 

Again,  multiply  hyp^fdxy  and  call  the  above  expression  s\ 
Then  pjfs'dx  =  px"""*"  dx  — 8px'"^  d!r+....(8tt  -  l)px     "~^±.... 

Let  8pn  =:  ft  and  r  —  —  =  —  p 

Then  p  =  —  and  r= —  =-  — 

'^2  3  2  6 


x^ 

00   zz 


•^    2  1+x 

cir^c2a?         3(ir^3  dx  ) 

(to*  1 9  dx  j  dx^ 

Hence  A  =  /{ ^-^dx.s  +i-.  ^1 
.      d«s     ,      2  2         ,  x^  1       x"^-x* 


^*  »^*  9xidx      1+^  9x4      (l+*r 

9  'x.(H-x)«  ' 

We  have  therefore  reduced  the  series  to  the  form  of  a  difTeren- 
tial  equation,  which  being  integrated  by  the  method  used  in 
Linear  Equations,  or  by  approximation,  will  give  s  in  terms  of  x, 
and  /.  the  value  of  S.  Instead  of  conducting  the  Student 
through  this  tedium,  we  will  exhibit  a  process  by  which  Series 
may  frequently  be  transformed  into  one  or  more  of  greater  sim- 
plicity. 

In  the  series  before  us,  the  general  term  is 

(3n-2).(3n-l) 

Assume  ^""^ =      ^        4.      ^ 

(8n-2)  .(3»-l)  Sn-2  3*- 1 

Hence  A.  (Sn^l)  +  B.  (3n-2)  =  2n-l 


INVSB8K  MBTiiOP  OF  iBBIM*  ^^ 

2  1 

Let  n  iz  —  and —  sucoessiyely ;  and  we  get 

8  3 

A  =  ±-l  =  ±,andB=l--i  =  ± 

3  8  9  3 

(8n-8).(3n— 1)  8     V8«-8  Bn-^\  ) 

:.  putting  n  =:  1,  2,  3,  &c.  the  series  takes  the  fodn 

SS=  —  -  —  +  —  —  —  —  «> 

1  4  7  10 

+  —   —   —   +   —  —   ——  <» 

2  5  8  11 

Now,  by  division, 

■■  =  dr  —  ar^da:  +  x^dx  —  <» 

1  +  x» 


And 


^^     =  j:di:  -  x*dx  +  x'da:  -  • 

1  +  x^ 


00 


00 


:.    r_^:=x-fl  +  $- 

J    1   +  JF^  4  ^ 

And  /lf^  =  £l-^  +  ^-.... 
J  1  +  a:'        2  5  8 

•   S-   ^     r    ^"^     +  V    /Lffff- between  the  limits  of  xr=0 
"  Tj  l  +  x«      3  J  l+o:^ 

andl,which=±x{±/.-^i±^  +  4=tan-W 

3        (3      ^i-ar+a:«  V^  «- 

1  /      ^l+x_  ^     1_  f^n-i  Wjl  =  -^  tan-^xV3  . 

Let  0?  =  0,  and  1  successively. 

Then  S  =  _i=.  (8/)T  +  4-)  -— ^.  2p 
3.V3  *^      3.V3 


3 


iir 


6^3 

To  find  the  sum  of  8  =2+6  h  14+30+62+ las  +  ....nterms, 
we  have  S  =  2(1+8  +  7+15  +68+  ....2--  1) 


i^  IKVER8E  METHOD  OF  SERIES, 

/.   A  S  =  «"+»  -  2. 
And  since  A  a'  a:  a*+"*  —  a"  =  o».  (a  —  1) 

and  /.  So'ss--— -  +  C, 

a— 1 

S  =  Z«-^«  -  S*  =  f Sn  4-  C  =  «.  (8-H  -  „)  +  C 

2-1  ^  ^ 


698.         Let  sin.  3a  +  sin.  Sa  +  sin.  7a  +.,..  sin.  (Sm—  1)  a 

=  S. 

Then  A  S  =  sin.  (2m  +  1)  a 

.-.  S  =X  sin.  (2»i+ 1)  a  =  — ? S  (c<*-+-»).V'=i:_^-(*.+i).^ 

2^-1 

2^—1        Je*-^"  -  1       c"**^^^  -  I  3 


J,2aV-I 


beings  A  (2m+ 1)0^-1. 

2a/ -l  2  ^  (e-'^-"r  J.  c-*-^^) 

+  C  ^ 

=  sip-  (gw*  -1)0  —  sin.  (2m  +  1)  a       -^ 
2-2  COS.  2o 

_.  COS.  2ma.  sin,  a   4.  q  --  _  cos.  2ma        ^ 
COS.  2a  —  1  2  sin.  a 

Letm=  1 

ThenCrs  ^^-^ 
2.  sin.  a 

And  S  s=  <»8*  gg  —  COS.  2ma  _  sin.  (m4- 1)  o.  sin,  (m-  l)g 

2  sin.  a  sin.  a 

Otherwise. 
^*  S  2=  sin.  a  +  sin.  («  +  6)  +  sin.  (a  +  26)  +  ....  stn.  («  + 


INVERSE  METHOD  OF  SERIBB.  ^^ 

Then  8  sin.  — .  S=  «  Bin.  A.  gin.  a  +  «  sin.  — .    m.  (a  +  b) 
2  2  S 


+  ....  8  sin. —  sin.  (a  +  »-!.&) 
2 

=  COS.  (a-y)  ^  ^'  ^*"*"t) 

b  /    , 8b\ 

+  COS.  (a+—  -  oos.(a+— I 

+  COS.  (a+^^   -  COS.  («+ y) 

+  &c. 

^  COS.  (a+?!i^)  -  COS.  {a^^Lzlh) 

hy  the  fonn  cos.  (A  -  B)  -  cos.  (A  +  B)  =  dsin.  A.  sin.  B 

COS.  (a  -  — "^  -  cos.  (a+  ^7    ^) 
2  )  8    ' 

Hence  S  = ^ ^ 

8  sin 

8 

Bin.  (a  +  !^6)  .  sin.^^ 
-s  8        8^ 

sm 

'    8 

Substitute  Ba  and  8a,  and  m  -  1  for  a,  6,  and  n  respectiyely, 
and  the  resulting  value  of  S  will  be  that  stated  in  the  problem. 

The  Series  may  also  be  summed  by  considering  it  a  recurring 
series.  (See  789.) 


699.       S  =  i:A  -  ?J-i  +  iii  -  •^>  "^^^^  ""y  ^ 

8.3  8.4  4.6 

reduced  to  S  =  -g-  -  4"  "^  T  ^  T  "*"  *"  "^^ 


Now  we  have 

X 

1+* 


jr  —  «•  +  X*  —  «*  +.•••  «  s= 


*28  INVERSE  MBTEtob  OP  SERIES. 

X 

/.  differentiating 


1+x         (l+x)«     (!  +  «)• 


+    —  ....  •0=1 


)' 


3  4  5 

But  it  will  easily  be  found  that 


Letars:  1 


Then  S  :=  — — —  +  ....  =  /  7^-—--, taken  betweenxsOandl, 
3       4  J  (1  +  J?) 


2  2 


Again  S  =  _12_  +  _!!_'  +  ....  00 
1.2.3.4  2.3.4.5 

Lets' =  _i£-.  +        ^^       + «+4« 


1.2.3.4  2.3.4.5  n.(n+l)  (n+2) .  («+8) 

then  A  S'  = 6  +  4(n+l)  _    6_ 

•     («+l).(a+2).(n+3).(n+4)         (n+ l)...(j»+4) 

f  ^ 

(n+2)  (n+3)  (n+4) 

.-.  S'  =  c  -  ^  * 


8.(n  +  l).(n+2).(n+8)   .      2.(n+2).  (»+3) 

=:C-^__i__ 
(n+l).(fi+8) 

Letn=:  1 

ThenC  = -!£-  +  J.  =  i£  -  i. 

1.2.3^4.  4  24  3  ' 


llVVBRSE  METHOD  OF  MRIEB.  <*7 


•.  8'  =  A  -  ^ 


8  (iH- !).(»+ 8) 

Let-n  =  oo 
Then  we  get 


700.         S  =  -2-.  -   -i-  +       * 


1.6  8.6  3.7  n.(n  +  4) 

Assume  —  —  ^  +  —  "~ i      ■      ^  —  =  S' 

12  3  n— 1         » 

Then  ±  _  i,  +  —  -  •••  ±-L.qF-^  =  S'+  — 
6  6  7  n  +  S         n4-4  4 

-l  +  iL-l±f_i_-    JL  +  _l_-  J_)=:S' 
3  2  \n+l         »+2         n+8         n+4  / 

•  -    —  ±  7 r^ rr  X  (n'  +  5n  +  7) 

12         (n+l)....(n  +  4) 

Hence  by  subtraction  we  obtain 

4  4,4  .  4  ^4 

+  —  ...  It 


1.5  8.6  8.7  («+l)....(n+S)         w.(n  +  4) 

=  1-3:  L- ^  (n-  +  5n  +  7) 

12  ^   (»+l) (n+4) 

And  /. 

S  _  7  n»  +  5n  +  7   according  as  n  is 

48  "^  3,(n+l).(w+8).(n+3).(n+4) 

even  or  odd. 
The  Differential  Calculus  will  apply  in  this  case,  but  not  with 

equal  facility. 
Again,  let  S  =  .^^  +  ^^  +  -  „.(„+ !).(«+ 8)«  " 

1  A     .        P        ,       ft 

And  assume  — , r— , — — -r-  =  —  +  ,_,,»-  t 


n.(n+lV(n+2y         n         (n+l)»        n+ 1 


Px       +J^ 


(n+2)r         n+S 


<^S  INYSRaB  METHOD  OF  URIBS. 

Tlien,  reducing  to  ft  oommoii  denominator  and  equating  codE- 
dentsi  of  the  same  powers  of  (n)  on  both  sides  the  equation,  we 
obtain 

A=    -L,P=-1,Q=1,P.  r=-»<l,  r=-4 

.  1 ^1_        1,1_.       1  _  5 

**«.(n+l)».(n+«)'     4n     (n+l)'     n+1     «.(h+«)*     4.(ii  +  S) 

3n  +  1  1  1 


2n.(n+l).(n+«)         (w  +  l)'       «.(«+«)* 
Hence  aS:=  ^'^  +  *  ^  ^ 


«.(«+  lKn+2).(n+S)         (n+«)'         2.(m+  a)« 

^g  1  ^ 1 1       _       I 

« '(ii  +  2).(n  +  8)     «<»+!). (»+2).(n+S)     (»+2)«     «(»fsy 


2     n+a     4.(n  +  l).(n  +  2)         («+2)«         2.(ji+3/ 
NowS^.  =  ^  +  i.  +  ....^.=  N,bjsupposition. 

A  s_J_  =  ±5±+±+....,-l_J=21-i+_L_ 

2.(n  +  3)*          2^8*     4«          (n+2)«5      «      8     2.l»  +  «)« 
,.  8  :=  C  -  A .  -±.-. L -.i?L+i.        ' 


2      n+2     4.(n+  l).(n  +  2)        2        8     2.(ii+2)» 
^    ,     1  6«*  +  21n  +  16  SS 


8  4(n+  l).(n  +  2)*  2 

Let  now  »  =  1.  Then  N  =  J.  and  S  =       ^ 


2«  1.2«.8' 


Hence  C  +  —  =  1. 


8 

/.  S  =  1 —J — -—-J — --  —  m  which  N  is  ptcn 

4.(n+l).(H+2y  2  ^ 

by  the  Problem. 

When  n  =:  00  we  have, 

N  =  —  +  -L  +  — +  ...00  =  !^  -  1   (Sec  702) 

2«  8«  4«  6  ^  '^ 


INVBMB  MBTHOD  OP  SBRISak  <^ 

And  S=?l-r!  +£-£_»' 

4  S  S  4 


701.      Let  S  =_££.  +  _!£_+       (n  +  ^Xw  +  5) 

1.8.8.4  8.3.4.6      '  "n.(n+lX«+«)(jif«) 

Then  A  S  =  (»+&)•  (n+a) 

(n+l)...(»4.4) 

Now(n+5).(«+6)  =  »*+U»+80:=(n+5).(n+4)+4(n+4)+« 

~  (n+l).(«+8)         (n+l)..(n+«) ■*■(«+ 1)...(»+4) 

.     .-.  S  =1  C-^ 8 8 

«+l     (n+l)..(»+8)     8.(n+l).(i.+8).(«+«) 

_    (J    _         8l^+81»+38 

S.(n+lX»+8).(n+8) 

«;  19_       8n*+81»+88 

~"   9      8(n+l)(n+8).(n+8y 


702.        To  sum  J.    -  J_  +        __J___  «  e 

1-3         8.4  ■■      «.(«+«)    ~"  °- 

Let±  -  ±  +  ±_.    _  »  -, 

1  8^8  T"-' 

Then  ±-J.  +  J._       _»_,.!      ,.1 

*       *       6  »+«  «        «+l 


Ji+2 

1 

1.8         8.4   '         ii.(r+S)          8 

(»+l);(n+«) 

4          a.(»,+  l).(n+8) 

703.       TofindS=  -L.  +  _i_  + \  .,  _ 

1.8.4        «.«.«^       ii.(*+l).(»+8)' 
▼01.1,  8  K 


^^  1NVBR8E  MBTUOD  OF  BBRIES. 


AS=  '  -  «+« 


(n+l).(»+2).Cn+4)  (n+l).(n+2).(n+S).(»+4) 

1  1 


(n+l).(n  +  2).(»+3)         (n+l).(n+2).(ii+3).(n+4) 
/.  8  =  C  -  ^  ^ 


a(n+l).(n+2)  3(n+l).(n+2).(n+3) 

2. L + I 

S6       2.  (n+l).(n  +  2)       3.(n+l).(n+8).(»+3) 


704.         Sum  1  -T  —  +  —  —  ....  to  n  terms  and  oo . 

2  4 

The  series  being  geometric  (common  ratio  =  —  — |    we  have 
by  the  ordinary  rule 

ix(-— V-l      <qF  — -1)X2 

-.2.-1       ""  "■  *  •  ^^ 

2 

Let  n  =  00 
Then  S  =  JL  ±         ^ 


3  8  X  2*"* 

2 
3 


705.        S  =  2.H.-L+i.+  ....  y -i .. 

1.5       8.7       5.9  (2n— 1)  X  («»+S) 

A  S  =  1  .  g»-|-3 

{2n+l).(2»+5)         («n+l).(«i»+3).(2a+«) 

1  8 


(2n+ 1) .  (2n+S)         (2»+  l).(2n+8).(2n+5) 

1  1 


/.  S  =  C  - 


2(2n  +  l)         2.(2ii+l).(8n+3) 


-2  C  -  ""^^  —   ^  *■*'' 


(2n-f-l).(2n  +  S)        3        (2ii+l)  .(2a+t) 


' 


INVERSE  METHOD  OF  8BRIX0.  ^^^ 


Let  n  s:  00 

Then  S  =  -L  -  f? =  JL. 

3  2qo  x8<»    '       3 

Again,  to  sum  —    +  —  -f oo  we  hare,  by  dWuion, 

dx  —  xdx  +  x^dx  —  x^dx  + oo  = 


l+« 


:.  X-—  +  —  -f!+  «  =  r.(l  +  a?) 

2  3  4  ^ 

which,  being  taken  between  :r  =  0  and  1,  becomes 

1        1.1  l_i.l  li  —/« 

1—  +    —    +    —    +  ....   CD    S  I.  9 

2  8  4  5  6 

And,  collecting  the  tenns  by  pairs,  we  get 

-L    +  JL     +  JL    +  ....  00  s=  /.2 
1.2         3.4  b.6 


Again,  8  =  -JL.  +  — L-  +  «. 

1.2.5  2.3.7 

Here  we  take 

dx  +  xdx  +  x*dx  -h  oo  = . 

1— X 


2  8  J 1-x 


Hnltiply  by  lix  and  again  integrate 

Thenf!  +  -fL  +  ^  +  ....  «  =/ite  rJi. 
2  2.8  8.4  "^        J  l-x 

Multiply  by  —  and  integrate 


^        aA  xk  xi  1    nJfL  r.     C  ^' 

^"^ii:?  +  25:?  +  8:45+ •••=TJ  4^xf^jTri 

Now,  in  order  to  take  this  integral  between  the  values  0  and  1 
of  X,  for  the  sake  of  brevity,  we  will  make  x,  or  any  positive  power 
of  X,  whenever  it  occurs  without  the  integral  sign,  equal  to  unity ; 
because  sndi  a  supposition  will  evidently  not  affect  the  limit  of 
4P  =  0. 

SMS 


^^  INVERSE  METHOD  OF  8BRIEB. 

By  the  formy  udv  :=z  vu  —  f  vdu^ 

J  \—x        J  i—x  8         J  \ —X         8  J  i^x 

ss  I^  1(1  -x)+  ±  +  L.     A*«& 
8       ^  8  8     J  Y'Si 

^3-.l(X-x-)+±.    I.  llH  -±-±/l 

s  — 1.(\  +  V  *) ~  —  V  *  ''y  logarithms. 

8  8  8 

'    Put  X  =  0.    Then  the  integral  =  -1  /.  (1)  =  0, 

Letx=l.    Then  it  =  -1.  /.  2-±-±  =  ±./2--i 
8  3         3         8  S 

Hence +  — —  +  ....  «  =  — Z.  2  -  — 

1.2.5  2.3.7  3  8 


Again,  S  s:  1  •— + ..,.  od  . 

We  have,  by  division,    . 

—  -  x^dx  +  x^dx  -  ....  X  =     ^^      _ 


.1         *     .    ^* 

•  •  I  "■  — •  "f  —  —  ....  ® 

8  5 


2V^    t/    /^.(1+x) 
Now,  put  X  :=  tfS 

Then   r — =  2  r    ^"    =  2  tan.-i«  =  2  tan.-i  Jl 

/.  taking  the  integral  between  x  =  o  and  — ,  we  haye 

3 

1  -  -i-  +  -i—  -  -L.  +  ,...  s  ^/"s.lan.-l— L« 
8.3  6.3^         7.3»  ^"^ 

A  8  s=  V^    X   80^  =   /^.    JL  =  _^. 


UTTERK  METHOD  OF  URIEl.  ^^^ 

706.  Ss=il2+4  +  Ji  +  JL  +  ....  CO. 

This  is  a  geometric  series,  whose  common  ratio  is  -Lt 

8 

.-.  s  =  -i-  =  JL  =  2£  =  18. 

l-r         1-^  2 


Again  S  =  -JL.  +  _ iL  +  ....  « .    See  685. 
1.2  2.3 


707.        To  sumi-  +  JLli  +  ll!i  +  ....  «. 

8  3.4  3.4.5 

We  first  transform  it  to  its  equivalent 

2  2  2.  2 

+    +    — —  +  ....  T ^    ^'     . — r  +  f«  • 


2.3  8.4  4.5  (n+l).(n+2) 

Let  S  r=  -1-   +   -i-  +  ....  * 


2.3  8.4  (n+l).(»+2) 


Then  A  S  =:  ^ 


AndS=:C--i-  =  1-      • 


n+2  n+8         n+2 

Let »  =  oo 

Then  S  becomes  r:  —  +  — - —  +....«=  ■  =  —  si. 

3  8.4  oo  H-d        « 


_  1  1  ^ 

To  snm  +  +  .•••  n  terms.     See  705. 

1.5  3.7 


708.     To  snm  S  =s  1   +3  +  6  +10  +  15  +  ....Slfc^tl^ 

which  are  figorates  of  the  second  order,  we  have 

A  S=  (^+0(m+8) 

2 


594                  INTBMB  MBTHOD  OF  SBRIBft. 
•'*'^  2^^  «.« 


709.        To  sum  —  —  +  t— -r-  —  •—  «  • 

8  8.2  3.2* 

This  being  a  geometric  series^  whose  first  term  is  — ,  and  com- 

mon  ratio  ( —  —  i  we  hare 

2  / 

S  =  -^  =  -1-  =  — . 
l-r         1+1         9 

To  sum  1  +  2*  +  ....  n<,  see  683. 


8  2  2 

710.       To  sum. —  —  + ."•  «• 

10         100         1000 

Hie  series  being  geometric  (common  ratio  =  —  — \^  we  have 


Ss 


«     _      -h      _  2. 


Again,  5  +  7  +  9  +  11 50  terms  is  an  arithmetic  series, 

irhoseoommon  dilTeraioeis  8.     .*.  50*^  term  =:  5  +  49  x  9  =  103. 

«^«  +  ^  +  ^  +  ^^^  +  ^^«  =  n  and  by  additioa 

Then  103  +  101   +  7  +   5=8/ 

50  X  108  ss  8S,  , 

.*.  S  =  25  X  108  s  1080 


711.        To  sumi-  -  JL  +  _L.  -  ....  CD  whidi  is  a 

2  2.2^         2.2« 

geometric  series,  whose  common  ratio  is ,  we  have 


l-r        j^2.         •  V«/" 


INyj»8B  MITHOD  6w  8KIUB8.  <3^ 

Again,  to  sum -J-  +  --£-  -f — ^^^ r,  we  luiTe 

1.S.4         2A.5  n.(n+«).(n+S) 

A  S  = !?±f = («+g)' 

(ii+l).(n+3).(n+4)       (a+l).(n+2).(n+S).(n+4) 

But(n+«)«s=(n+2).(n+l)+(n+2)=(n+l).(»+«)+(n+l)  +  l 

1  1 


/.    A  S  =5 


(n+3) .  (n+4)         (n  +  2)  .  (n  +  8) .  (»  +  4) 
.     1 


(n+l).(n+2).(»+3).(ii+4) 
1  1 


/.  s  =  c- 


n+3       2.(n+2).(n+S)       8.(»+l).(n+2).(n+S) 

_  p_       6n*  +  2ln+l7       _17_         6n«4-21n+17 

6.(»+lj.(»+2).(n+3)     86     6.(n+l).(»  +  2).(n+8)' 


iu,  to  sum  I*  +  42  +  7«  +  10«  +  ....  {Bn  —  2)<,wehate 
A  S  =  (3n+l)«  =  (Sn+1)  .  (3»+4)  -  8.  (8n+l) 
/.  S  =  C3i*-2).(3n+l).(3n+4)_,    (3n-2).(3n+l)  ^^ 

8X3  2X3 

_  (3w-2)  .(3n-fl),(6n-l)  ^.^ 

18 

^  {Sn  -  2)'.  (8»-h  1)  .  (6n  ~  l)   _   J_ 

18  9' 


712.        Tosum^x— +  — X— +— X  '  +....ntenM. 

1.2      8      2.3      9      8.4     27 

In  this  example  we  will  adopt  Demoivre*$  method  of  Mul- 
tiplication. 

Assmne  1  +  -^  +  f!  +  ....  £lL  +  J^  =  S 

2         3  n  n+1 

And  multiply  by  cut  —  5. 
Then  we  have 

l.«  S.a  n.(n+l)  ^  ' 


tt+I 


MO  INVBRSB  M1CTH0D  OF  8BniB§« 

Pat  Sa  -  6  =s  5 

And  a  —  6  (  =:  the  oommon  diflbrenoe  of  the  namenton)  sz  S 
Hence  b  zz  I  i 

And  a  =  2  +  1  ££  sf 

A  .J^.  x+  -?L.  »«  +  JLt*  «-  s  (te-l)  X 

l.«  2.8  n.(n  +  l) 


Let«  =  i. 


ITKm  -i-x±+^xJL+....«£i±l^xJL=  1  - 


1.2       3       2.3      S«  «.(n+l)     S*  S^c(ii+l) 


To  sum  —  —  — +-L  — €0 .    See  694. 

P         3*     6» 


713.         To  sum  1  +  5  +  9  +  13  +  4fi  —  8. 

A  S  =  4n+  1 
.   fi-  (^+8).(4n+l)^^(4i»-^3)(4n-H)  +  8^^  .^_^. 

8  8 


714.        To  sum I —  +  f -f  — ? + 

1.2.3.4         2.8.4.5  3.4.8.6 


n.(n+l) 


8 


n,(n+l).(»+2).(n+8)- 

^  g_2 (n4-l).(n4-g) 

2    (n-fl).(i»+2).(n+8).(n+4) 

^   1    1 

^T*  (ii+8)-(j»+4) 


2      n+8         «         2    (n+8)       8.0»-h3) 


715.        TosumJL  +  JL  ^  ....  ** 


1 .2.8        2.8.4  11.  (n+ 1).  (n4-«) 


WTXBfiB  (MITHOD  OF  SBRIB8.  SSJ 


A  8s 


(n+l).(n+8).(«+8)         (n+8).(n+s) 


(n  +  S)  («+8).(n+8) 

/.  8  =  Z.  JL  +  JL  +  C 

n+3  n+« 

V           Av        2v  l«v«           120V*         852v« 
(See  652.) 

!»  +  «)  «.(«  +  8)          l«.(n+3)« 


— — &c. 

l«0.(n+8)* 

/.  S  =  /.  (n+3)  + 


1  1 


»+8         2.<n+3)         1«.  (»+«)« 

l«0.(ii+S)*  252.(n+S)«   "^   240.(ii+3)»  *"  **^  +  C. 

Now,  in  order  to  find  C,  let  »  =:  2. 

^  ^  3  4         10  800         75000 

~  &c.  +  C 

•    r  —    ^     J-     ^     J.       *  1 

••''^li'^TS  +  lSS-""  ^5555-  "■'•  ^"^^^^ 

..08838833.  .  ^ 

1.00883333J 

Hence8=:/.(n+8)+ !Ltl ^ 

2  .  (n+2)  (n+3)         12.  (n+8)« 

+  ,^/    .  ^x^  -  «tc.  -  1.4228045  nearly. 
120.(n+8)*  ^ 

Tq  sum  1  +  2.5  +  8.5«  +  4.5«  +  n.5"-'. 

Here  A  8  =  (»+!).  5* 

.-.  8=  i;(»+l)5"5=(n+l)X5-  -  X{A(«+l)X.5-+i) 


538  ^     IN VBB8B  METHOD  OF  SERIES. 


But  £.5'  := 


5-1  4 


4 
And  A  (n+l)=  1 

/.  S  =  (n+1).  £1-X.  — 
^         ^    4  4 

4  16 

s=  ^*X(4n— 1)   ^   J_ 
16  16  ' 


716.         To8um-L   -  — L.  +       ^ 


2.8  2.3^ 

1  \ 

we 

hKwe 


The  oommon  ratio  of  this  geometric  series  being  (— ^ 


S  = 


—     «     —     i      —    3 


1-r         1+^  8 


To  sum  +  +  .... 

2.4.6         4.6.8  8.n.(n+l)(ii+2)' 

Here  A  6  =:  — ? . 

8.X»+l).(n+2).(n+8) 


16.(n  +  l).(n+2)       82       16.(n+l),(»+2y 


717.        Tosumi-  -  ±  +  i. - 

2  4  8 


QD. 


Here  the  common  ratio 


i««(--5-). 


1-r  1+i  8 
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•  a  .•,%.,        *   .  land  by  addition  we  ha 

S  S  =r  (»+ 1)  +  {n4. 1) n  teima  =:  ».  (ii+1) 

,  fi-.n,(»-fl) 

s 


718.        To  snm  1.4.5  +  2.5.«  +  «.  (n+s)  (ii+4). 

Here  AS  =  (i.+  l).(n+4).(n+5)=:  (n+8~8).(«+4).(»+5) 
as  (n+8).(n+4).(n+6)  -  «(n+4).(n+5) 
•••  S  =  (»  +  8)-(»«  +  8)-(n4-4).(n+6)  _    9_^,  ^ 

4  3 

(n  +  4)  .  (n  +  5)  +  C 

^  (n+8M»+4).(n+5).(3n-  8)    .    ,^ 

To  gum  J£L  +  -ii.   +...  ^  +  ^ 

1.8.4         8.S.6  n.(n+l).(«+S)* 

Here  A  S  =  ^Q+^^  =  ^(^+^)-g 

(n+l).(n+8).  (»+4)         (n+l).(»+8)  .(n+4) 

^  4  6.(11  +  8)  4 


(n+l).(n+8)     (n+l).(n+8).(n+3).(fi+4)     (n+l).(n+8) 

-  ^  +   i_ 

(*+  !).(«  +  8).(n  +  3)         (n  +  !)....(«  +  4) 


»+ 1         (n  +  !).(»  +  8)        («+  i).(n  +  8).(n  +  3) 
-.  C_      4«a  4-   17n  +  17     .,.17_       4w»  4.  17n  +  17 

(n+l).(n  +  8).(»  +  8)      «      (»+ l).(n +8)7(^1)  " 


To  sum  JL  -  _L.  +  -L-  -  ...,  « 
1.4  8.0  5.8 

Bj  actual  diyision  we  hare 

dx  —  aNx  +  J?*dir  —  ....  00  rr 


1  +  « 


9 


•  •  *  —  ■■■"       ^  — —  "■  •».• 
3  6 


/dx 
. 
1  +«* 


MO  INYSRSB  METHOD  OF  MRIB8. 

Multiplying  by  x^dx  and  again  integrating,  we  have 
«♦  x^      ,     x^  r ^,     r   dx 

+    --  ....  00 


=>"'*/tt 


1.4  «.6  6.8  ^         J  1  1-  J:* 

8  Jl+x«    J3.(l  +  x«)  s'Jl+x^      3    '^ 

+  ±    r-^^  =  fl.tan.-x+JL/.(l+«*)-^+C 

Let  X  ^  0  and  1  successively, 
Then  the  difference  of  the  resulting  values  of  the  integral 

=:JL  +  ?:!-±  =  _i_-_L_  +  _i_-   ....  the 

12  6  6  1.4  3.6  5.8 

value  of  the  series  required. 


719.        'To  prove  1  +  J-  +  -L  +  ....  oo  =  oo. 
We  have  dx  +  xdx  +  ....  oo  = 


/.  4?  +  —  +   —  + 00 

2  3 


l-x 

Now,  when  xs^  0^  1(1  —x)  sz  L  I  =i  0 
And  when  x  =:  1,  /.  (1  —  x)  =  /.  (O)  =  —  oo 

But  1  +  —  +  —  + 00  ^  -  Z.  (1  —  x)  taken  between 

2  3 

X  =:  0  and  1. 

.•.   1  +    +   ....  oo  =   —    (—  oo)  =  00 

2 


720.        To  sum  1  4.  3  +  5....  1  +  49  x  2. 
An  arithmetic  series  ==  sum  of  first  and  last  terms  x  half  the 
number  of  terms, 

.-.  S  =  (1  +  1   +  98)  £2  =  100  X  25  =  2500. 

^  2 

To  sum  — 1-.  +  ..i^  4.  ....  00.    See  085. 
1.2         2.8 


IKVBBftE  METHOD  OF  8BRIES.  ^^^ 

721.        To  sum  1  -  — L-  +  -i—  -  «. 

3.8         6.8* 

By  diTision,  we  have 

_  —  x^dx  +  x*dx  — oc  =2  —  „ 

Then**-f_  +  i.  -  «  =_.  J-f=-7r—: 

3  5  8     «/    V*'k'+*) 

Let  i/ X  =i  u. 

Then    r   _^ =    r^^     =  2  tan.-  V"^ 

A  x^  "  —  +  ....  00  =  Um.-'  */^+  C  =  tan.-^  V"*  -  P* 
3 

Let*  =  JL 
3 

Tlien  — ^—  —  .       +  .    ^.    —     80     z: 

tan.  -•  f  "-=^  -  p»  =  p»  +  30*^  -  pw  =2  30®. 

/.    1    -    -1-  +   — «    =   /J  X  30®  rs  -^ 

3.3  5.38  ^  2/s* 


To  sum  —  + ®  • 

1 . 8.5          2.3.7         3.4.9 
We  have  dx  —  xdx  +  J^rfJ?  —  «>    = 


/.  X  -—  —  +  _  —  CO 

8  3  J  l+x 


/[dx 
1  + 


dx 


Multiply  by  dx  and  integrate. 

Then  £!  -  ^L  +  ^L  -  «  =./*r   T-f^ 

«  8.8         a.  4  t'  1+* 

dx  jf 

Moltiplyingby — ^:^  and  again  integrating,  &c,  we  have  ■ 


4M  INTBRBB  METHOD  OF  SERIES. 


.-fL  + «  =  !.  CJ^fdx  rj^  =  vTx 

2.8.7  2      J      sfx  J    1+*     ^ 

J  1+X  «  J   1+X  8jl+*        \» 

/.  0+«)  -  -i  x*  -  -1 V*^  +  —  .  tan.-'  Jx. 
.9  3  8 

Let  the  integral  be  taken  between  x  szO  and  I. 
Then  J—  -  —L-  +  •  =±./.8-iI  +  ±.  ' 

8  .  5  8.8.7  8  9  8       4 

=  ±./.«+.^   -11. 
8  3  9 

To  sum  1  +  2*  +  3*  +  n*,  we  have 

A  S  =  (n  4-  0*  =  (n  -  1)  .  n  .  (n  +  I)  .  (»  +  2)  +  2 .  m  X 
(n  +  1) .  (n  +  2)  +  n .  (n  +  1)  +  (n  +  1),  by  the  metbod  of  iiide- 
tenninate  coefficients. 

.    g  _   n.jn*—  0»(w»  -  4)         n  .  (ii»  -  1)  ,  (n  +  2) 
"5  2 

^    n,(n«-l)    ^    n.(n-f  1)  +  C=2i  +  !il  +  l^-.JL, 
3  2      '  5  2  3  so' 

there  being  no  correction. 


722.        To  sum-L  -  JL  +  J.  - 

3  6  12 


The  series  being  geometrical,  and  the  common  ratio  ss:  —  J-, 
we  hare  S  =  -JL-  =  — . 

To  sum  — I + . — ^ —  + See  086. 

1.2.3        2.3.4 


i 


INVERBB  METHOD  OP  8BRIB8.  MS 

723.        To  sum  1.9.5+  8.8.0  +  n.(n+l).(n+4). 

A  8=  (n+  l).(n+2).(n  +  5)=(»  +  l).(n  +  «)  .(n+S) 
+  8(n+l).(»+2) 

4  8 

(»  +  8)  +  C 

_   n .  («  +  1)  .  (n  +  2)  .  (8»  +  17) 

12 


8,8,4.  »+l 


To  sum  — Z —  +  — Z —  +  — 1 — + 


1.S.4         2.4.6         8.5.6  n.  (n+2).(n+8) 

g  __. n-h2 •  ^  1 

(«  +  1)  .  (n  +  3)  .  (n  +  4)  (n  +  8)  .  (n  +  4) 

1 


(n  +  1)  .  (»  +  3)  .  (n  +  4) 

g^j 1 _  n+2 

(n  +  l).(n+3)  .  (n+4)         (n+l).(«+2).(n+8).(n+4) 

1  1 


(n+2)  .  (n+8)  .  (n+4)         (n  +  1) (»  +4) 

Hence  A  S  =  ^  * 


(»+  8)  .  (n+  4)         (n+2)  .  (n-^-S)  .  (n+4) 

(n  +  1)  ....  (n+4) 

1  1 


.-.  S  =   C  - 


(n  +  8)  2  .  (n  +  2)  .  (n  +  8) 


1 —  IZ  ^  ^^^  +  ^^^  "^  ^^ 

8.(n+l).(n+2).(n+8)         36         6.  (n+1)  •(n+2).(n+8)' 


To  sum       ■      -*     I       + 00 . 

1  .'5         8.7 

ABsnme  1  —  — >+  J-  —  J.  +  «o  s  S 

8  5  7 

Then  ±-J-  +  ±-±+  ....  =:  8  -  1  +  ± 
6  7  9  11  8 


^^  INTIBSB  MBTIIOI>  0P  tSlllM. 


And  bj  subtraction  ^-^  *  +  _L.  —   «»   ss  1 

1.6         8.7         5.9' 

—  --  — 

8         i" 


1.5         8.7  6 

Otherwise, 

dx 


dx  —  x^dx  4-  x^dx  —  oo  = 


1  +  x« 
Integrate,  multiply  by  x^dx  and  again  integrate ;  then 

1.+ r^fx^dx  C^Ji-^^CJa 

.7  "^  J  1  +  ««        4  J  1+a 


a;^  X 


4  jr+ 


1.5  8.7  "  Jl  +  ««         4J  l+x« 

x^dx 
x« 


Now  in  taking  this  integral  between  x  =:  0  and  1,  when  x  fidb 
without  the  integral  sign,  its  index  being  positive,  we  may  put  it 
=  1  without  affecting  the  ultimate  result. 

X*  x'  1         /*1— X*     ,  I     r.         -%j 

/.  -I^  -  -I—  +  ....  =  —  .    /  1 — 1-  dx  r=  —./(I  -x«)dr 

1.53.7  4     J    l+x«  4  -^  ^ 

^_    X     _^    x^ 

4       Ti 

Let  X  =s  1. 
Then  —1-  -      ^     + (»=,L-JLs=-Las  before. 

1.5  3.7  4  IS         6 


724.        To  sum  Ji  +  ^±i  +  iL!*  +  . 

c  ce  ce* 

By  division,  we  have 
xT  +  xT"^*  +   xT"*^  +  00=** 


1— X 


Differentiating  and  multiplying  — ,  ^ 

dx 


INVERSE  METHOD  OP  ttRIBH.  ^^ 


a  xT"*  +  (a+b).xT  +  (a+«6)  xr»"'+ ....  =     **** 


+ 


1  —  X 

m 

hxT 


(1  -  xr 


.\  a  +  (a+6)  X  +  (a+ab)  x*  + =  -^  +       ** 


1-x        (l-x)« 

Let  X  =  — ,  and  divide  by  c. 

e 

Then  ±  +  ^  + 1+-!*  + ....  :=       «         ^         *« 


ce  cf«  c.(e  — 1)         c.(e-l)« 

=  J-  X  tizl±*,wbich 
may  be  verified  by  aetual  division. 


725.        To  find  the  scale  of  irelation  in  tbe  series 
Sin«  A  +  sin.  (A  -I-  B)  +  sin.  (A  +  8B)  +  .... 

P  4-  Q 
We  have  from  the  form  sin.  P  +  sin.  Q  =  2  sin*  .   ^  ^ 


COS. 


2 
P-Q 


2 

Sin.  A  +  sin.  (A  +  SB)   =8  sin.  (A  +  B)  .  cos  B 
Sin.  (A+B)  +  sin.(A+3B)=  8  sin.  (A-f  SB)  .cos  B 

&c.  =:  fcc 
/.  Sin.  <A+8B)  =:  dcos.  B  X  sin.  (A+B)  -  sin.  A 

Sin.  (A+sB)  =  8  cos.  B  x  sin.  (A+8B)  ^  sin.  (A+B) 
&c.  =  Sui. 
Hence  the  series  is  recurring,  and  its  scale  of  relation  is 
8  COS.  B  —  1. 

The  sum  of  the  series  will,  therefore,  be 

S  —  Sin.  A  +  sin.  (A  +  B)  —  8  cog.  B.  sin.  A 


COS. 


CA-i 


8  -  8  COB.  B 

B 


8  sin.  — 
8 

vol..  I.  9  Br 
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726.        To  sum  i  +  JL  +  JL  +  oo,  which  is  a  geo- 

8  9 

metric  series,  whose  common  ratio  is  — ,  we  have 

0 

S=:-^  =  --L_  =  ^ 
1-r         j__l^  2 


To  sum  1-2  +  4  —  8  + n  terms,  which  is  a  geometric 

series  whose  common  ratio  is  —  8,  we  have 

S  =  ^^'-^  =   IX  (-2)*-  I    _      1  -  (  -  g)'     _ 
r-  1  —2-1  8 

1  ±2» 


8 


according  as  n  is  odd  or  even. 


727.        To  sum 


1.4.7  4  .  7  .  10  7  .  10  .  IS 

.    OD. 

Let  — ^.-.-.  +  ....  . ; — .»  =  S 

1.4.7  (8n  -  2) .  (8n  +  1) .  {Zn  +  4) 

Then  A  S  = — i — ; r- 

\fin  +  1)  .  (8n  +  4)  .  8n  +  7) 

,.s  =  c- , L =  1- 

6  X  (3n  +  1)    .   (3»  +  4)  24 

1 


6  .  (8«  +  1)  (3»  +  4) 

terms. 

Let »  =:  00. 


which  gives  the  sum  of  the  smes  (o  % 


Then  — \ —  +  — \ —  + oo  =  i- 

1.4.7         4.7.10  24 


To  sum  2«  +  5«  +  (3n  -  1)«. 

A  S  =:  {fin-^^^Y  =z  f8n+2)  .(8ji+5-8) 
=  (8n+2)  .  (8n+5)  -  3  X  [Sn-^U) 


I 


INVimSB  MSTHOD  OP  MRUS.  M7 

.  ft_(3n-l).(3>i+2).(3n-f5)_8x(8n-l).(aii+8)   ^^ 

3X3  SX« 

_{3«-l).(3n+2).(6«-f  1)    ,      I 
18  9 


To  sum  -J—  +  _L-  +  ^—  +  GD . 

1  .  £  5.6  9.10 

dx 


By  diyisiondr  +  x*dx  +  x^dx  +  «  =: 


1  —  X* 


.'.  or  +  —  +  —  + «i  =:    / 


Multiply  by  (2j;  and  again  integrate,  then 

x» 
I  .  8 


X^  X*^  r    ,       P    dx 

X    /Lif_  -     /Li^.       But   _i_=:±xr_i— 
^  1  -  «*        J  1  —  X*  1  -  «♦  2      V   1  -  x« 

1  +x«/ 

1  -  X*  2     J  1  -  x«  t  J  I  +x*  4 

/.i±f  +  ±.tan.-x.«od    CJ^^^L.    rJ^  + 

l-JT  8  J  1  -«♦  2     J  1  -  X« 

J^  /*  xdr      _  J_     ^   1  +  a?g 
TJ  1  +  «*         T  '   "  1  -  a?«* 

.      x«      ,      ««      ,  ^  _   a;     ;  l+ar  1      ,     l+a:« 


1.8  5.6  4  1— «  4  1— «« 

+  JL.tan.-»x 

8 

Let  the  integral  be  taken  between  x  =  0  and  1. 

Then  J-«  +  JL  +  ^^l.L±^±.l.±  + 

1.85.6  4  O  4  O 

JL     45**  =3  -!L 
8  8 

8  N  8 


^^  INVSRBE  METHOD  OF  SBRIB8. 

io3mn  +  ——....  -4-  __+.... — 

1.8.3         3.5.S»         5.7. 8»         (gn-lXai+O-S" 

In  this  series  we  will  exemplify  Demoine's  method. 

Letl  +  JL  -f  -+....    '^'^'     +-i!^=S.    Mnl- 
3  5  Sn  -  1         2n  +  1 

tiplying  ox  —  6,  and  reducing  to  a  common  denominator,  &c., 

weget2i:iix  +  gfZi^.x-.f....  (g^+na-(8n--l)^^^ 
*  3  3.6  (2n-l).  (811+0 

(oo?  -  ft)  .  S  +  6  -    ''**^' 


2tt  +  I 

Put  3a  -  6  s:  2 

And  2a  —  26  =:  1,  the  common  difference  of  the  numerators. 

Q  1 

Hence  a  =  —  and  b  =  — . 
4  4 


1.3         3.5  (2»— l).(2n+l) 

,        1  3x*+' 

+     —  — 


4  4 .  (2n  +  1) 

Let  n  =  ±/  Then  ^i-Hl  =  0, 
3  4 

And_i_  +  _L-.  +  .. ?+i =  1 

1.3,3         3.6.3'  (2n— 1),(2»+1).3''  4 

1 


4 .  (2»  +  1)  .  3* 


728.        To  sum  3  +  —  +  —  + <» ,  which  is  ageome- 

2  12 

trie  series,  whose  common  difference  is  — ,  we  have 

6 

1  -  r  1  _i.  5  ^ 

6 

To  sum  1.3.6  +3.6.7+ (2n'-  l)  (2n  +  1).  (2fl  +  3). 

A  S  ==  (2n  +  1)  .  (2ii  +  3)  .  (2n  +  6) 


INVERSE  METHOD  OP  BSRIBV^  ^^ 

.   g  _  (8n~l)  .  (2n-f  0  .  (8n+8).(2»+&)  ^'  ^ 

8 

-.  (4ng  -  1)  .  (gn4-8)  .  (8n+fil)         16 

8  8  * 


\  9  A 

729.        To  sum —  -  —  +  —  —  ....  to  n  terms,  which  is 

5  15         45 

a  geometric  series,  whose  common  ratio  is  (  —  —  J*  we  hare 

±x(-±y-j. 


S  = 

r— 1  _ 

8 


r— 1  _  £.  _   1  85  X  8^* 


_     S*;fc8* 


25X3 


-L-  according  as  n  is  odd  or  even. 


730.        To  sum — I —  + +  «. 

2.4. 6         4.6 .8 

Let  S  =:  — i +  — i-r  +  .... 


2.4.6         4.6.8  2nx2.(n+l).2.(n+2) 

1 


Then  A  S  =  — 


/.  S  =  C  - 


8.(n+l).(»+2).(n+3) 

1  _^    1  1 


16.(n+l)(ii+2)         32         16.(n+l)(n  +  2) 


Tosum-L- L-  +  — L-  - <w-    See702. 

1.3         2.4         S  .  5 


m  1  .  1  I 

731.        To  sum  — • +   . — ,    ,   .     ,'t  +  ••••  «• 

m.(m+r)         (m+r) .  (wi+2r) 

Let±+  -i-.  +  -4^  +  «  =S 

m         m+r        m  +  xr 

Then  -L-  +   -1^   +  -i— +....«=  S- J. 
m+r        w  +  2r         ot  +  or  m 


^^  INVIR8B  METHOD  OF  tBBIE8# 

.%  by  subtraction, 

r  .  r  .  1 


in.(m  +  r)         (m  +  r),(m  +  Sr)  m 

1  .  1  _       1 

CO   =: 


m.(wi+  r)         (wi+r) .  (»i+  2r)  rm 


Otherwise. 

Let_J .4-7 r4 c+ =^ =  S 

»».(m  +  r)     (m  +  r).(m  +  8r)         («+n-l.r)  (m  +  j»r) 

1 


Then  A  S  = 


(jn+nr).  (i»+n+lr.) 


.-.  8  =  0-  _-i s=  -i—  -  ^^!: — ^  the  sum  to  » 

r.(m'\-nr)  mr  r.(m-\-nr) 

terms. 

Let  If  ==  CD . 


Then  S  sr  —L-,  as  before. 


mr 


To  sum +  +  ....  ^ 


1.2.8         2.SA  n.(«  + 1).  (*+2) 

AS=  *"  +  ^  -  * 


(«+!).(»+ 2).  (»+ 8)         (n+1).  (»+«) 
1 


I  I 


(n+l).(n+2).(«+8) 


C--^+  *  -    ^  4n  +  7 


n+1     «.(tt +  !).(»  + 2)  4       2(«+l).(n+2) 

To  sum  1  +  8.d  +  8.8*  +  4.8»  +  ....  n.sr-'  =s  S. 
A  S  =  (»  +  1).  8» 

.•.S  =  3:(n+i)s-=(!L±i>i".  J:^  +  C,fiDm 

8-1  (S-l)« 

the   form  U.ua*  =:  «   -J!L.— Au__  +   a'w. 


a-1  (a-1)'  (a-iy 

Itc.     See  Appendix  to  Translation  of  Lacroix, 
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Hence  S  = 


(»  +  1)3*  _  flr*^    ,     l_ 
2  4  4 


_  3*.  (2n  -•  1)   ^     l^ 
4  4* 


732.        Given  1   +  -L  +  JL  +  ....  oo  =  —  (see 

2«         8«  6    ^ 


684)   to  find  +  +  ....  00. 

^  1. 22         2*.  S« 


Put  — L.  +  -J-,  +  .... 


1«.  2> 


2».  3' 


n*.(n+l)« 


=:S 


Now 


n\{n+iy        n+1 


-i.  +  ±  + 


n 


2 


which 


splits  the  series  into  four  others  whose  n^  terms  are ,   — , 

"^  n+l      n 

and respectively. 

n2  («+!)»       '^    . 


Hence  then 


^2   , 2    ,  2       2       2  ^ 

_+_  +    ....00     —    •-_—_— ,.,,00 


2       3 


2       3 


1  1  i      1    ■    1    I    1      I 

-—+——+•••00=  {   -r+::r+-T  + 

1.2«       2«3«  \   1*      2*     S* 


00 


-L+-L+ ....  00 

2«     32 


r-  2 
+— 

6 


+--1 
6 


^ 


=  !L  -   3  which  wiU  be 
3 


found  to  accord  with  the  re«ult  obtainable  by  the  method  of  De- 
finite Integrals. 


5M 


INVBRdE  MBTIiOD  OP  flBEIES. 


733.        By  the  oommon  rule  for  arithmetic  series  we  have 
S  =:  1  +  3  +  ....  »»  -  1  =  (1  +  «»  -  1)  —  J=  »* 

And  ff  =  2  +  4  +  -...«»  -  2  =  (2  +  «»  -  2)!llli.=n.(ii-l) 


2 


/.  S   :  S'  ::  »•  :  n,(n  —  l)  :;  n  :  n  -  l. 


734.        Tosum-JL  +  ^±^  +  .JL  +  ....    **  +  ^ 


1.2« 


2«.S* 
1 


S*.4^ 

1 


A  s= ?L±I =  - 

(n+l)*.(n+2)*        (n+l)«     (n+2)« 


1 


=  -A  . 


(1.+  ly 


.-.  s  =  c  - 


Letn  =:  00 


[n+iy 


(n+iy 


Then  S  ==  1  -  J.  s=  1. 

00 


Otherwise. 

Let  1  +  i.  +  2.  +  ....  -L  =  S 
2«         3«  n* 

Then±+i.+±+..._l_=rS-l+_l_ 
2«     32     4«         (n+lY  («+!)•  J 


'  Subtractinf; 


(n+  1)» 
the  second  firom  the  first  we  get 


»  +-^  + 


1.2' 


fi',S' 


2n+  I 
n«.(n+l)» 


(n+  !)• 


,  as  before. 


To  sum 


2« 


S« 


1.2.8.4.6 

»« 

(Sn-2).(8n-l)sn.(3n+  l),(8n+2) 


4.5.6.7.8 


7.8.9.10.11 


A  Sr= 


(n+ 1)« 


1 

T 


(an+  l).(8n+2).(8n+8).(3n+4).(8n+5) 
n+1 


(8n+l).(8ii+2)  X  (8n+4).(3»+5) 


INVERSE  METHOD  OF  SERIES.  ^^^ 


Now  since ^^ is    the  next  snccessiire  Talue    of 

(«ii+4).(8fi+5) 

it  is  probable  that    A  .  S  is  of    the    form 


CSli+l).(3»+2) 

N 


A  . 


(3n+l).  (8n+2) 

To  ascertain  this,  let 


(3n+ 1) .  (Sn+2) .  (8n+4).  (3n+6) 

=  llZ + °,  "v  ■      V  reduce  the  fractions 

(3n^  1) .  (8n+2)         (8n-|-4).(8n+5) 

to  a  common  denominator,  and  equate  coefficients  of  like  powers 
of  n  in  the  numerators.    Thence  we  find 

A  S  =  ^±1   X  —  X    $ ^? -_l_l 

3  4  ((Sn+4).(3«+6)     (8n+l).(3n+«)l 

_  J_   ^    f  (n+l).(n+8)      _  n.(n^  l)        1 

12         '[(3n+4).(3n+6)         (3n+l).(8n+2)j 

12  (8n+l).  (3n+2) 

•   S  =  C  +  J.  M-(»+0  _  n.(n+l) 

12*  (3n+l).(3n+2)         12.(Sn+l)  .  (8n+2)  V 

Let  n  =  00 

ooxoo  1 


ThenS=: 


108  X  »  X  CD  108 


Otherwise. 
The  series  may  be  reduced  to  this  form 

»     +     '     +.., ; — A-^^ =3.s. 


1.2  X4.5       4.6  X  7.8        (3/i-  2).(3n- 1)  X  {Sn+  l).(3n+2y 

Assume  +  +  .... .  /  =  s 

1.2  4.6  (3n -2).(Sn-l) 

Then +  +  ... r  =    « 

4.5  7.8  (3n+l).(8n4-2) 

1  1 


(3n+l).(3n+2)  2 
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,%  by  subtraction  we  get 
18         .    2  X  18     ,  M  X  18 


1.2X4.5      4.5  X7.8  (3n-2V(Sn-l)  x(3n  +  l) .  (S»+2) 

.  Jl^ 1^ _  9n^  +  9n jj^^^ 

2  (3n+ 1)  .  (8n4-2)         2.(Sn  +  l).(Sn  +  «)* 

88= ?y:ii 

4.(Sn+l).(3n+2) 

/.  S  =  !^±Jl -as  before. 

12.(3»+l).(3n+2) 


735.        To  sum -  +  —  ....  ±— -— 1— 

1.4  2.5  3.6  ».(n  +  S) 

Let  —  —  —  +  —  —  —  +  —  —  ....  ±  —  =  s 
12  3  4  5  n 

Then  -JL  +  i-~i.  +  JL--L  +....  qp  _i-  rr  * 
4  5  6  7  8  «+S 

,.1              1-,-lj-^-f-l         —c  ^ 

—    1    +   —    —   —  ^   ±  X   =:      S      —    — 

2  3  n+1         n+2         n+3  6 

3:  ^ — II ZL Hence  by  subtraction,  we  have 

(n+l).(n+2).(«+3) 

G    «        5  7       ,  ,       2»+8      _    5 

1.4  2.5  n.  (n  +  3)         6 

+  Ii — It accordinir  as  n  is  odd  or  even. 

■^  (n+l).(n+2).(n+3) 

Let  n  =  « 

Then  S  =  i-  ±  -^  =  i.. 

6  oo^  6 


rr                1.4,  3»  —  2 

To  sum +  +.... 


1.8.4         2.4.5  n.(»+2).(w+3) 

^p_  8n+l  _  (8n-H).(n-f2) 

(»+ 1).(«+8).  (n+4)         (n+l).(»-f  2).(n+S) .(«  +4) 

^3(n+l).(n+2)-2(n-H)~2 
(»+l)....(n-h4) 


IMVRE»  METHOD  OF  HRIBB.  M5 

8  2  2 


(»+8).(n+4)     (»+2).(n+S).(»+4)     (n+l)..(n+4) ' 


«+8         (n+8).(n+8)     8.(n  +  l).(n+2).(n +  8) 

rr  C  —        g«*4-g4n+18  ^13_       9n«+84n+18 

8(»+  l).(n+2).(n  +  S)""Ii     S.(n+  l),(«+«).(n+8)  * 

Let  n  =  QD    . 

ThenS  =  i»-^  =  15. 

18  8x3  18 


T^     «.m.M      1  1,1.8  1  .S.S         , 

'  lo  sum  1  —  —  +  —  +  ....  « 

8  8.4  8.4.5 

Let*  =  fl  +  -^  0:4  +  ill  J.5  +  ....  « 
8  8.4  8.4.5 

Then  ^  =  dap  +  i.  a?da?  +  ill  x^da:  +  ....  oo 
x^  8  8.4 


/: 


-^     =    X    +    +      X^     +     .... 

x>  8  8.4 

=:  or  +  —  8 

X 


.        ^      —        J^  L     <^  5<i^ 

. .  —  =    ax   +  —  —   ,  or 

x^  X  x^ 

ds.  (1  —  ar)  =  x^dx  —  scte 

/,  ds  + s  =:  ,  which  being  a  Linear  Equation  of 

1— «  l  —  x 

the  first  order  and  degree,  assume 
s  :=:  Pz  (P  being  a  function  of  x  at  present  undetermined) 

ThenzdP+  Pdz  +  JfL.  Pz  =z  f!^ 

1— X  1— X 

PutPcfe+ -^.  Pz  =  o.    Then 
1-x 

^=:--g^,  anddP=      ^'^     , 

Z  1— X  (1  —  x).z 

.•.  fe  =  /.  (1  —  x),  or  z  =  1  —  X 
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Hence  rfP=-i!^  =  dx  +  ?^^L:^^  +       ^ 

.\    P  =  X  +  ^  (ar*  -  ar  +  1)  -  JL 

Hence  «=:  P«  =  j?  x  (l-«)  4-  (1— j:).  ^  (1  — x)^  —  1,  which 
being  taken  between  x  :=  o  and  (—  l)>  gives 

-  —  +  -1-  -  -ill  +  «  =  4  W  -  2 

3  3.4  3.4.5 

..  1  — •  —  +   —   +    ....  «    =  4(.2  —  1. 

3  3.4  3.4.5 


736.        To  sums  +  2  J-  +  2^  +  3+  3  JL+...  13teiiii8 

3  3  3 

which  IS  an  arithmetic  series,  whose  common  difference  is  — »   we 

3 

have 

*S  =  (2a  +  5r=n".6).^=(4+  12  >C—\  15=  8  X  — =  52. 

2        ^  3/2  2 


To  sum  _L_  +  ^—  +   _L.  +  .... 


1.3  3.5  5.7  (2»— l).(2n+l) 


Assume —  +  —  +  .. =  s 

1  3  2»  —  1 

Then  .1  +  J-  + 1 —  =  s- 1  +       ^ 


-  /.  by  sub- 


3  5  2»  +  1  2«  +  IJ 

traction, 

2^2,  2  ,  1  2ji 

+ +  .•••  ,    , r  s:  1  — 


1.3         3.5  (2n-l).(2n+l)  2n  +  1       2n  +  I 

»    +-!-  +  .... 


1.3  3.5  (2n— l).(2n+l)         2n  +  1 


A  s  =: 


Otherwise. 
1 


(2w+l).(2n  +  3) 
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A  «  =  C  - 


.,  as  before. 


2.(2n+l)         2n+l 

737.  Figurate  numbers  of  the  first  order  arise  from  taking 
the  successive  sums  of  the  natural  numbers ;  of  the  second  order, 
from  the  successive  sums  of  the  first  order,  and  so  on.    Thus, 


Order. 

Flgnrata** 

Natural  Series. 

1,  «,    8,    4,    6  

1st  Order 

1,  8,    6,  10,  15  

2d  Order 

1,  4,  10,  80,  85  

&c. 

&C 

GeoenlTenu. 


n« 


n+1 
8 


n.(n+l).(n-f2) 


2.3 
&c. 

The  general  or  n^  term  of  one  series  is  evidently  obtainable  by 
integrating  the  (n+ 1)*^  term  of  the  preceding  series. 

Now  the  n^  terms  of  the  p^y  (p+ 1)"*,  (p+2)"»  orders  being 

n,(n+l)....(n  +  p)  w-(»+l)«-«(»+p+l)  n.(»-f  l)  —  (n-fp+2) 
1.2  ....  p+1        '  1.2  ....p+2  '  1.2  ....p+S 

respectively,  we  shall  have  the  general  or  n^  terms  of  the  series 
formed  by  dividing  the  figurates  of  the  p^  order  by  the  correspond- 
ing ones  of  the  (p+ 1^  and  {p+2y'  orders  respectively;  viz., 

P+^     and — (P^^Kp+^)       :  and  it  remains  for  us  to 
n+p+1  (n+p  +  l).(«+p+2) 

shew  that  the  series  (p+9)  X  | + +  ....  «}  is  infinite, 

lp+2      p-^a 

and  that  (p+2).(p+3).$- L -+.    ^    l^ r+ ....«} 

^^^    '^      '|(p+«).(p+3)    (p+«).(p+4)  ^ 

is  finite. 
By  division, 


af^^dx  +  af^^dx  +  ...  <»=: 


l-« 


p+2        p+i 


dx 

X 


=zf{a*dx  +  ar-*cte  +  a^-^dx  +  ....  dor  +  -^1 


9«8 


INTBIIBE  METHOD  OP  MBIBB. 


^  +  fl  +  £1+ x-/.(l-x),  which  bring  taken 

p+1         p        p-1 


betwe^  the  limits  of  jt  &=  0  and  1,  we  haTe 


p+8         p+S  p+1 


1 


p  p-1 


+    ....   1    +    00 


=    00 


\p+ 


:.  (p+8) .  J— ^  + 
"■^     ^  )p+i      p+3 


+  ....  QO  J  =:  CO . 


Again,  let  — — -  +  — —-  +  ....  co  =  « 


p+2 


Then 


1 


1 


p-^S         p+4 
/.  by  subtraction 

1  1 


+  ....  00  ^  s  — 


p+8 


OD   =: 


(p+»).(p+3)  (p+8).(p+4)  p+2 

•••  (P+«)(P+S)  X  J-— -J-— -_  + L -.  +  ....«} 

i(P+«).(P+«)       (P+8).(P+4) 

s=  p  +  S,  a  finite  quantit  j,  when  p  is  finite. 


738.        To  sum—  +  J_  +  JL  +  oo . 

1*        3*        6* 

The  factors  of  sin.  a;  being  x^  x±w^  x±8ir,  &c.  (because 
sin.  X  =  0  is  satisfied  bj  substituting  for  x  the  yalues  0»  ±  «• 
±  Sv,  &c)  we  have 

m.  xsix.  (x^  -  *)  (a?«  —  ««  »«) OD 

=r  J?  — +  .    Hence 

2.3.4.6 

^  ...  Qo  =::  0,  is  an  equation  whose  roots 


x* 
1  --f_  + 


2.3 

X* 


2.3  2.3.4.5 

are  ±  V,  ±  2»,  3tc. 

Put  y  =  —  and  multiply  by  y"^. 

X* 
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659 


Theny 


y 


2.8 


-r  -  ....  r=:  0  is  an  equation  whose 

2.3.4.5 
L.,  &c. 


roots  are  — ,   , 

Now,  if  pf  (j^Ty  &c.  be  the  coefficients  of  SS  3**,  &c.  terms  of  an 
equation,  and  a,  6,  c,  &c.  its  roots, 

p^a  +  6  +  c+  .... 

p«  -  8g  =  a8  +  6*  +  c«  +  

p3  «.  3jp  ^  3^  -:  ^s  ^.  ^3  4.  33  ^  ,„,    See  Tfarin^'s  Theorem. 

&c.  =  &c. 


/.  ^  + 


2«flr« 


t3«.S 


+  .•..  =  p  = 


2.3 


.    ±    +    i.    +    ±  +   =  ![! 

1  2«  32  6 


Also  JL  +  ±  +  J-  +  l-  +  J>+  «  =  (p«   -  «fl)  »4 

1         24        3*        4*        6*  ^^  ^' 

(1  1  \  v^ 

—  —  — A  v^  ==  — ,  and  similarly  the  sums  of  the  other 
36  60)  90 

even  powers  of  — ,  — ,  — ,  &c.  may  be  found.    We  hare  found  /• 

123 


2*       8*       4*       5*       6*  00 


2*  4*  6*  16  X 


.'.  by  sub- 
traction 


—  +  _  +  — +.,..oor2 —  — 
14  34  54  90 


16X9C;. 

.4 


16x90 


96 


739.        Since  we  have, 

Sj  =  a  +  (a  +  d)  +  (a  +  2d)  +  .,..  / 

8j  =:  a2  +  (a  +  iO«  +  (a  +  2(0«  +  ....  /« 

&c.  =  &c. 

S»«i  =  a"^i  +  (a  +  d)"^i  +  (a  +  2d)--^   +  .... 


1 
&c. 
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And  A.S..a  =  (l+dy^^t  A.S..1  =:  (/+d)*"». 

Now  A  (/  +  d)-  =  (/  +  d  +cO*  -  (Z  +  rf)*  =  md  (Z  +  dT'^ 

+  m.!!^  d2  (I+d)-«  +  m  .  !!^.!!^  d*,(Z  +  lO^,  +..... 

8  9S  o 


tomtenns  =ffidx  A.S^i+ m.^_ld2  x  A.S«^2  +  «.^LJ  x 


m— 2 
3 


d^  X   A.S^3  +  ....9  and  integrating,  we  have, 


+  &c.  +  C 

In  order  to  determine  C,  we  will  take  one  term  of  the  series  only. 
Then  Z+d  =  o+d,  S^^  =  a— S  S..,  s=  a"*"*,  &c. 

.'.  (a  +  <0*  =  «MZa""*  +  w».  ^^II^d^aT'^'h  &c.  to  m  tams  +C 

=  (a  +  d)-  -  a"  +  C. 
/.  C  =  a" 
Heuoe  we  finally  obtain 

(I  +  d)«  =  a-  +  i»»d  X  8^,  +  ?l^J=J:d-  X  S.^  + 

2 

**  "^  1     m  -  2^3  5^  s^  +  &c.  (m  +  1)  terms. 


2  8 

This  Theorem  will  enable  us  to  smn  all  series  of  the  form 


a'  +  (a  +  dy  +  (a  +  2d)'  +  ....  (a  +  n-^ljy 

Ex.a  +  (a  +  d)  +  ...a  +  (n--l)d=:<^  +  df  ^  a- ^  w^ 

2d 


=  (2a  +   n— l.d)_. 

2 

It  will  also  very  readily  give  ns  the  relation  between  the  snc- 
cessiye  sums  of  the  powers  of  the  roots  of  an  equat]<Hi,  when  the 
roots  are  in  arithmetic  progression. 


740.        To  sum  cos.  A  +cos.  2  A+cos.  8  A+...  cos.9iA=  S. 


INVBRBE  METHOD  OF  8BRIB8.  ^^^ 

M idtiplj  both  sides  by  8  sin.  ^    Then  by  the  form 

8co8.L±-S .  sin.  Lz3  =  sin.  (P+Q)-8in.(P-Q),  we  h«?e 

2  sin.  — .  COS.  A  =  sin. —  sin.^i.. 

?  8  8 

A    .  *      A.  A  A  6A  oA 

2  sin. COS.  8A  2=  sm sin 


2  2 

A   •       A            „A         :        7A         .      6A 
8  sin. COS.  SA  £=  sin —  sin. 


8  8  8 

&c.  zz  Sic, 

^.A  A         -     2n  +  I    A       .8»—  1a 

8  sin .  COS.  n  A  =:  sin.  A  —  sin.  .  A 

8  8  8 

And  by  addition 

8sm.— .  8  =  sin.  — Z—  A  -sin —  s  8 sin — A. sin.  -JLl  A 
8  8  8  8  8 


...  S  =  .in.  (!L+i)^  X 


sin. 

8 

nA 

8 

sin. 

A^ 

2 

Let  nA  s=:  8« 


8V 

2w  +  — 


in.^l±-!i^  =  8in. !!.=  sin.(»+-!l^=-sin.- 

8  fi  »/  * 


Then  sin.  ^_ 

8 

Also  sin. =  sin,  »  =:  0 


.*.  in  this  case,  S  :=  0, 

Or  COS.  ^  +C08.— +  cos,—  +  ....cos.  8  v  =  o 
«  n  a 


Tisum—  -_  +  —  -— +  ."  00. 
8  8  4  6 

VOL.  I.  8  O 
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By  division,  4;  -  «»  +  x»  -  ....  op  =  -^.      IKfferentmte, 

multiply  by  x,  and  integrate ;  the  result  will  be 

+    «^*   .-         00  =    C  ^^      =    T— 
^  ~4"      J  (!+*)•        J  1+' 

-.    /l.^==f.(l+x)  +-i.+C==/.(l+x)+--i--* 
J(l+a:>  "^        ^        1+x  1+x 

liCt  or  =  1 

Then  _--!.  +  —-  .-.  00  =  /.2  —  _. 
2  3  4  2 


x2    _^    2a:« 


74L        To  sum  2»  +  4«  +  6*  +  ....  {%n)\ 
A  S  =  2«.(n+l)*  =  4n.(n+  1)  +  4(n  +  1) 
.V  S=  M^"OX«H-^)  +  2.».(»  +  1)  +  C 

=  1..  «.  (n  +  1)  (S»  -H  1). 

8 

Again,  let  1«  +  2*  +  ....  «'  =  «• 

Then  A  *  =  (n  +  1)»  =:  n.(n  +  l).(n  +  «)  +  h  +  1 

.  (n-l)n.(n+l).(n+2)  ^  njn  +  l)  ^  (3 

_  n^.(n  +  1)»  _  r     n+1  V 
4  ^  *     8     / 

But  I  +  8  +  8  +  ....  n  =  (1  +  n).  iL 

...  18  +  ss  +  ....  »s  --  (n,2±l  y=  (1+8  +  S  +....»)«. 


742.        The  n^  terms  of  the  progressions  are 

1    +    n-l,  1  +  n-l.  8, 1  +  H-l. 8, ......  1  +  n-l.f 

respeetirely. 


INVBRSE  M£TttOD  OP  CAltlftB.  S6!S 


\  S  =  (1  +  n— 1)  +  (1+  n— 1.8)+...(1+  n-l.p) 

=:  p  +  (»-l).(l  +  S+3  +  ....p)  =  p+(»-  i).y'(P+0 

S 

2 


743.        To   sum   _i_  +  _•_  +  -J£^  + 

1.2.1.8         2.3.8.5  8.4.5.7 

4»+l 


».(»+!)  («»-l) (««+!)' 

Assume  — L.  +  -JL  +  JL  +  ...  -_J — -  =  « 
1.1  2.8  3.5  n.(2ll-l) 

Then  -i-  +  JL  +  -1-  +  ...  5 ^ c  =  «  -  1 

2.8  3.5  4.7  (n+l).(2»+l) 

1 


(n+  l).(2ii+ 1) 
By  subtraction  and  reducing  to  a  common  denominator,  we  bare 
5         ,        ».13."  4»+l 

+     --T-- + 


1.2.1.8  2.3.3.5  3.4.5.7  n.(n+l).(2n- l).(2n4.l) 

=    1    - J 

(n+l).(2n+l) 

Let  n  s=  00 

* 

Then       ^       +  -J —  -f  oo  =  1. 

1.2.1.8  2.8.3.5 

The  more  scientific  and  infallible  method  of  summing  series  of 
the  above  form  is  that  of  Definite  Integrals  so  frequently  exempli* 
fied  in  the  progress  of  this  subject.  The  applicability  of  BemoulH'i 
method  of  subtraction  in  this  instance  as  well  as  in  those  of 
No.  784,  depending  upon  the  difference  of  any  two  soeoasdTe 
den<miinatoni  in  the  assumed  series  being  some  nmltiple  of 
the  corresponding  numerator*  in  the  giwoi  series*  must  beiery 
limited. 

2o  2 


£64 


INVERSE  METHOD  OF  SERIES. 


To  sum  — L-  +  — i^  +  — i-  +  ....  00.  =  S. 


1.8« 


S.5 


«;* 


b.r 


The  general  term 


n 


(2»— 1).  (2n+l)« 
the  usual  methods  into  the  Partial  Fractions, 
1  .1.1 


may  be  decomposed  bj 


«.(2»— l).(2/i-H)  4.(2it  +  1)«  8.(2»+l)  8.(2h-1) 

.-.   S=  JL.  j—L.  +  -i-+  ....oo}+-L.  I—  +  -i 
8      J  1.8  8.5  4       CS«  5« 

+  ....00}  +±   X    I—   +   —   +   i.+  ....oo-±  -   ±-1 
8  l8  5  7  13  5 

—  ....  00  }  =  — .  3 +  +  ....  00}  + l_  +  -« 

2      I  1 . 8  3.$  ^         4      |3«         5* 

+  ....  oo}  — 

8 


Let  1  +  —  +  —  +  00  =  i 

3  5 

Then  JL  +  ±  +  ±  +  ...  oo  =  s-lf 
8  5  7  J 

ftc,  we  get 


•*.  by  subtractioD, 


1.8  S.6 


oo=± 
8 


Also  i-    +     JL  +  00  = 

8«  52 

Hence  S  =  ±  +  ^-±- 

4  88  4 


—  —  1     (See  889  or  788) 


I 


!r« 
32 


1 


Tosnm  1  +  -i-  +  i^  +  ±1^  +....  ^^»  +  0 


1.8 


8.3« 


2.3^ 


8.8' 


8xa» 


INVERSE  METHOD  OF  SERIES.  ^^5 


/.S  =  i.3:.{(n+l).(n+2)  X  L\ 


=  -L  X  {(»+l) .  (n+2)  X  S.  -i-  ^    A  .  (n  +  1). 

«  0 


^         s»+»            *  ^       ^^ 

'•  T 

^     '  s*^* 

Now,  since  A =:  — r- 

~ 

a"           a- 

a-          I -a 

X 

I 

Hence  r    *   :-  -        ^ 

S"               2  X  8*~* 

T«       *       -          ' 

^ 

3^»          2«X3"-* 

V3          1         ^              1 

S-+2           _g.i.3— 1 

Also  A.(n+l).(n+2)=r4n  +  2,  and  A  « (71+ 1)  (n+2)  =  2. 
/.  by  substitution, 


8=0  - 


L  X   [^Jl±ll^l±^  +     n+2     _j^  1         1 

2  I     2.S*-»  2.a"^'  2«X3"-4 


^  Q  _  2ng+8n+9  j^  27  _^  2ng-h8n+9 
"  8x8"^*  8  8.8"^^ 


744.        In  any  arithmetic  series,  whose  first  term  is  a,  and 
common  difference  6,  the  fC^  term  is 

a  +  n— 1 .6. 

Here  o  =  IS,  6  =  —  — ,  and  n  =  28. 

8 

9 
/.  the  28*  term  of  18,  12 —  &c.  is 

3 


4^  1KVSR0E  METHOD  OF  8SBlSft« 


18  +  S7  X  (  -  -U  A  c?  13  -  9  ac  4. 


<-i) 


To  aum  S  —  —  4-  —  --  +  <» »  wbich  is  a  geo- 

8         18         108 

metric  series*  whose  first  term  is  8^  and  conrnion  ratio  —  — ,   we 

6 

l»Te,  (see  TFoorf.) 

a  2  12 


S== 


l-r        l+i         7 


745.        To  sum  1<  +  S*  +  5^  + Id  terms  =S. 

AS  =  (8»+l)«  =  (2n+l)(8n+3)  -  8.  (8«+l) 

.^  g  _  (8«-l).(8»+l).(8n+8)  _    (8»->l).(8n+l)  ^  ^ 

6  2 

=  i  X  (4n«  -  1) . 
8  ' 

Let  n  =  18 
Then  S  :s:  4  X  57d  s  8800. 

To  smn  x  +  2x^  4-  Sx^  +  «»"»  we  have  the  geometric  sen 


«  +  x«  +«»  + ar  =  52i^!zi  =:  £!lZLf,  anddiflem- 

4?— 1  « — 1 

tiating  and  diriding  by  —  we  get 

X 


x  +  8««  +8a?»  +....naf=  — !_.  x  («4;"Xx-l  -  n^-l). 

(«- 1)« 


To  sum  ^.  +  —  +  ....  oo ,  see  689. 
1«         8« 


746.        To  prove  that 

-  a  X  1"  +  «.  illi  8-  -  nizl.!lzl.  8"  +  JcnrszO 

8  8        8 


(a  and  m  being  integers  and  m  <  a)  we  have 


INTBIISB  MSIWOD  OP  SIAIBS.  ^ 

1  -*  lur  +  n^^lzlx^  -  ....  ±  a»  2=  (1-x)*,  •".  dilfcfentiatiiig 

—  n  +  n.  !LdL.  X  ««  —  ....  ±  »w^'  =  «  (1 —*)""• 
Multiply  by  x,  differentiate  and  divide  by  dx^ 

Then  -  n  +  n.  !Lli.  2«ar  -  ±  n««-'  =  n.  (1  -*)•"'  - 

2 

n.  (n-l)x.  (1— ar)— '. 
Multiply  by  x,  again  differentiate,  5cc.  and  we  get 

—  n  +  ».  lui.  «««—....  ±  n«  a:^»=  n.(l-.x)"-»— 3n.(n-.l)  x 

2 

X,  (1  -  ar)-«  +  n.  (n- 1)  .  ("n-2)  a?*.  (1  -«)-• 

&c.  :r  Jtc. 

Hence  it  is  manifest,  that  by  repeating  the  operation  a  snfB- 
dent  number  of  times,  we  shall  at  length  arriTe  at  flie  form 

-  n.  1-  +  n.  !LlJ:.  2-x  -  ....  ±  n*  «*-•=:  d  X  (1  -a?)*^, 

2 


(Q  containing  (1-a:)— ',  (l-o:)"^,  ....  (l-a?)S  (1-x)  with 
their  coefficients) 

Letx  r:  1. 
Then-n.  l"+».  1^=1.2"' -iii!li:I.!Llf.  s- +  ±  iT 

2  2  8 


=  Q'  x(l  -  l)"^"*  which  =:  o,or —   (to  be  determined  in  each 

ca^)]  according  as  n  —  m  is  positive  or  negative,  or  as  m  is 
<  or  >  n.  When  n  =  «,  since  the  coefficient  of  (l— x)*^ 
is  evidently  ±  n.(ii— 1)  (n— 2)  ....  to  n  terms  =  ±  «X  («- 1)  X 
(n— 2)  ....  8.2.1,  and  the  other  terms  vanish  when  x  =  1,  we 
have 

-n.l-+n.  !lZl.  2«-  n.!^.!i=l.S*+....±n-=±i..(n-.l)x 

2  *         * 


^^  INVERSE  METHOD  OP  SERIES. 


or  »•  -  n.  (n-  !)•  +  n.  UL.  (n— «)"  ....  q:  n.  1"  r=  n.  («- 1) 
S.8.1.     See  also  750. 


1  1 

747.        To  sum —  +  —  +  ....  «.     See  684. 

T.BiiHi    ^0  ■  ^«  +   ^«  -  ^^     +  (8n+8).(8n-H  15) ^g^ 

S.4.9.12     4.6.18.15  ■4.n.(n+l)x(Sn+6).(S»+9) 


A  S  = 


(8n+10)  .  (Sn+18) 


4  .  (n  4-  1)  .  (n  +  2)  .  (Sn  +  9)  .  (Sn  +  18) 
(n+5).(n+6) 


6(n+l).(n+2).(n+3).(«+4) 

1  8 


6.  (n+1)  .  (n+8)  3.  (n  +  1)  .(»  +  «)  .  (»+  ») 


8.(n+l).(n+2).(n+8).(n+4) 
1  1 


••.S=C- 


6.(«+  1)     8.  (n+l).(«+2)     9.(n+l).(»-|-2).(i»+S) 


_^  8n»4-21n-f88         ^lg_  8»g+81n+88 

""  18.(n+l)  (n+8>(»+3)"54     18.l«+l).(n+8).(n+3)" 


748.        To  sum  —  9  —  7  —  5  —  ....  20  terms,  which  is  an 
arithmetic  series,  whose  common  difference  is  8,  we  hare 

8  =  (8a  -f  n-l.ft).-^=  (-  18  4-  19.8)  10  =  800. 

8 

A  ^ 

To  8«m  1  +  —  +  —  +  ....  10  terms,  which  is  a  ceometric 
8  9 

series,  whose  common  ratio  is  — ,  we  have 

8 


INYBRSB  MCTHOD  OF  8BRIBS. 

Sr=  ^'^■"^  -.  (f)^Q  — 1   _  8^<>-8*o 
r-1     ""       l-l  (8-S)3» 

_,   1024  —  59049   _.  f580g5    _    58085 
Z39  8«        ""     19688 


To  sum  1.2  -f  8.3  4-  ...•  n  teims,  see  685. 


sa» 


749.        To  sum  —  +  ....  n  terms.    See  706. 

1.3  8.4 

To  sum  — L-  4-  -^  +  +  ••••  00  =  S. 

8.3  4.5  6.7 

xdx 


By  division,  orcKx  +  x*da:  +  ....  00  =  -- — 


ar« 


/.  f!  +  ^  +  « 

8  4 


/xdx 
T^x^ 


Multiply  by  dx,  and  again  integrate.    Then 

-.     r^!^  =  x-i-L.Z.(l-x)   -  JL.  Z.  (1+x). 


2.3  4.5  2 


760.        To  prove  that 
n-^n{n^  8)-  +  ».  ^.  (n  -  4)-  -  ....  to^   or  !^ 

terms  ^  1.8.3....  n  x  8—',  we  have  by  the  theorem, 

A*tt.  =  u,-H.  -  ~.«H— «+»-^^^"'^--' "  ....(»+!).  terms, 

1  8 


^70  iNTimss  BUVROD  ap  smmsw 

*-  ....  (a  +  1)  terms. 

Let  m  =:  n,  and  x  =  —  — 

2 

""'■•(-T)"=(f)"-T("-i^y+-^'' 

(  !LZ*  y  -  ...  (»  +  1)  termfl. 

But  generaUy  (as  it  maj  be  easily  proved) 
A'.x"  =  1.2.3....n,  whatever  be  the  value  of  x. 

:.  1.2....II  X  «"  =  «•-  ».  («  -  «)•+  ».  ^^^  («-  4)*  -  .... 


»— 1 


db   «.  :i_l.(n-2.»-8)-  q:i..  («  -  8  n-1)-  ±    (»   -   Sii)", 

according  as  n  is  even  or  odd. 
Now,  vrhen  n  is  even 


+  (ii-2.»— 8)*  =  +  (n  -  4)- 
And  vrhen  n  is  odd 


-  (»  -  2.  »-2)»  =:  -  1  X  —  (n  -  4)"  s=  («  -  4)" 
And  the  same  may  be  proved  of  the  other  terms. 
/.  collecting  extremes,  and  dividing  by  2,  we.  get 

1.2...n  X  2*-'  =  n?'-tt.  (n  —  2)'  +  n.  IZi  (»  -4)-  —  ...  to  iL 

2  2 

or -3-.  terms,  according  as  n  is  even  or  odd,  which  was  to  be 

proved. 

If  we  put  X  =  0,  in  the  equation 

A".x»  =  (x  +  n)"  -  n.(x  +  n  —  1)"  +  n.?Zi(x  +»— 2)" 
—  ...  (n  +  l)  terms  we  have 

A\o    =  n-  -n.(«-  1)*+  ».  ^^.  (»  -  2)*  -  ... 

3? 


INVBBU  MBTHOD  OP  itItllS.  Hi 

And  mioe  A*  x"*  35 1^  ....A 

A*^;c"  =  0,  whateTer  be  the  value  of  «. 
A  «•  -  ».(»-  !)•  +  H.  !Lll.  («  -  8)«  -  ...,  sz  1.9.S n 

And  (»+pT-(n  +  p).(n  +  p-  l)-+(n+p).!l!±£_I_ix 

(n  +  p  -  «)•  -  ....  =  0 

whatever  be  the  positive  integer  values  of  p  and  n.     See  746. 
By  giving  «  different  values  in  the  equation 

A*.a*  s=  (x  +  a)*  —  ».(«  +  n  —  l)"  +  ^kc  many  other  sin- 
gnlar  results  may  be  obtained. 


761.        To  sum  J-  -  —  +  ..*•  «.      See  C84. 

To  sum  1'  +  3^  +  5^  +  ....  (8n  -  l)*  =r  S,  we  have 

A  S  =  («n  +  1)»  =  A.  (2n  +  1).  (Sn  +  8).  (««  +  5)  + 

B.  (8n  +  1).  (8a+S)  +  C.  (Sn+l)  +  B  by  supposition ;  whence 
by  equating  coefficients  of  the  same  powers  of  n,  we  get  A  =  1, 
B=  -6,  Cr=4andD£=0. 

/.   A  S  =  (811+1)  (2n+S).  («n  +  5)  -  6.  (2tt  +  l).  («n  +  8) 
+  4.(«n  +  l). 

.    g  ^   (8n-l).(8n+l).(8n+8).(8n+5)  ^  (g^^i).(8^+i)^ 

8 

(8n  +  3)  +  (8a  -  l).  (8»  +  1)  +  C  =  ^±i!fil!    «  ±. 

9  8 


752.         To  sum  1«  +  8«  +  7«  +  15^  +  ...(8"  -  l)'  =;S. 
A  8  ss  (8"+*  -  !)■  =:  V^*  —  8  .  8*+'  -f  1 


Wd  INVBR8B  MiBTHOD  OP  SERIES^ 

/.  S  =s  X  .  4*<-'  -  2  .  8H-«  +  r  .  1 

=    ^  -  r +  n+C 

4—1  2-1 

4*+*  A 

3  3 


To  sum .  -_-  +  .  —  +  ..„  00   we  haye  by  divisico 

xdx  +  x^dx  +  Qo  =  ^^^ 


1-a: 

2  3  Jl-ar 

Multiply  by  dx  and  again  integrate, 

8.4  -^      J  l-x        J  l-x 


Then-£l     ■      ** 


a.  8 


/.(l-ar)+  C=Z.  (1-*)  x(l-:t)  +  x-  f!. 

2 

Let  x  =  — ,  and  divide  by  —  :  then 

2  *^     4 

JL.2.  +  JL.±  + =  2./.f±V+2-  i 

2.82  3.4     2«  VS/  « 


=    ±  -  2  /.  2. 
2 


753.        To  sum  2+s  +  —  +   20  terms,  which  is  a 

2 


f^metric  series,  whose  common  ratio  is  .  -L,  we  have 

2 


n 


INYKBBE  METHOD  OF  SBRlBft.  ^7^ 

I  a 

r-l  i-l  \2J 

:.  Log.  (I  +  S)  =  log.  (±y°=r  so  .  /.i.  :=  80  .  (  log.  8  - 

log.  2),  whence,  and  by  aid  of  the  tables,  1 +S, 
And  /•  S  may  be  found. 


To  snm  +  +  + n  tenns.     See  683. 

1.8         S  .  4         8.5 


To  snm  ^—..^  -4-  ^_—  +  •.••  ■  4- 

1.8.8         8.4.6  (8n+ 1)  .  8».  (2i»  +  l) 

&c.  to  X  . 

The  n*^  term  = — -L_ = 1- 

(2n-.  1)  .  2ii .  (2»+ 1)  (2«- 1)  .  (2r  +  l) 

1  1 


+ 


2it+l         2n 
It  appears  then  that  the  series  may  be  transfonned  to  + 

1.8 


-f*  .•...  00 


8.  5 


V2  8  4  5  ^ 


Let  JL  +  -i—  +  ....  7 r^ r  2=  * 

1.8  8.6  (2n-  1)  .  (2»  +  l) 

1 


Then  A  <  s= 


/.  s  =  C  - 


(2»  +  1)  .  (2n  +  8) 

1  _  J_  _  1 

2.  (2n+  0  2  2.(2»+  1) 


.^ =  —  when  ft  =:  oD . 


2n+  1          2 
Also,  since  /.  (1  -f  x)  =  x  —  —  +  —  — • 

2  8 

.-.  /.  2  =  1  -  J-  +  —  -  i.  +  • 

2  8  4 


V2  8  4 


1. 


^74  INTBMIt  MIBTHOD  OP  BSRIBS. 

SabBtituting  these  values  we  /.  get 
*       +  — I — +  •  =  JL  +  Z.8- 1  =  ^.8—  ' 


1.2.8         S.4,,5  2  2 


764.        To  sum  1.8.4  +  8.8.5  +  ....  ft  terms.     See  704. 


To  sun  —  +  —  +  —  +  —  +  ....  n  terms,  which  isageo- 

3  2  4  8  ^ 

metric  series  of  the  common  ratio  — ,  we  have 

8 

r-1  f-1  6 

/.  Log.  (6  S  +  1)  =  n .  (log.  8  —  log.  8)  which  will  gife,  by 
tabidar  reference,  6  S  +  1,  and  .*.  S  the  sum  required. 

To  sum  1.8+8.S:p+8.4xS+  od  . 

By  division  we  have 

a:  +  ««  +  a:*  + oo  =  -f- 

1— j: 

Differentiate  and  divide  by  dx 

Then  1  +  8j:  +  S««  + oo  =  -L.  +  _f-^=_i_ 

l-x        (!-«)•     (l-x)' 

/.  x«  +  8««  +  to*  + oD  =--fL-- 

Differentiate  and  divide  again  by  dx,  &c. 
Then  1. 8x+8.  8x^+8. 4.  x^ =       ^, 

Andl  .8a?+  8.8ar  +  8.4.a:«  +  ...  .=       * 


(1-xy 


765.        To  sum  _£_  +       ^       +  ...,  ^*+^ . 

1.8.8         8.8.4  it.(ii+l).  (ii+8) 


jss  S,  we  have 


1IIT1B8S  METHOD  Of  mftlBB.  ^^ 

(n+1)  (1.+2)  (n+3)         (n+l)(n+2)  (.»+«) 
8  1 


(I.+ 1) .  (n+8)         (n+1)  (n+8)  (n+8) 

n  +   1         «  .  («  +  1)  .  («  +  «) 
4n  +  7 


2.(n  +  1)  (n  +  «) 

5  4n  +  7 


6  2.  (n+1)  (n+8) 

To  sum —  +  — qo . 

8.5         5.7         7.9 

Let  _  -  _  +  Z «  =  « 

3  5  7 

Then  multiplyiiig  by  cup  -—  6  and  arranging  the  terms,  we  get 

5a +86     ^       7a +56    -,  «.-w/-.j:\i* 

_: —  .  X  — ! —  dp»  +  00  ss  «  X  (a«— o)  +  — 

8.5  5.7  8 

Pbt  5a+86  c=  2,  and  the  common  difference  of  the  nnmeraton 
8a+25  :=  8  —  2  r=  1»  the  common  difference  in  the  given 

Hence  6  =  —  and  as:   — .  — ,  and  substituting 
4  4 

*^  ^'    +  =  J..   X  (*-!)+    ' 


3.55.7  4  12 

Let  «=  1, 

Then  -1~ 5-  +  =  — . 

3.5  5.7  12 

Given  i.  +  JL  +  JL  + = '  ?!  (see  M4)  to  find  — L. 

1  2«         8«  6^  1«.2. 

+  ., +  &C.  to  OD  .  :=  S. 


2*. 8. 4  n\{n'\-  1)  .(n-^-i) 

The  general  term  — -— is  deoimposable,  by 

n\  (n  +  1)  .  Qn  +  8) 

the  ordinary  methods,  into 

JL  -  £  +        ^        +  ^ 

2n«  4n        4(n+l)        4.  (n  +  1)  •  (n  +  2)' 


^76  iWbBBE  method  OF  MRIBS. 

We  ha?e  .'. 

8       V  1  8«  8*  /  4       \  « 


3  284  J  4,  \2  , 


S 


-f  +    «     )=  —  .   —    —  —  +   —  .    ( + 

8.4  /  86  4  4        \2.  S 

Let  JL  +  JL  + 05  =  f 

2  3 

Then  J_  +  -L  + «  5^  «  —  JL 

/  3  4  2 

/.  +  + »  =  —  by  subtraction. 

8.3         8.4  2     '^ 

Hence  then,  we  finally  obtain, 

18  4  8  18  8 


756.      To  sum  cosec.  A  +  cosec.  8A  +  ....  cosec.  8 (a— I)  A 
=  S,  we  haye  generally, 

Cosec.  6  =  -i-« 
sin.  B 

cos.« —  +  sin.« —         8cos.«—  —  cos.d 

8  8  8 


0  0  0  A 

8  sin cos;  —  8  sin.  —  .  cos.  J- 

8  8  8  8 

cos.  — 

*         COS.  0  _  ^  -   0  .   - 
— .  -. — J  =  cot —  —  cot.  fl. 

0         sin.O  8 

sin V  «  . 

8 


•\  by  substitution  we  hare 


INVERSE  METHOD  OF  SERIES.  ^77 

Cosec.    A  =  cot —  —  cot.  A 

2 

Cosec.  2  A  =  cot.  A  —  cot  2  A 

Cosec.  4A  =  cot.  8A  —  cot.  2«A 

&c.  =:  &c. 

Cosec.  sr^  .  A  s=  cot.  2"-*  .  A  —  cot  8*^  .  A 

Cosec.  2»-»  .  A  =  cot.  2-« .  A  —  cot  2^" .  A,  which 

added  cross-wise  give 

S  =  cot.  A  —  cot.  2— »  A. 
2 


757.        Let  r  be  the  commoii  ratio,  and  S  the  sum  of  the 

series.    Then  since  b  =  ar^  we  have  r  £=  — ^ 

a 

and  S  =  -±^  (See  Wood)  =    .    ^        =  -fl.. 
1— r  ^6         a— fc 

a 


758.        Tosum-i-+  ^  '  ""^ 


a:+a     (a?+a).(x+6)     (ar+a).(j?+i).(*+c) 
+ to  n  terms. 

Assume  1  +  +  + »»»» -"  g:  t 

«4-a    (a:+o).(x+6)  (a?+o).(j?+6).... 

Then-1-  + ^^ -  + ^*£ -  +  .... 

x+a        (^  +  a)  .  (x  +  6)         (j?+a).(j?+6).(ar+c) 

_fLzL_^5-l   +  abc^::^ Whence,by8ub- 

(«  +  a)  ....  (x  +  a)(x  +  o).... » 

traction,  we  get  -£-.4  '''^  "  "^^"^ 


ar+a     (jf+a).(x+6)     (x+a)  .  (x+6)  .(x+c) 

1         -.  4».^» 1  ^^c  ....  n  terms 

+  ....  n  terms  ==  1  —  >  — >       ,^ — 7 — : — ^    ■ 

(x+a)  .  (x+b) .  (x+c)  ....  n  terms 
.  g  __    1    ^  a6c  ....  n  terms 


X  X  (x  +  a)  .  (x  +  6)  ....  n  terms 

VOL.  I.  2  p 


578 


INVERSE  METHOD  OF  SSRIEB. 


To  sum 


4 


1  .  3 


IS       .       20  _  fl 


5  .  7 


9.11 


s 


1  1.1         1    , 

1  5           9           13 

+ —     -^    +    —     +   ....   GO 

3  7          11          15 


Now  dx  —  x*dx  +  x^dx  —  ....  «  s= 


dx 


1  +x^ 


x^     ,    X* 
^  9 


/di:       _        1 


^  ^  1  +  a:  V  2  +  ^        _1       tan.  -'  >  Wj.  fc^  the 
method. 


l-j?V2  +  «*         ^^^  ^""** 


Let  this  be  taken  between  x  =  0  and  1, 

2  -  V« 


Then  1  -  J-  +  JL    -    ....    =   -      _ 
5  »  4  V« 


=z=   X   —  =  -        _ 

2^2  *  2^2 


^     X  /.  (V2+i)+_i_  X  :l. 

2  V«  * 


Again  x^dx  —  x*(to  +  ....  «  ==    ^ 

1  +0?* 

•    fl   -  fl+        =    /T.f!^=_i_    /  1  — 2x/2+x« 
••3  7        -       Jl  +  x4      4V8"i  +  2:,^-i-+,« 

+  _i_tan  -'     Vl--2xV2  +  2x«  +    Vl  +  2jV24-g** 

2j/2         '       '  2 

which,  being  taken  between  the  limits  of  a;  =  0  and  1,  giTes 


4---  +  -- 

8  7  11 


INYER8E  METHOD  OF^BIBS.  ^79 


s -_1=  .  / /. _s^£_+_l  _ , _V8jLil  +  _J__ 

4V«    I     v«-»      VT-iJ      »jT 


Hence  S  =    .  .  _ 


a^f) 


8  V^ 


Another  mode  of  summing  series  of  this  description  may  be 
seen  in  Eider's  Analysis  Infinitorumi  vol.  1,  p.  140,  who  has 
shewn  generally,  that 

-=    1    +        t        __1 1  . 


n.sin.-^         ^         w— m         n -{- m         2n^m 

n 

+  —  &c. 


2n  +  m        8r  —  m 

Or  =  2 - ^ +  _Jl__«Ac 

j». (n- j»)        (n+w) .  (2n^m)      («»+m)  (S»— m) 

which  coincides  with  the  above  series,  when  m  s=  1  and  n  s=  4, 
We  take  this  opportunity  of  earnestly  recommending  to  the  Stu- 
dent the  perusal  of  the  above  work.  It  is  replete  with  every  kind 
of  analytical  artifice,  and,  indeed,  excellently  adapted,  in  all 
respects,  to  form  the  Mathematician. 


759.        Tosum na«-»  6  X  J?  +  n.!L-l.  a"-«  6'  x  te  + 

n.  ^^Zl .  !Ll£  X  a"-«6»  X  8x  +  &c.  =  8. 
2  8 

Wehave  (1  +  «)•=  1  +  «z+  n  .  ?Zl.««  +  n.2z:i .  !!=?.«• 

2  8  s 


+  &C. 


/•  differentiating  and  dividing  by  dz,  we  get 


n  .  (1  +  z)-'  =  n  +  n  .  ^Zi  .z  x2  +  n. ILzl  .  !LZ?  . ,« 

X  a  +  ^* 

2  P  2 


^^  INYE&SS  METHOD  OP  SERIES. 


.-.    nz  (1    +   z)*"'  :=!  nz  -k-   n  .  !LJ   .   je*    x    2  + 

2 

».—  . «»  X  S  +  &c. 

8  3 

Let  z  :=  — ,    substitute,  and  multiply  by  ox";    tben 
a 

»«r-»te  A  +—)""'=  na— '6.ar  +  i*.2zi.a"^*&«  X  «« 
Or  S  =  na"^'  bx  (^^Y"':^  n  bx  .  (a+6)-^ 


760.      To  sum  cos.  A  +  —  cos.  SA  +  —  cos.  8A  +  ....  =  S, 

2  3 

we  haye 

::=  sin.  A  +  sin.  2  A  +  sin.  3A  +  


-cfA 

Let  sin.  A  +  sin.  2A  +  ....  =  s 
Then,  by  the  fonn  2  sin.  m  .  sin.  n  =  cos.  (m  —  n)  — > 
cos.  (m  +  n),  we  bate 

2  sm  .  —  .  sin.  A  =  cos.  —  —  cos. 


2  2  2 

A     .       A.              -A                 3A  oA 

2  Sin sm.  2A  =  cos. —  cos. 


2  2  2 

_    .      A      .     „  A                ^A                7A 
2  sin.  —  .  sin.  3  A  =  cos.  : —  cos.  

2  2  2 

&C.  =  &C.  to  00  . 

Hence,  adding  crosswise,  we  get 

«   .      A  A 

2  sm.  —  .  5  =  COS.  — 

2  2 

. .  *  =  —  .  cot.  — 
2  2 

-d.Acos.A  — rf.  sin.  A 
dA  A  2  2  2 

•*.  da  2=  —      „     .  cot.  ~  zr. : -.  sr  ,. 

S  2  ,       A  .A 


/.  B  =  -  /.  (sin.  A^  +  C 


sm.  —  sin. 

2  2 


INVERSE  METHOD  OF  ftBRUS. 


Ml 


To  find  C  we  wiU  put  A  c:  r. 


ThenC  =  COS.  »  +  ^tll  +  2S±ll  +  ....  •  +  /.  (1) 

2  8 

s=  —  (1-JL  +  J L  +  ....  )  2=  *-  i.  «. 

2  3  4 

.-.  S2=  -/.sin. A  —  /.  2/.       * 


*  2  sin.  A 

2 

Again,  since/ —  g  is  the  scale  of  relation  of  the  series 
I  +  Sx+  19x*  +  65x3  +  giij.4  +  ..,.  ^  8, 
we  have 

^   •'       ^  t  whence/  =  5,  and  a  =  6. 
and  65  =:  19/- 5^^ 

Hence  1=1 

5x  r=   5x 
19x2=   5   X  5x«  -  6    X   lx« 
«5x'=   6  X   19x»  — 6   X  5x* 
&C.  =:  &C. 
.-.  S  =  1   +  5X  +  5  X  X  (S  —  1)  -  6X«  -  S 

1  1 


/.  8  = 


1  —  5x  +  6x«  (1 — 2x)  .  (1  -8x) 

3  2 


1  —  3x  1  —  2x 


(by  indeterminate  coefficients) 


=  3  +  9x  +  27x«  +  3*  x^  +  &c.>    i. 

-  (2  +  4x  +  8x«  +  2*  x«  +  &c.)3 
diyision. 

Let  X  =  1,  and  we  get  the  series 

1  +  5+  19  +  65  +  &c.  =  3  +  9  +  87+  81  +  ...I  ^Wch  aie 

—  (2  +  4  +  8+l«+  ...J 

m 

geometric,  the  common  ratios  being  3  and  2  respectively.   See  671. 


761.  Tosnm  6  +  2-^2  —  6-  ....  19 terms  =  S,  which 
is  an  Arithmetic  Series,  whose  common  dilTerence  is  (  *-  4),  we 
have 


S  =  (2a  +  n-1.6)  -!Lr=  {2X6  +  19—1  .(  —  4)},— 
•  2  S 

-:  _  570. 


582  1NYKR8B  MBTHOD  OF  SIRISS. 

To  sum  8  +  SO  +  50  + to  15  terms,  iMdi  is  a  Geometric 

Series,  whose  common  ratio  is  — ,  we  have 

2 

r-1  |-  1  S  IVs/  J 

.....i.s=(4)" 

/.  log.(l  +  i.  S)  =:  15  .  log.  i.  =   16  (log.  «  -  log.  8) 

4  8 

and  the  tables  will  give  ns  1  +  —  S^,  and  therefore  S. 

4 

To  sum +  + n  terms.    See  685. 

1.2         2.3 


762.        Tosum +  +  ...n  terms  and  oo.  See706. 

1.5         8.7 


To  suml .  4  +  2.5  +  4.6+  ....  8*"'  X  (n+S)  =  S,  we  have 
A  S  =  8-(n+4) 
.-.  S  =  2: .  (»+4)  2*  =  (n+4)  2.2*-   A  (n+4)  ^.2^' 

=  (»+4)..J?L  -  1   X   ^illl;  +  C  =  (a+4)  8"  - 
^         ^   2-1  •     (2— 1)«  ^         ^ 

«**^  -  2  =  «•  .  (n+8)  -  2. 


12  3 

To  sum —  +  —  ....  00  :=  S,  we  have,  by 

1.2         2.3         3.4  "^ 

striking  out  the  numerators, 

2  3  4 

dx 
But,  since  dx  —  a;dx  +  a^dx  —  ....  oo  =: 


1+a? 

.-.  a?  -  f!  +  fi  -  ....  «    =    A^  =  I  (1+x) 
2  3  J  1+ar  ^ 

/.  1  -  JL  +  ±  -  ....  «  =  /.  (1  +  1)  =  /.  2. 

.     2    •        3 

Henoe  8  =  1  —  /.  2. 


JNTKMR  METHOD  OF  MUtlBS.  ^^ 


763.        To  sum  JL —  + <»  'which  is  a  geometric 

10        100 


series  whose  common  ratio  =  (  -  —  j»  we  hate 


S  = 


—     «     —      -fe      —    ^ 


1-r         1+T^         11 


To  smn  5  +  7  +  9  + ....  50  terms,  which  is  an  arithmetic  series, 
whose  common  differenoe  =  8,  we  have 

S  =  (8a  +  ^^  .  *)^  =  (10  +  49  X  8)  85 
^  8  ^ 

s=  8600. 


764.        To  smn  1  +  — ?-  +  +  ..••  <» »  w«  l^ave 

8.3         3.3* 

dx 

dx  +  xdx  +  af^dx  +  ....  a    = 


l-or 


/,  a:  +  —  +   —  +  ....  00 
8  3 


=/i^.= -'<-"+<= 


=1-1  (1-x) 


.-.  1  +iL  +  ^+ «  =  -  ±z.(i-x) 

8  3  J?  ^ 

Let  X  ^1  — •    Then 
3 

1  +  .^  +  .^  +  .?L  + =  -  ±  X  i.  JL 

8.3         3.8*         4.3'  8  3 

=  -i  .  I.  3. 


rr  •5,9,  4n+l  _jj 

To  sum  — ^  +  — — +  ... ■  =so. 

1.8.3.4      3.4.5.6        Xin—l)  .2n.(2n+l).{2n+2) 

g  _. 4w  +  5 _— ^ 

(8n  +  1)  .  («n  +  8)  .  (8n  +  3)  .  (8n  +  4) 

4n  +  5 


4  .  (n  +  1)  .  (n  +  8)  .  (8n  +  l)  .  {2n  +  3) 


584 


INVERSE  METHOD  OP  SERIES. 


4   ^^(n+2K2«+S)      (n+i).(«n+l)5 

I  ,  1 

4  (n+l).(2»+l) 


/.  s  =  c  - 


4.(n+  l).(2n+ 1)  "       4  4:(n+  l).(2«+l) 

Let  »  =:  oD  . 

1  1         _    1 

4 


Theu  S  =  —  -  - 

4  4  .  «  2 


also  768. 


765.         Let  (a+6)*  =  a-  +  ma—'  6  +  w  . 


"*  -  1    — t  w 


2 


a— 6' 


I  in  —  1     III  —  2     ^_«   f,     ,  wi—  1        m—  2     ^ 


2 


8 


i»  —  3 


.  a"'^  b*  +  &c.  be  the  expansion  of  a  binomial.    Then 


also  we  have  (a— fc)*  i=:  oT  ^  m  .  a*"*  6  +  m  . 


2 


m^lm—  2       «-jtj,          m-lm—  2      ^ 
—  fn  . «-  .  a"*^  6'  +  m  . . X 


2 


3 


2 


2 ?  .  a"~*  6*  —  &c.     Hence  taking  the  difference  of  these 

series  and  dividing  the  results  bj  2,  we  get 

»i  —  1     111—2 


m  .  a*"*.  6  +  »»  . 


3 


.   a"~»  6«  +  m  .   i^ Ix 


m-2  m-S  m-^     ^,.,  6«  .   +  &c.  =  (^  +  ^T  -  (^  -  ^^  , 
8  4  5  2 

the  sum  required. 

We  also  obtain  a''  +  m  .  ULILI   a— «  6«  +    = 

2 

(a  +  ^)«  +  (g  -  6)" 
2 


INVBE8E  METHOD  OP  SBR1E8. 


585 


766.        Let  a  be  the  first  term,  and  r  the  oommon  ratio  of 
the  serie& 

Then  s  :=i  a  -^  ar  -^  ar*  +  oo 

=  -A-.     (See  Wood.) 
1— r 

Also  S  =  a«  +  a^r^  +  a^r*  +  ....  oo  = 


Hence  ---  =:  


1  -  r« 
1  -  r«   _   1  +  r 


S 


and  1  —  r  1=  — 

s  ) 


1  — r 


>s 


a 


...ax(^xi-)  =  8 


and  a  = 


8gS 
s«  +  S 


s  s«  +  S        s«  +  S 

The  series  /.  is 

.jjs  ^^s./-^^  +2ss  (^^-g;  +  &c. 

««  +  S  (s«  +  S)«  (s«  +  S)« 


767.        Let  JL  +  J.  +  —  +  ....  &c.  =  S. 

2"         4"         6" 

Then  1   +  JL  +  ±  +  ±  +  &c.  =  2-  S 

2"  3"  4" 


and      — 
2" 


+  JL  +  &c.  =  s 

4" 


/.    1 


+  i-  +  -L  +  &c.  =  S.  (2"  -  1) 
3"  5- 


Hence 


—  +  —  +  —  +  ....  « 

2»  4"  6* 

—  4-  —  +   —  "I"  ••*»•  * 
1»          3"  5* 


2-  -  1 


« the  relation 


required^ 


586  INVERSE  METHOD  OF  SERIES- 


768.        To  sum     ^^  +  ^       +  , !?L±i* +  _ 

a«  .  [a+  by         (a+by  .  (0+86)* 


8a  +  «»  —  1  .  6       _ 


=  S, 


(a+n-1.6)«.(a+n6)« 

we  have  A  S  =  ««  +  ^^^  +  ^)  ^ 


(a  +  n*)«  .  (a  +   n+1.6)* 
t.  A  .(a  +  n6)« 


(a  +  n6)«  .  (a+  n+  1  .  6)« 


Now,  generally  =  -i =  —  —  —  =  —  A 

/.  A  .  S  =  —  -L  .  A  . 


/.  s  =  c  - 


b  (a  +  n6)« 

1 


^n.(2aH-n6)^      See  754. 
a«  .  (a  +  n6)2 

Let  n  r=  <x) 
1 


ThenS  = 


6a« 


11  « 

To  sum  —  +  + n  terms.     See  727. 

1.4.7         4.7.10 


To  sum  +  +  +  ....  •  =S, 

4  .  7  .   12  6.  10.  16  8.  13.20 

we  have 

8.8  =  — I —  +  1 +  1 +  ....  00 

2.8.7  3.4  .   10  4.  5  .  13 

Now  x+  —  +  —  +  —  +   ....  s=    / 

4  J  I- 


2  3  4  J  l—x 

dx 

X 


2  2.8  3.4  ^         J  I- 

And  multiplying  by  x"^  dx,    and  again  integratiiig, 


IMTB&SB  MSTHOD  OF  8BBIB8.  567 


1.2.4         «.8.7         8.4.10  ^*^  Jt         •/  1- 

=    -       ^         fdx    CJfL  +  J-      C^     C— 


dx 

X 


dx 

X 


^  ^  JL^  fJfL  +  -1-  Cf^  +  ±x^  C  ' 


»J  1- 


««*  ^  2x. 

x^dx 


Now  in  taking  the  integral  between  the  limits  x  =  0  and  1, 
the  ultimate  result  will  not  be  affected  by  putting  x^  wheneTer  it 
appears  in  the  numerator  without  the  intqpral  sign,  c  1,  the 
latter  limit.    The  integral  will  .*.  reduce  to 

—  1  r  ^       1    —  X    .      8       r  ^       I  ^  x^ 


X  fdx.LJILf.  +  ^.fdx. 


2.*        -  1  -X         2  -  l^x 

=   -  f^  +  i..    r ^ =  4  X*- 1.1.(1 +a:*+x*) 

__    ^  ^^    .  tan."!  ,  _j    ,    as  we  easily  learn   by  putting 

x^  =  Uy  substituting,  &c. 

A  taking  the  integral  between  x  £=  1  and  0,  we  haye 

8  S  +  _JL_  =  4  -  —  .  /.  8  -  Vi  .  tan.-i  ^"3"+ 
1 .2.4                   4  2 


2 

tan.^*  — ^3. 
>/8 

But,  tan.  ^ 

6 

z=: 

sin. 

w 
6 

= 

1 
T 

2 

— 

1 

COS. 

V3 

and  tan. -^  sr    a/8  . 
3 


^88  INVERSE  METHOD  OF  SERIES. 


8.S    +   —  =  4-  i-/.  S-VS 
8  4  "7" 


■ii-i) 


64         32  ~5J" 


769.         To  sum  (S+a)  +  (S+a+ar)  (S+a+ar+ar«)  + 
kc.  to  n  terms,  =  5,  we  have 

s  =  n  S  +  na  +  (»  -  1) ar  +  (n  -  2)ar«  +  (n  —  S) ar5+  ... 

=  n  S  +  na  X  (1  +  r  +  r'^  +  ....  r*-') 

—  ar  X  (1  +  2r  +  3r^  +  ....  n— 1  .  r— •) 


r»  —  1 


rrnS  +  na.-- -  ar.(l  +  8r  +  3r2  +  ....n- 1  .r^*) 

r  —  1 

Now  r  +  r*  +  r3  +  ....  r"-»  =    ^    ""  ^  ;      .".     differen- 

r  —  1 

tiating  and  dividing  by  (fr,  we  have 

nr"^^  —  1  r"  -  r 


l  +  2r  +  Sr*  +  ....  (n-r)  r*^  = 


r-1  (r-iy 


Hence  s  =:  n  o  +  na . —  ar +  or . 


r-1  (r-l)' 


SI           r-^-n    .        «     r""*— 1 
-h  o,  .  +  ar*  . 

ar^—  a 


But  S  = 


r-  1 


_   n+1  .  ar""*"'  —  nar"  —  2n  +  1  .  ar  +  Son 

r-1 

Hence  we  le^n  that  this  fonn  is  an  integer,  whatever  maj  be 
the  positive  integer  values  of  n,  a,  r. 


770.         To  sum —  —1-  +  ....  ao  .     See  6S7. 

1.3         3.5 


To  sum  1  +  3  +  7  +  1^  +  ....  2"  -  1,  we  have 

A  S  =  2*+'  -  1 


IN  VERBS  METHOD  OF  SERIES. 


589 


=  «*+•'  -  n  +  C  :=  8-»-'  —  n  -  2, 


To  sum — ? —  +  _i_  +  .... 


1.5.9 


5.9.18 


(4w-8).(4»+l).(4n+5) 


!S  D« 


^       .Q^                               1 

(4n+l).(4n+5). 

(4n  -h  9) 

8  .  (4n  +  1) 
_   1                              1 

.  (4n+5) 

40         8  .  (4n+  1)  . 
_           .2n«  +  3n 

.  (4n+5) 

5  .  (4n-)-l)  .  (4n+5) 


771. 


To   sum 


11 


17 


1.8.3.4 


4.5.6.7 


6n  +  5 


=  S, 


(8n— 2)  .  (3n-  1) .  Sn .  (3»+ 1) 

we  have,  by  decomposing  the  general  or  n^  term  into  its 
partial  fractions, 

6n4-  5 _    3^  I        _ 

(3n-2).(8n— 1)  .3?i.(3n+l)  i" 

7  1.51  1  1 


2      Sn  -  i  2      3n  2      3n  +  1 


3n  -  2 
;  we  have  .'. 


3 

T 


s  =  < 


V  1  4              3»  —  2/ 

-j:x(-L  +  i-  +  . L_) 

2           \2  5              3n  -  1/ 

+  ±  X  ('±  +  -l  +  ....-L) 

2           \  3  6               SnJ 

—  —    X    (  —   +  —  +  . I 

2\47  8»+l/ 


Now  x^dx  +  a^'^dx  +  o:*^*  dx  +  ....  «  = 


p^dx 
1  -a:» 


^90  INVBR8E  METHOD  OF  8EIUB8. 


+  - -  +    &c 00  =     / 


Sn  +  1         8n  +  4  J  1  —  x« 

Let  n  =  0 


JL  +  f!  +  ....  «  =  /l^ 

14  J  1  - 


1  4  3n  — 2 

1-  a* 


=/■ 


1  -  a:3 


dx 


•^26  Sn-1        Jl-ar* 


8  6  Sn  J   1  —  x» 

_  +  _  + f- =    / —  sMx 

4  7  8n+l        Jl  —  a?« 


We  .".  have 


S  =  i.  X  /  S  PLzf^  dx  -  7    rLZ-f^  x(te  + 
2         \    J   1  —  «»  J  I—  x^ 

5  I  — II —  x^cte  —    /  — JZ —  .  «««to(  ,  the   inteirrals 
J  \-x^  J  \^x^  \\  * 

taken  between  the  limits  of  a;  =  1  and  0 ;  which,  hower^,  does 
not  appear  expressible  in  less  than  n  terms,  except  whai «  =:  « . 
In  this  case  we  haye 

xdx 


S  = 


2  \      J    l-x^  J   1  - 

J  I  -  x^        Jl-x«5  «t/        l+x+x« 

between  x  rs  1  and  0. 

But    A8  - '*^  +  ^')  «fa^  zz  fdx  -     ri^  +  ^*^ 

+i. .  r — ^f —  =  X  -^  i. .  I.  (1  + « +  X*)  +  8  vi"  X 


t«n.-?i+i 


IKTBBBK  MBTHOD  OF  SBRIKS.  ^91 

Hence  8  =  i— 0  -  -i.(t  S-f.l)+  « V».  (tan.-V"i-taii_i_\ 

(i) 


COS.  60°  3 


And  — L.  =:  — L_  =  col.  60°  =  tan.  SO**  =  tan.  -^ 
^  3        tan.  60°  6 

And  /.  1  =  0 

=  ±  -  ±/.  3+  V^-  — • 
2  4  4 

To  sum  the  several  series, 

■^»(Ty+^(T)-+^(iy+--» 

&c.  &c.  fcc. 
which  are  coefficients  in  the  expression  for  the  radius  vector  of  an 
orbit  in  terms  of  the  cosines  of  the  multiples  of  the  angle  between 
the  radius  rector  and  axis-major,  reckoned  from  the  perihelion. 
See  679,  page  497. 

Let  X  +  ^^  +  -^  ^^  + «  =  * 


3  4  6 
Then  xdx  +  2.3  x^dx  +  -1-1..  x^  dx  +  ....  oo  =  xd$ 

2 

And  2a:«  +  J?:!  X*  +  i^  jr« +....«  =4/r<&  =  also  J-  ~1 

2  2.3  -^  X 

.    .    ,        ds         sdx 


Heiice^  =  «fe         _  d»  _      dx      ^      «te 


J  (l-4ar«)jt  a:  1  +  8x         1  — «« 


^92  INVERSE  METHOD  OF  SERIES. 

:.  ls:=z  Ix^  —L  (l+«ar)  -  -L  /.  (1  -gJt) 


==  I. 


:.  s  = 


•  • 


Vl-4ur*  '^  Vl-^cc* 


Let  X  =:  — 


Then  1  +  2.  f  J-V+ilL  .  f  i.  V  +  od    =  _i_..(a) 

V  2  y       2      \  2  J  v"i^^ 

Again,  since  I  -f  2d?*  +  — — or*  +  ....  od  = 

2 


Vl-4x^ 


multiplying  by  2a:(2x  and  integrating,  we  have 

J-  +  X*  +  ±  ^6  +  ...  =    r    ^^^^     =--L  V1-4j:»  + 
2  J  Ji^4x^  2 


=  —  —  —  a/  1  —  4iX* ;    which,    beinr 

2  2 


divided  by  x,  differentiated  and  divided  by  dr,  gives 


«    I    0-J8    .     4.5     -    ,    5.6.7    ,    ,            1  -   a/1— 4x*      /*N 
1  +  Sx*  +  X*  +  x^  +....= ^  (A) 

2  2.3  2x*Vl— 4X* 


Let  X  =  — 


+  ....  OD  =  2X^  "  ^'-f  ....ffl 
Again,  multiplying  (A)  by  2x^dx^  and  integrating,  we  have 

fl  +  ««  +  —  x»+  1:1x10+...  OD  =i— J.Vi-4x*-^ 

2  2  2.3  4       4^  2 

which  being  divided  by  x^  differentiated  &c.  gives 


1  +  4  x«  +  i::!  X*  +.  ..=  ^""^^'"^^""^.■...  (B) 


2x»  .  ^1-4** 


Ut  X  =  ^. 
2 


INVERSE  METHOD  OF  SERIES.  ^9S 

^'■^*(i)"-_3(f)'-i|_(:y 

By  repeating  the  above  processes  it  will  be  found  that 


6  .7 


2  2VV  1  -  4ar« 


7.8..         _.    _  I 


1  +  ax«  4.-LlZ.x*  +  ....  CD  =: x(l-Vl-4x»)* 

And  we  •*•  have  also 

V  8  y     8    V  8  /  t*jr=i* 

+(««-4)  Vl-«*{  = '*  X    (1  —  Vl-*")' 

e«  >/l  —  e» 

\  2  y      2     V  2  /  c8  JT^r;^ 


2* 


Reverting,  therefore,  to  Prob.  679,  we  have 


=ra.  Vl-«*^1  -  ^.  (1-V  *-«*)«»••+ - 


2 

COB.  •+  —  X 

« 


(1  -  V  1  -  «')' C<>8-  2^  -  —(1—  V*  — «*y  COS.  8  0 


e» 


2 


+  _.(!-  ^  1-e')*  X  COS.  40  -  &c.  &c. 

«4 


To  sum  .  — +  — 4".m  s:S. 

1.2.3     2«     2.3.4     23         n.(n+l)(n+2)     2"+i 


(»+l).(n+2).(n+3)     2-+« 

1  1 


(n+1).  (n+2)a"+2         (n+2).(n+3).2H-3 
VOL.  I.  2  (( 


^^  INVERSE  METHOD  OF  6EBIB8. 


s=  -2A. 


(n+l).(n+2)2*+« 
.-.8  =  0-. 


(n+l)(»+«).2^i  4      (»+ 1)  (n+  2).  2^^ 


To  sum  — ^—  —  _  +  —  —  ....  « 

1.2  4.5  7.8 

we  have 


X*    .    x^  f*   dx 

.\  «— _    +    — CO    =       ' 

4  7 


And^i  -  ^  +  -fi  - .... «  =/cte  yi^ 


1.2  4.6  7.8  •^        ./l+«« 


8Jn.-» —  ^^*    —  -  f  ±/.(l-«,+  a:»)-±.  Z,  (1  +  x) 

4- J-  sin -1— £^"^        )    =f±i.L(l  +  :r)-f±lx 
V  8  2^1  -a:+««^  ^  6 

/.(l-a?+it*)+^^.  sin.-'        ^^i ,  which,  taken  betiveoi 

X  =  0  and  1,  giyes 

+    — — .  — ...  QD   ss  — .  L  2. 


1.2  4.5         7.8  3 

lliis  may  be  verified  as  follows, 

tie  1(1  +  l)r=i-±+i.-J-+l-±+±-±+±  -  Ae 
^  ^  28456789 

1.2  8    ""    4.5  6  7.8  9 

1            1.1         fir.l/.         1.1         :t„. 
sr  — +—-,-—  &c.  +  — .  (1  —  — + &C. 

1.2      4.5      7.8  8  2       8 

=5  -L. L.  +  &c.  +  -1  X  /.  8. 

1.2  4.5  8 


IMTCBSB  METHOD  OF  8IR1B1. 


8  1.8  4.5 


5ft5 


772.        Tosum  JL.  +  _i_  + Il±i— •  =s  S. 

1.8.8  SLSJB*  n.(»  +  1)8" 

AS  =_jiy_  =  -8  r  __i_— i—  ^ 

(„+ 1)  (n+S^S*^!  V  (n+8).8**-*     (n+ 1)  8*^-»  / 


=   —    A. 


(»  +  1).8« 


/.  S  =  C  -  . — I =1-. 


(n+  1)8»  (n+l).8» 


To  sum  —  +  +  — ^+**..  ,     "T  =:  S. 


A  Ss= 


1.5  8.7  5.9         (8n-lX8»+3) 

2n+8 


/,  s  =  c  - 


=  0- 


(8»+ 1) .  (8n+5)         (8n- 1)  (8K+8).(8n4.5) 

1 8 

(8n  +  1)(8»  +  B)^  (8n+lX(8H+3).(8i»-|-5) 

1  1 


8 .  (8n  +  1)        8.(8n  +  IK^  +  ^) 

n+1  1  «+l 


(8n+l).(8?»+8)  8  (8114*1).  (811+8) 


773.        Tosum-J— 1--  +  — ^  -    .<». 

1.8.8         B.6.8*         5.7.8' 

Assume  i  —  —  +  £.  ^ go  =:  s ;  mnltiply  by  cu;  -  6 

8  5 

and  arrange  the  terms  in  due  order ;  then 

8a-6^_5a-86^^       ^  =  5.  (a*  -  6)  +  5. 
1.8  8.5 

Let  da  —  6  =  1  and  8a  —  86  (the  common  difference  of  the 
numerators)  ss  1.     Hence  a  =  ^  and  *  =  —  — . 

8  <^  8 


^  INVBRSK  METHOD  OF  SBRIBB. 

(See  Lacroix^  or  the  new  edition 'of  Smptan's  Fluxions.) 
Let  a;  s=  JL    Then  8=:Jlx  tan -i— L- 

=s  V"3.  tan.-'  (^J.-  =5  vi  tan.-*  (tan.JL  ^  =  Js^  =:  -1-. 

/I  '       6  >'      ""     «        «/i 

Hence  by  substitution,  we  have 

1  2        ,       _  »  /     1       ^    1  \      > 

1.3.8  8.6.8«  2.  V^  \4XS  4/      4 

""  6^8  ^ 

To  sum  —  +   ■  + ...   .         ^..  ^  S. 

1.8.8         8.5.8«  (2n- 1).(2»+ 1)  .S* 


(«n+l).(8»+8)3'^»  4  (8n  +  O.ar** 


.•.s  =  c-JL.       »        -  > 


4      (8»  +  1).8"  4  4      (8i(  +  1).8" 


774.        To  sum  r  -  —  +  —  —  ....  n  terms,  which  is  a 

2  4 

ri  \ 
jgeometric  series  of  the  common  ratio  (—  —  It  we  have 

rx(-!iy-.  r 

S  =  SlZ:f  (See  WooiTs  Alg.)  =:  *  ^ 


^— 1  ""  ri 


2 


Hence  ±  (1  -  !L±-?  .  S)  =  (  —  )*according  asnis^eien 

or  odd. 

.%  log.  {  ±(1  -  ±±J.  S)}  =  4  .  log.  r  -  I  «,  wliich, 

with  the  aid  of  the  Tables,  will  give  the  value  of  S  required. 


INVBR8B  MBTHOD  OF  IBRIES.  **^ 

To  Slim  1.2  +  2.6  +  3.8  +...  ».(Sn— 1)  =  S. 

A  S  =  (n  +  l).(3n  +  2)  :=^^n.(jfi  +  l)  +  2.(«  +  l) 
/.  S  =  (n-1).  ».(tt+l)  +  n.(«+l)  +  C   =  n\in+l)  +  C 
2=  n«.(n  +  1). 


^^         .    ',    .  o^   .  2n.(2n-  1)  ,  2».(2tt-l).(2ii— 2) 
775.     The  series  1  +  2n  +  — i-— ^+ — ^-r-r^; ^ 

+  ..:.  2n.(2n— l)....2n-p'^  4.  ...  (2n+l)  terms  ss  (1  +  l)** 

1.2.S....p--l 
=  2*  =  S. 
Now  the  middle  term  (T)  heing  the  (n  +  1)**,  We  have 

T  -:  2n.(2i>-l) 2n--^^  -=  2n.(2«-l)....n  +  1 

1.2..,.n  1.2..,.n 

_  2*  X  1.8.5,7....  2n  —  1  X2n.(2n  -  l)....(n  H-  1) 
""  2.4.6....  2n  X  I.S....  2n  —  1 

_  2»  X  1.8.5.7....  (2n->l)  X  2n.(2n  ■-  l)....(n+l) 
1.2.8....  n.{H  +  !).(»  +  2)....2» 

_  2**  X  1.3.5.7....  (2»—  1) 
""         2"  X  1.2.S.4....n 

_^  S  X   1.8.5.7....2n  —  1 
2.4.6.8....  2n 

.'.  S    :  T  ::  2.4.6....  2n    :  1.3.5.7....  2n  —  1. 


776.        Tosmn +  — --  +  7— r--  «•• 

1.1  8.5  5.9 

dx 
dz  +  x*dF  +  ....  =: 


da? 


•  X*  j;5  ^     P    dA 

•••T  +  i^  +  5^+"-Tj;sVr^ 


^00  INVmSB  MBTBOII  OF  {QSBIBt. 


/.  -JL.  +  tan.""'  x-f  Gas  we  learn  by  patting  i/  x  =   «»  snliBti- 
1— X 

tuting,  &c.  &c. 


X 


1.1      ■     3.6  5.0  2  '•"' 

-f  V  ^tan.'^x  +  C  V  ^»  which  being  takea  between  x  =:  O  and 
1  giyes. 

— L.  +      ^      +  _JL  +  ....  00  t=  tan.-i  1  =  ^. 
1.  1  3.6  6.9  4 

This  result  may  be  verified  by  the  well-known  expression 

S=  1    .—    +    -^    —    _    +    _  —  .,,.  00 

4  3  6  7  9 

6  9  18  3  6  7 

6  3  9       6  13  7 

=s  1  4- +  +....  op.  (by  reducing  to  common 

3*6  6.9 

d^iominators.) 

777.        To  sum  cos.  a  +  cos.(a+6)  +...  cob.  (a  +  «6)  =:S. 
A.S  =:  cos.  (a  +  n+1.  0 

:.  8  ss  X.  cos.  (a  +  n+T.6)  =  S'P-  (<*+  »+i>&)  +  C.     (See 

^    •  -    6 
8  Sin.  — 

8 
the  Appendix  to  Lacraix,  by  J.  F.  W.  Herschd,  A.1L,  &c) 

Letns:  0 

>n.(a  +  A)         -sin.  (a- A) 


sin 
Then  C  s  cos.  a  — 


-«.    •       o  «    •       6 

2  sin.  —  8  sin.  — 

2  2 


imrSllSE  M RTBOD  OF  8KftlB8.  ^^ 


in.  (a+  n+i.6)-  sin.  (a-  —  j 


sin.  ^    . 
.-.8  = 


8  sin.  — 

2 


COS.  (a+  —  1  sin.^— J — o 


.      6 
sin 

2 


OthCTwise. 


9  COB.  a.  sin.  A  =  sin.  (a  +  -|)    -  «»•  («  ^  -5-) 
8  COS.  (a  +  6).  sin.  A  =  sin.  (a  +  ^^  -  8in.(a  +  -^ 


6K         .     /     ,  Sft' 


8  COS.  (a+86).sin.  -|-  =  sin.  (a  +  —J  -  sin.  C«+  -jj 


Ac.  ss  Sm^ 


8coB,(a+irrr.6.)sin.  -=sin.(a+'»  -  -.6)-sin.(a+»  -  ^.6) 

•  ■  -^  •-i—^*^ 

8  COS.  (a+mJ).  sin.  —  =  sin,  0+^4.  J^jj  _  gj,!^ (^^  n  -  — .^) 

,%  by  adding  crosswise,  we  have 

h  T  h\ 

2Bin.YXS:=:8in.(a+»  +  Y*)-«*^-(^-TJ 

sin.  (a  + »  +  ±.6)  -  sin.  (a  -  — ) 

,  _      f ^^    which  may  be 

and  S  =  -  ~      Y 

8  sin. — 

8 

ledttoed  as  before. 

778.        To  sum  the  (p+l)*,  (p+»+ir»   (P+a»+0^ 
(p+8n+l)*,  &c.  terms  of  the  binomial  (a+«)" 
V  LetAisrma-^SAjjsm.-^.a-  «,A3=m.-^.    -j- 

a*-«,  &c.  s=  &c. 


600  INYSftSB  METHOD  OF:  SSRISS. 

Then  the  sum  may  be  expressed  by 

which  we  are  to  express  by  a  limited  number  of  tenns. 
For  this  purpose,  let 

Tj,  Tg,  r,,  r,  be  the  roots  of  y"  —1  =  0 

And  S,  =:  Tj  +  Tg  +  r,  +  ....  r* 
S,  =  r?  +  ri  +  ri  +  ....  r* 
83  =  r?  +  ri  +  rj  +  ....  r» 
5ce.  =r  5tc. 

Then,  since 
(a+r^ar)*  =:  a*  +  A^^j:  +  ....  Ayr,''jf+  ....  A,,^rr+*jc^+*  +  .... 
/.  (a+riar)*.r7^=a*r7^  +.... A^r^  .if+  .... A,^^r*'x'+*  +  .... 

In  the  same  manner  we  get 
{a'^r^x)''r:;r^  s=  oTrl"^  +  ....  A^r;  af  +  ....  A^ , ,  rf  jf+»     +  .... 
(a+r,j:)*rj^=  a*rj"'+  ....  A^rJ  as'  +  •...Ap4^rJ"jf+"+  .... 

&c.  =  &c. 
(a  +  r^j^tT'ss  «*»T'+  ....  A,r;af  +  ....  A,+, »* aH*  +  .... 

Wh^Dce 
(a+r ix)*rr'+  (a  +  r.  ar)*  rT'  +  ....  (fl+r.ar)-  r:-"  =  a"  X  8^ 
+AiS,..^.a:+AjjS...H^«+  ..A,S^+A^iS^,aH-i+A^.  X 
8^,  ar*-«  +  ....  +  A^  S^a:^^.+  A^+.  8^^  a^^*^i  +  .... 
Afj^  S>^  aJ'^*  +  .... 

But  81,^,  S„..^p4.,  ....  S^„  S„4.i,  S„^.,  ....  8,^,,  fiWh„  S^|, — 
Sto.1, &c. &c.  each  =:.0, and  8.,  8^9  S^,, &c.  each  =  n.  (8ee357.) 

.%  (a+rix)-rr-»'+(a+rga?)*r"-'  +....(a+r,a:)«rr*=iiA,X 
«*  +  wA,,4^  ar+*  +  nA^2,  «•***•+- &c.  =  n.T, 

Hence  then  we  have 
S  =  ±  X  {(a  +  r^x^fT"  +  (a+ra*)"r?-'+....(a+  r.x)-«-'} 

Take  as  an  example ;  required  the  turn  of  the  even  terms  of 
(a +4:)*,  beginning  toith  the  second. 

Here  p  =  1,  »  ==  2,  and  y«  - 1  =  0  gives  r^  =  .1,  r,  =  - 1. 
.-.  r  =  2.  X  {(a  +  ar)--  (a-ar)-}  which  is  verified  by  ac- 
tually expanding  by  the  Binomial  Theorem. 
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779.        To  sum — ? —  +  11 + 

1.8.5.7  5.7.9.11 

8» 


(4n— 8).(4n- 1).  (4»+ 1).  (4«+8)* 


^     g 8n+8 =  -L    X 

(4n+l).(4n+S).(4n+5).(4n+7)  4 

/  I 1  \-_l    ^  1_ 

V(4n+ 1) .  (4n+8)     (4n+5).(4«+7)  j         4       \4n+  l).(4n+8y 


.-.  s=c-  ^  ^ 


4.(4n  +  l).(4n+S)         12         4.  (4n+l)  .(4n+8) 

_    4  n.(»+l) 

""  T'(4n+l).(4n+8y 

Tosum oar'  +  (a+  6).  a:*'*"^+  (a+26)a:*"*'*^+.-(a+n-l.ft)x 

/.  S  =  o;^  X  r  (a+nft)x*^  (n  being  the  only  variable) 
=  «•  X  {(a+n6)S.a:"^^  A.(a+n6).  S^.o:^  +  ^-^  }•  (See  854.) 

+  C 


Letn  =?  1 


0:-  +  ^ 


Then  C=zax*  -    \      —  {ax^  -  a+6) 

(^~1)' 

/.  S  =  -£-J! X   {  (a  +  n^.  b)3fi  --  a+  »6}  +  ox^ 

(i^-l)« 

--f- X  {ox^  -  a+6}=ax*  +  JL X  {(a  + 

(x^-l)«  (x^-l)« 

7^.b)  x"^  -  (a+n6)x("-l>^  -  ax^  +  a  +  *}. 


780.        To  sum     _  \ =+ =-1 =  +  ....« 

V«(l+V«)     (1  + V2).(2  +  V2) 


GOA  INVHtU  METHOD  OH?  SBRIKS. 

Let  -L.  +  — L_  +  — L_  +  ....  CO  =:  S 
^2        1  +  V8        «+V2 

Then — 1=  +  — I —  +  — I — +  ....  od  =S-— L= 
.*.  by  subtraction 

+   :^- ^^i::^    +  ....  «    SS 


V2.(i+V«)      0  +  V«)(2+V«)  /^ 

Otherwise. 
Let— L-^— — + I + 

1 


=  s. 


Then  A  S  = = ^^  and  integrating, 

1  1  1  m 


S=:C  - 


JLetn  s  oD 
and  8  becomes  — ==::,  as  before. 

V2 


781.       Tosum.tan.A  +  — tan.^  + J-tan.^  +  ....  «. 

8  8         4  4 

Let  tan.  A  +  i- tan.^  + !L.  tan.  -^L.  t=:  S 

8  8  8*^»  8—» 

Then  V  cot8es=_i_==:lzl22:!f=:JLcot.0-±.  tan.  • 

tan.  8d         8  tan.  d         8  .  8 

And  •*•  tan.  d  c=  cot.  0—8  cot  80,  we  haye 

tan.  A  s  cot.  A  —  8  cot.  8A 
-L.  tan.  —  cr  ±cot.  ^  -  cot.  A 

8  8  8  8 

1      .  ^      A  1       4  A  1  _*  A 

-..  tan.  .—  =:  —  cot.  —  —  —  cot  — 

4  4  4  4  8  8 

&c.  =  &e. 
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*   .  tan.  -A-  =  JL.  cot.  -^  -  J—,  cot.    ^ 

«*"«  8^«  «—« 


*  .  tan.  A-  =5  -i_.  cot  -^^ ^    ■  cot.  -A 


8—1  8—1  8—1 


and,  adding  citxtewise,  we  get 

S  =  JL-,  cot.  -A.  -  8  cot.  «A. 


Let »  =:  CO 
Then  — L..oot-^=:jL  xcot.O=  -La&silss^  which 

1  OD  «0  10 


we  must  investigate  by  the  usual  methods,  as  follows. 
By  the  method  of  indetenninate  coefficients  it  will  be  fomid  that 


0  8  45  945 

Hence  cot.  A-  =  ?li  -      ^ ^ &c. 

8—1  A  3.8—1  45  X 

cot. 


8—1  1  A  A»  - 

~  —  &c. 


8—1  A  8.8— «  45x8*'^* 

cot.  

Let  n  s  OD .    Then  — : =  -:-,  and  we  have 

8-1  A 

S  =  —  -  8  cot.  8A. 


782.  To  prove  that  tan.-if  =  tan.-'il-JL  +  tan.-i-!iZl.+ 

Sf  ey+x  «e,+l 

taii,-i  fiZlL  +  ....tan.-ii=i:f=:i.  +  tan.-iiL,   we   have  by 
«,e,+  1  e^i^+1  e- 

the  form  tan.  (0^»)g    ^-^-^n.^ 

^     ^'       l-^tan.O.  tan.9' 
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tan -1  if L  =  tan.-*l — f-  =:  tan.-i-l  -  tan -*— 

cy  +  x  i4.£.  y  * 

«y 

1  1 


-,     c,  —  c 


tan.-i    "^  ~"    =  ianr^l tl  =  tan.-i—  -  tan  "i-L 

c«i  +  1  1  +  -L  ^  ** 

Ian -1    ^<  ""  ^^  =  tan.-ili fi  =  tan  "i—  -  tan.-i-L 

C,Cj  +1  J  ^      1  «i  «« 

1  1 


tan -1  i!5 f==l  =  tan -iJ!=i1 !•  =:  tan -i-J—  -  tan.-i-L 

Hence,  adding  crosswise,  we  get 
tan.-i  ±  =:  tan -liiZiL  +  tan,"^  e^  ^  e    ^  tan.-i-lLZ-fl. 


+ ....  tan..^ 


From  this  Theorem  many  curious  results  may  be  derived,  as 

—  =  tan.-i—  +  tan.-»-i-  +  tan.-i—L-  +  ...  od 

4  2  2.22  2.3^ 

—  zz2  tan.-iJL  +  tan.~i-L. 
4  8  7 

—  sz  tan.-i J-  +  tan.-i— ,  &c.  &c. 

4  2  8 


783.        To  prove  that 

k  =  La  —  —  cos.  C— .  cos.  2C cos.  sC  —  ....  « 

a  8a«  8a» 

a,  6,  0  being  the  sides  of  a  plane  triangle,  and  C  the  angle  sub- 
tended by  c. 


INVBItSB  METHOD  OF  tBRIBS.  ^^ 

Bj  trigonometry  we  have 

«^«-  ^  =  — «S =  ^  i 

Whence  -r  =  1  +  —  —  — .  c^v^-i  «  —^-cv^^r 
a*  o»         a  -a 

=  1 e'^-'*'-!  + —   X  -i 7- 

a  a  e^"^^""^ 

=  (1  -  le*:^  X  (1  -  i.c-=^ 
a  /  o  • 

and  taking  the  hyperbolic  logarithms,  we  have 

2/.  ±  =/,(!-  Le'^'^)  +J.  (1  -  ±.  <r<^^ 
a  a  /  a  / 


a  £a<  8a^ 

a  Sa^  3a3 

a  /       2a*  / 

=  —  2  Jl  COS.  C  —  8.  -- —  COS.  2  C  —  &c. 
a  2a* 

by  the  known  expressions 

^         '  2  8 


and  cos.  0  r: 


,«•-,+ e—v- 


1 


2 

Hence  /.  i.  ss  -  A.cos.C-  -^.  cos.  2C  -  -*Lcos.3C-&c. 
a  a  2a^  3a* 

which  is  eqvivaleni  to  the  formula  required. 

In  a  similar  manner  it  may  be  shewn  that 
Be  1.8in.C+-*;1.8in.2C +  — sin.8C  +  8tc.  B  being 

the  angle  subtending  b. 
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For  it  may  easilj  be  proved  that 

«*    ""'= T which  willeasUy,  by  taking  the  loga- 

a 
lithmsy  &c.»  give  the  formula  in  question. 


784.        Tosum— L_  —    V  ^  +  -——....« terms,  which 


is  a  geometric  progression  of  the  common  ratio  s/  — ,  we  have 


.-.  (V«  -  V*)-  8  +  1  ss  /"  £  'j' 


ud  /.  (  VS  -  /^-  8  +  0  =  -^  (LS  ~  ir)  wOl  gire,  by  fs- 
ference  to  the  tables,  the  value  of  8. 

To  continue  the  Harmonic  Progression «...  3,  4,  6  ....  iqpwards 
and  downwards,  since  the  redprecals  of  numbers  in  Hannonie 
Progression  are  in  Arithmetic  Progression,  we  must  in  the  fonner 
case  continually  subtract  the  common  difference  of  the  denomi- 
nators, and  in  the  latter  continually  add  that  difference.  To 
determine  this  difference,  put 

—  7S1  ^^  and  JLs5  4 

Then  azzl^a^-d^  -Land.'.  d=sa L=s±. 

8  4  4  13 

Hence  the  y^  term*  either  way  from  3,  will  be  represented  by 

T  =— !i_-  =       1       --    18 
a  If:  nd         \      n   "^  4:f:a 

3      12 
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Putting  .M»  ss  ip  1,  If  8,  &c.  we  lunre 


Wf 


«  ....  —,  !£,  a,  i£,3, 4,  6, 12,  than  which  we  cannot  go  far- 
a    7        6 

ther  so  as  to  hafe  all  tke  terms  Jimie,  beeansethe  next  term  = 

=  _  an  indefinite  expression. 
4—4         0 

To  shew  the  law  and  Umits  of  continuaHon  of  an  Harmome 
Series  J  two  of  whose  consecutive  terms  are 
t,  t,  let 

i-  =  *  and  JL  =  <' 
a  a-d 

Hence  ass — ,  and  as  a  —  ---=:  — -t— • 
t  f  tif 

/.  the  general  tefm  is 

T  =       ^       -r  which   becomes  inde- 

•       a^:nd        tzfn.i^—t) 

finite  in  the  case  of 

I'  -.  » .  (I'  -  /)  =:  0,  or  when 

r 

n  =  - — 
If-t 

Hence  it  Bfpesrs  that  the  series  may  be  continued  both  ways 

without  limit  when  -1—  is  not  an  integer,  and  that  when  it  is 

I'— < 

limited  it  must  be  at  die  *; — ^th  term  upwards. 

• "  • 


785.        ToH»«j±5  +  5^  +  ....^j;^i±l5r8ee777. 

To  sum  sin.  x  +  sin.  to  +  •...  nn.  (2n  —  1)  a:  =:  8. 
Bytheform8sin.P.sin.Clsoos.(P  -ft)  -  «»s-(P+Q), 

we  have 

2  sin.  X  •  sin.  x  =  cos.  0  ^  cos.  2x 
2  sin.  Sx  .  sin.  X  =  cos.  2x  —  cos.  4* 
2  sin.  to  .  sin.  x  =  cos.  4x  -  cos.  6x 
Sec  zz  fcc. 
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2  sin.  (2n  —  S)  x  sin.  x  =  cos.  (2ft  —  4  )  x  —  cos.  (8n*^2)x 
2  sin.  (2n  -  l)  x  sin.  x  =  cos.  {2n  —  S)  x  —  cos.  2»  x 
.%  adding  crosswise,  and  dividing  by  2  sin.  x,  there  residts 
G         COS.  0  —  COS.  2n  X    __  I  —  cos.  2n  x  sin. '  nx 

°  =   -— T rr—' =  : 

2  Sin.  X  2  sm.  x  sin.  x 

See  729. 


786.        To  prove  that  if  S  =  1  +  ^-  +  -J_  +  ...... 

2"  8* 

_  1  1  « 

and 9  =  1  —  +  «o,S  :  s  ::  2"^i   :  2"^»  — i, 

2*  3» 

we  have 

Ss:l+±+±  +  ±  +  ±  +  ±  +  ±  ^... 

2"'  S-         4"  6"         6"  7" 

,28          2,2,2. 
and  _=:  —   +  —  +   —  +    

sr         2"         4-         6" 


.-.8.(1 — !L^  =  i.±  +  ±-±  +  ±- 

sr-'  J  2-      a"       4r       5- 


— by  subtraction. 

6* 


(1  -  — "i  = 


.-.  s .  a  — u  1  = « 


and  —  =:  the  relation  required. 


787.        Tosum—L.  —  — L.  +  -i—  —  ....  oe.  See706. 

1.8         2.4         3.5 


To  sum  —1—  +  1 +  ? +   

1  .8.7         8.  7  .  15         7  .  15  .  SI 

^  .-  =  8. 


(2«-.l)(2**-»  -  1)  (2*+^  -  1) 

2"+ 


A  .8  =: 


(2-4.1  _  1X2*+*-  1X2"+^  -  1) 
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=  -  i.A . 


S         '(«*+«-l).(8-H«-.i) 

S  =  C   -  i. —      1 

S.(2-+i  «    1)    (g^2    _    1)      ^     7 


-— r.    See  760. 


To  prove  that 

V  +  n-»  +  (n.  !iZiy  +  ....(n+1) terms  =  l:!£zi?!^^ 

2    /  '  (1.2.8... .n) 

we  haye  (calling  1,  n,  n  .  ^Zi,  n  .!iZ2.  !^,  &c.  T,,T„  T..... 

2  2  S  •'    "     « 

T,  respectively) 

(1  +  dp)«  =  1  +  Ti  X  +  T^  o:^  +  T3  x3  +  ....  T,^ 
which  being  multiplied  into  itself  will  give, 

(l+x)«-=  T^  +  T,x+T^a^  +  T,x^  + T^  T.^ 

+  Tj  0?  +  T,«a:»  +,T,T,ar'  +  ....T^T^^a-  +  .... 

+  T, «?  +  T,  T,  0:3  +  ....  T,  T^a;*  +  .... 

+  T,  i3  +  ....  T,  T^  a-  +  

Also  by  the  Binomial  Theorem,  we  have 

(1   +   ar)**  =    1    +    2»M?   +   2»   .  .^2 L  or*   +    


2 

^  2n  .X2n  -  1)  (2n  -  8)  ....  (n  +  1)   ^  +  ^^ 

1  .  2 n 

/•  equating  coefficients  of  the  same  power  (n)  of  x,  we  get 

T^T.+T^T^.  +T,T^,^-T3T^  +  ....T^»Ti  +  T.T^  = 

2n.  (2n-  l)....(n+  1)  _^  2n.(2n—l)...(n+l).n.(tt—l)... 8.2.1 
1.2.8  ....  n  (1.2.8  ....  »)« 

.         I  .25.  «>••••  2»}l 

*^    (1.2.  8....n)2' 

But  the  coefficients    of  the  terms  of  a  binomial  expanded, 
equally  distant  from  either  extremity,  being  equal, 
vol..  I.  2  R 
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To«T,«l,T,=:T^i«:n,T,=:T^^=^n.^,&c. 

n— 1  \*  .  ,  ,*  1.2.3 ....J* 

^     '        "  "  '  terms  =: 


.M  +  n«  +  /  »  .  ^-i  "J  +  ....  n+1 


(1.2. 3  .,..»)* 


1.8.6  ....  2»  —  1 


^  alfio  r  X  ^  '  ^ '  ^  ""       ""      (see  780)    vbich  is  a   noie 

1,2.3 ,...  f^n 

simple  expFcssion. 


788,    -    To  sum    ^ L-  +  —L-  — .,..«.   See7Sl. 

1.4        3.6        5.6 

To  sum  w .  COS.  A  +  a*  cos.  2  A  +  a:*  cos.  3  A  +  ...,  «>  =s  8. 
By  the  known  form 
Cos.  (P  +  Q)  =  2  COS.  P .  cos.  Q.  -  COS.  (P  —  Q) 
we  have  cos.  (m  +  1)  A  =  2  cos.  m  A  .  cos.  A  —  cos.  (m  —  1)  A. 
Hence  x  cos.  A  s=:  x  cos.  A 

^c'cos.  2A=:  a:*  COS.  2A 
^b'cos.  3A  2=  2af»  COS.  A  .  cos.  2A  —  cfi  cos.  A 
x*co8.  4 A  =  2j:*cos.  A  .  cos.  3A  —  ^c^cos.  2 A 
^cos.  5A  =  2x*co6.  A  .  COS.  4A  —  a;*cos.  3A 
&c.  =:  &c. 
.'.  S  =s  ff  .  cos.  A  +  x'  cos.  2 A  +  2xcos.  A  x  (S  —  j:  .  cos.  A) 
—  a;*  X  S ;  whence 

c        a? .  COS.  A  +  a:* .  (cos.  2  A  —  2  cos.*  A) 

O    •»  .III-  >.       .  I.  ^ 

1  —  2j:  .  COS.  A  +  X* 

—        a? .  COS.  A  —  «• 
1  —  2a; .  COS.  A  +  a:* 

The  9cale\of  relation  of  this  recufrtn^r  fertes  is  •'.  2  cos.  A  —  I- 


789.        To  sum — ? —  +  — 1 —  + oo. 

1.2.2         2.3.2* 

X         x^ 
Assume  1   +  —  +  —  +  «  =:  j 

2  3 

Then,  multiplying  by  ax  —  by  reducing  to  a  common  denomi* 
nator,  &c.,  we  get 


INVBR8E  METHOD  OF  BBRIE8«  ^^l 

-- — J-  j^  +  .  J5*  + «0  Bs  (cm;  —  ft)  <  +  6 

Let  2a  —  &  =  9 

And  a  —  6  s=  1  the  common  difference  of  the  numerator. 

Hence  a  =:  2,  and  ft  =  1,  and 

8  4 

1 — -  *  +  "i-  .  a:*  + CO  =  (8j?  —  1)  «  +  1 

Leta:  =  -L 
Then  -£-.  +  — t —  + «  a  o  4-  1  ^  l- 

1.2.8         2. 3. 2* 


To  sum  1 . 2  +  2 . 3  +  ....  n  .{n+  1),  Bee  685. 


790.      To  sum  1  .  2  .  4  +  2  .  3  .  5  +  ....  n  .  (n  +  I)  X 
(n  +  3)  =  S. 

A  S=:(n+l).(n+2).(«+4) 

=  n.(«+l).(n+2)  +  4(n+l).(n+2) 
:.  S  =  (»-l)-(n4-l).(n+8)    ^  4n.(n+l).(n+g)  ^  g 


4 


=  ?!i±lf  x«.(n+l).(«  +  2). 
12 


To  sum  1  +  -J—  +  -i—  +  JL-  4-   00 . 

S .  5        6.9        7.13 

Since  dx  +  x^dx  +  x^dx  +  •....  «  '  = 


1  —  a;2 


3  5 


/'   dx       _  i./1+f 
1  —  a:«  2      1-0: 

Also x+  —  +  —  +  ...«=:  / , —  =  —    / i 

6  9  J  I  —X*         2^1  — 


+  1.    /Li^  =  ±.Z.l±f  +  ±.tan-:r. 
2^/1+ x2  4  l-rr  2 

Let  X  =  1,  and  multiply  the  latter  series  by  2 ;  then  we  have 

2  R  2 


612 
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«   +  _  +  _+  ....  00   =  —./.—  +   — 
6           9  2  0  4 

and  1  +  —  +  —  +  ....  oD  =s  —  L  — 
5          6  2         0 


Wbence,  by  subtraction, 


1  +  -1-  +  -L- 

3.6         6.9 


4 


1 


791.       Given  1  +  JL  +  JL  +  .;•.  «  =  ^  (see  684)  to 

22        3«  6  ^  ' 

find  the  sum  of  -, +  +  ....  go  =  S. 

V.2         2*.  8 

.  The  general  term  — -may  be  decomposed  by  the  usual 

«' .  (n  +  1) 

methods  into 


-L-i-  + 


n' 


n 


n+l 


.-.  S  =  (1  +  —  +  -L  +  ....  00)  -  fi-  +  -i  +  JL+....) 

2*  3«  V  1  2  3 

+  f  —  +  —  +  —  +  .... )  =  —  -  1.    (See  700). 
V2  3         4  6  ^      .       '^ 


792.        To  sum  _£—  +  _f —  + .... 


n+4        _ 


A  S  = 


1.2.3      2.3.4 
n+S 


«.(n+lX«+2) 
1 


r=& 


(n+l).(n+2).(«+3)         {«+!)  .(n+2) 


2 


(n+l).(n+8).(»+3) 

.-.  s  =  c  -  J-.  - 


71+1         (n  +  l).(n+2) 

3    ^  n-l-S 

2"         (n  +  1)  .(ir  +  ^)" 


I 
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\ 

To  sum +  .... ^ — ■ — ^— : =  b. 

1.2.8.4  n.(n  +  l).(n+2)  [n+S) 

AS  = (1+i)! ---, 

(»  +  1)  .  (»+  «).(f»  +  8).(i»+4) 
_  («  +  8)  .  («  +  4)  +   6  .  (n  +  4)  +  4  _  1 


(«+ 1)  (»  +  «)(»  + 8)  (n  + 4)  (»+l).(«+2) 

+  _£__  +  ^ 

(n+l).(»+«)  (»+8)        (tt  +  1) (n  +  4)* 

/.  s  =  c  -  C-L.+ ? +_ * —^ 

Vn+l     «.(n+l).(n+«)    S.(n+lXn+»)(,n'¥3)J 

_89  _  6tt«+45n+89 

~i«         6  .(n+l).(n+8).(n+8)  * 
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o6s6o(»0ooo0o8oateo6 

793.        The  probability  of  failing  both  thnnfs  with  the 
single  die,  is 

P  =  i.  X  A  =:  ^i 

6  6  36 

,%  the  probability  that  once  ai  kcui  the  ace  will  be  thrown  is 
1        25  ^  11 

86  36 

Again,  omitting  to  consider  the  aces,  the  number  of  chances  of 
failing  to  throw  one  ace  or  two  is 
10.9         -- 

and  the  whole  number  of  chances  is 

i£dL=66 
2 

,\  the  probability  of  not  throwing  one  ace  at  least  js 
45  _  15 
66  ""  i^' 

Consequently 

F;^  1  -  —  =  — 

^  22         22 

is  the  probability  of  throwing  at  least  an  ace  in  one  trial  with  two 
4ice,  and  we  have 

P  :  F  ::  li  :  ^ 

36  22 

::  ii«  :  7  X  18 
;:  121  ;  12q 


794.        If  — fL.  be  the  probability  of  an  event's  haj^ning 
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in  one  trial ;  then  by  Woot^s  Algeb»  pi  S70,  or  anj  other  eletneirtiuy 
Treatise  on  the  subject,  it  is  shewn  that  the  probability  of  its  hap* 
pening  at  least  t  times  in  n  trials  is, 

a»  +  «a"-»&  +  n  .^Z2  a— "6*  +  &c.  to  n^t+ 1  terms 

8 

(oTW  • 

Now  by  the  problem,  a=:l,  6=rp— 1 

l+K(p-l)+n.^^(p— !)•  +  &€.  ton— l  +  Uerms 

.  P  —  a 

t  •  *  •— '  _^ 


795.  To  geileralize  the  problem  somewhat,  suppose,  other 
circumstances  remaining  the  same,  that  the  number  of  bowls  each 
plays  with  is  n. 

Then  if  the  probability  of  A  getting  one  ball  or  more  at  the 

first  end  is  — ;  of  bis  gettinga  second  in  is •  Consequently 

2  811—1 

that  of  h^  winning  one  precisely  is 

1  1      n— 1  n 


2  2     2»-l  2(2/1-1) 

Hence  the  probability  of  A's  Winning  in  the  abore  manner  is 
P  =  ^ (1) 

Again,  since  the  probability  of  A's  winning  two  or  more  the 
first  end  is 

1       n— 1 
T  *  2»-l 

and  that  of  his  winning  three  or  more  is 

I        n— 1         n— 2     ^       n--2 


2       2»-l        2»-2  4(2n— 1) 

.'.  the  probability  of  his  winning  two  exactly  is 
1        n— 1  n  — 2  n 


5J       2/*— I  4(274—1)         4(2«-l) 
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But  since  he  then  wants  one  of  the  game  and  B  two,  if  B  wm 
one  at  an  end,  they  become  equal ;  hence 
B's  chance  of  winning  this  way  is 

—         ^ 

and  his  chance  of  winning  by  two  or  more  is 
1       n--l 


2      2»— I 

/•  B's  chance  of  winning  is 

-L         »        1    J^      »-I     _    Sn—2 
4       2»— 1  2       2n— 1    ^    8n-4' 

Hence  A's  chance  of  winning  the  game  after  winning  two  die 
first  end  is 

1   —    3n  — 2    ^    5n— 2 


8»— 4  8n  — 4 

and  his  chance  of  winning  this  second  way  is 

P  sr  n  5n  — 2 

4(2»— 1)  8n-4 

_     n(5»— 2) 

16(2»  — r)« 


(8) 


Again,  the  probability  of  A's  winning  three  or  more  at  the  first 
end  is 

1        n—1         w— 2     ^    1       .n— 2 
T*   2n-l    "   2n— 2    ^  T  *   2»— 1     ' 

A  may  win  this  way  and  we  have 

F'  =s  i. .  JiZL :  .  (s) 

4      2n-l  ^  -^ 

Again,  suppose  B  to  win  one  bowl  precisely  at  the  first  end,  then 
A  wants  three  and  B  one  of  the  game.  Now  to  calculate  A's 
chance  on  this  supposition,  we  hare 

A's  chance  of  winning  precisely  at  first  end 


n 


2       2ti^l 
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aad  his  cfaanoe  of  winning  the  ^ame  afterwards 

8»-4 

.*.  ?'^  """  '  is  part  of  A's  chance  of  winning  on  this  hyiK)- 

thesis.    But  A's  chance  of  getting  two  precisely,  the  first  end, 
being 

—        » 

which  makes  him  even  with  B  gives 
JL         « 

8   *   2n-l 

for  the  second  part  of  A's  chance. 

Also  A's  chance  of  winning  three  or  more,  viz. 
1        n-1         n— 2  I        w-2 


2       2w— 1       2n— 2  4       2n-l 

^ives  the  other  part  of  his  chance  of  winning  the  game.    Hence 
the  probability  of  A  winning  the  game  this  third  way  is 

P"  —  «         (  n .  (S/i— 2)    ,1         ^       •    ^     ji— 2    \ 

""  2(2»-l)  \8  (2»-  1)«     T*  2»-l       T*  2n— 1   / 

16(271-1)3      ^  ^ 

Hence  the  total  value  of  A's  chance  of  winning  is 

p*.  p  ,  p.  ,  p/f^         n         ,-».(5n— 2)    ,    1        w— 2 

4(2»-.l)     16(2n— 1)«      4   '   271—1 

» .  (97i«--JI3n+4)  _       7t— 1  «(19n2— 22»+6) 

.     16(2«— 1)3  2(271—1)  16  (211-1)3 

_   6l7i3— 867»2+467i— 8 
16  (211-1)3 


796.        There  are  four  ways  in  which 
1,  2,  3,  4,  5,  6  ) 
1,2,3,4,5,6    5 

may  be  combined,  taking  one  from  each  row,  so  as  to  make  5,  viz. 
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1  +  4=5,  S  +  3=3d,  d4-8c=5,  4  +  1=  6;  and  in  like 
manner  it  may  be  shewn  that  there  are  six  ways  in  which  seven 
may  be  formed  from  them. 

Again,  since  each  Agare  of  the  one  line  may  be  combitied  with 
each  one  of  the  other,  there  are  on  the  whole 
6  X  6,  or  36  combinations. 

Hence  36  —  (6  +  4)  =  26,  36  —  6  =  SO,  36  —  4  =  SS,  are 
the  chances  for  throwing  neither  5  nor  7,  for  throwing  the  5  and 
for  throwing  the  7  the  first  throw,  respectively. 

Hence  in  three  throws  the  varieties  are  as  follows, 
the  total  =:  363 

The  number  of  chances  of  throwing  neither  5  nor  7  =:  ^^  ; 
That  of  not  throwing  7  once  =  30^  ; 
That  of  not  throwing  5  once  is  32^ » 

Hence 

36  3  —  30^  =  the  number  of  chances  for  throwing  7  at  least 
once,  not  excluding  the  chances  fpr  5, 

32^  —  263  s=:  ditto  for  throwing  7  at  least  once  without  the 
possibility  of  throwing  a  5. 

.'.  363  _  3o«  — (323  _  263)  -;  4454  is  the  number  of  chances 
of  throwing  at  least  once  in  three  trials. 

.    4464   __     4464     _      1116      _     879     _      31 
"     363     ^    46666    "     11664    ^  «916   ^    324 

the  odds  ate  298  to  31. 


•  • 


797.        That  two  of  them,  as  A,  B,  precisely  ^  will  die  in  the 
time  specified  is 

i-xi-x-Lxi- 

2  2  2  2 

and  four  things  taken  two  and  two,  may  be  combined  six  ways* 

/.  the  probability  that  Some  two  of  themi  and  no  more  will 
die,  is 

±  =i:  £. 

16  S  ' 
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Again,  that  three  will  die  precisely  is  found  to  be  (in  same 
manner) 

16  4 

and  that  all  four  will  die  is 

1 

16 

A  A  +  ±  +  ±  =  ii 
"    16  16  16  16 

gives  the  probability  that  two  at  least  will  die  iu  the  year. 


798.        The  probabilities  of  A  losing  the  first,  the  two  first, 
&c«ff  and  the  n  first  games  are 

111.1 

— ,  -_,  — ,  &c.,  — 

respectively ;  consequently  the  value  of  B's  expectation  is 

—  +  +  +  «c.  t=  —  which  IS 

2  22  2»  2»  9 

the  equivalent  A  ought  to  receive. 


799.  The  probabilities  of  their  being  alive  are  re- 

spectively 

1   —  —  =2  — and  1 =  — 

6  6  ^5 

A  —   X   —  =  i- 
*■     6  5  30 

is  the  probability  of  both  beiiig  Olive. 
.%  1  -  i-  =  — 

30  30 

is  the  probability  that  both  will  not  be  alive. 

Again,  the  probability  that  both  wiU  be  dead  is 
5         4   _  20  _    2 
T        T  ^  30  ^  T 
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•    1  2    -    >. 


5  8 

is  the  probability  that  both  will  not  be  dead  ia  the  given  time. 


800.        The  chance  of  throwing  the  ace  three  specified  times 

and  of  missing  the  other  two  is 

1         5< 
—  X  — 

and  five  things  combined  8  and  8  give 
6.4.8 


2.3 


vanations. 


•*.  P  =  =  chance  of  throwing  the  ace  three  times  pre- 

dsely  (without  regard  to  order)  in  five  trials. 

Similarly 

?5«nd± 

are  the  chances  of  throwing  the  ace  four  times  and  five  times  pre- 
cisely. 

/.  F  =  ^  is,  8ta,  and  P  :  F ::  250  :  256::  126  :  12S. 

6^ 


801.         Taking  one  figure  from  each  of  these  rows,  and 
adding  them 

1,  2,  8,  4,  5,  6 
1,  2,  8,  4,  6,  6 
1,  2,  8,  4,  5,  6 

it  will  be  found  that  there  are  27  ways  of  making  up  the  10,  and 
but  6  which  give  the  number  5.  Also  6^  is  the  whole  number 
of  combinations. 

.*.  the  probabilities  of  throwing  10  and  5  with  three  dice  are  as 

27  .   6    ..  Q  .  c 
63     6'* 
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802.        Let  the  skill  of  the  parties  A,B  be  lUi  a,  d ;  then 

a         b 

a+b    a+b 

will  represent  the  probabilities  of  either  winning  any  one  game. 

Now  A  may  win  in  the  following  10  ways,  viz,  by  getting  the 

1  and  2f  1  and  3, 1  and  4,  1  and  6  games 

2  and  3,  2  and  4,  2  and  6 

3  and  4,  8  and  5 

,  4  and  5 
But 


V  a+  b  )         o+  6  -      a+  6 


a«6 


P,„  =  ^.^1^   X 


(a +6)^ 


(a+6)«         (a+ft)«         (a+6)^ 


P      -  -fi—  X 


JS  _       fl«j3 


(a+6)«         (a+6)»         (a +6)5 
P      ^     «'      w     ^      P       —  _f[!__v     *!_P       — 'O^*^ 


(a+6)«     a+6      ^'*       (a+6)«     (a+6)«      ^'•'       (a+&)5 
'•*         (a+6)"        («+*/    '''  (a+6/    (a+6)» 


(a+6)« 
Vo+6y       ^  a +6         (a+6)"        (a+ft)^} 


In  the  problem,  a  =  2,  fr  =  3. 

.•.P=:JLx{l+A  +  H  +   i^l 


S5  5  25  125 


=s  -1  V  ^^^  :-  2072 
25     125  ""  3125 

.  p/  ^  ,    2072  _  1053 
3125    3125 

the  chances  required. 
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803.        That  two  of  them  Bpecified  will  die,  and  the  other 
two  be  alive  is x  —  x  —  =»  ■     and  the  combi- 

10X10         10         10  10000 

nations  in  4  things  taken,  two  and  two  is  ^ —  =  6. 

•    p  _   «X81 
10000 

is  the  probability  that  some  two  and  no  more  of  them  will  die  in 
the  time. 
Again,  that  some  three  and  no  more  will  die  is 

4X9 

10000 

and  that  all  four  will  die  is 

1 


10000 


.   p  ^  1-f  36  +  496   _      588 

ioooo  10000 

is  the  probability  that  some  two  at  least  will  die. 
/.  P  :  F  ::  iiilL  :  -i£L.  ::  486  :  523. 

10000       10000 


804.        The  probability  of  throwing  an  nee  twice  only  in 
three  throws  in  a  specified  order  is 


-Lxi.=     « 


36  6  36  X  6 

Q  a 

and  there  are  — 1—  :=  3  different  ways  of  being  snccessful,  .*. 

5X3  _  ^ 
6x36  72 

the  probability  required. 


805.        The  chance  of  his  throwing  it  the  first  time  is 

36  ^   18 
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•\  —  c=  chance  of  not  throwing  it 

and =  ditto  of  not  throwing  it  once  in  four  trials. 

-    18*-17*  _    21455    ig  the  probability  required. 
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18*  104976 


806.        Let  a:  4-  y  bo  the  vdue  of  A's  chance  at  first,x  being 
that  after  having  lost  the  first  gamcy  and  first  suppose  p=S,  9=1. 
When  A  has  lost  the  first  game 

a.  ^^"^y)  is  his  prospect  of  winning 

and  /.  a.  fil^  =  a:,  /.  y  =  — - 
a4-6  a 

Again,  before  they  begin,  A  has  a  chances  for  8  counters,  and  6 
chances  for  x  counters. 

0+6  a 

3a" 


•  •  X  ^^ 


and  «  +  y  =  3.  -J 


and  :.  B's  expectation  is 


3  —  a;+y  =  3, 

•^  a«  +  a6  +  6» 

Again,  let  p  =  8, 9  :=  1. 

Then  putting  x  +  y  +  «  =  A*s  expectation  at  first,  x  +  y  after 

having  lost  the  first  game,  and  x  after  having  lost  the  two  first ; 

by  like  reasoning  we  get 

J?+!/  ■■         hx 

a.  —-2.  =:  0?  and  y  =:  — 

?f±fy±^=x  +  yandz:=^  =  ^-!^ 

.^11  ,     bx  ^   b*x 

.\  X  •{•  y  +  z  =  X  +  —  +  — . 

.  a  a* 
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Now  it  is  evident  that  A  has  a^  first  a  chances  for  4  €Oimters»  and 
b  chance^  tor  x  +  y  counters, 

.^  ^a-^b.x+y  S2X  +  y  +  z 
a+b 
which  gires 

_  4a» 

^^tf+b(f+Va+b^ 

and  B's  expectation  is 

4    ^ 

Hence  if  p  s=  p  and  q  =  1,-we  get 

a"+«*-'  +  ....6-      '"^  ^    '  a'+i-ftH-i 

Again,  let  p  r=  p,  ^  =  q. 
Then  a;  being  the  value  of  A's  expectation  when  he  has  lost  all 
but  one  counter,  we  have 


bx        b*x  h^ 


.  '(4)'- 


^-^  a    -^    a*  + oT'  =  1 

_  -  1 
a 

the  value  of  A's  expectation  at  first,  and 

f  b  Y^-^ 

bx       Vx^         b^x       '  wy        ""  "^ 

^  +  o    +     a*     +•••••    /|H-f      2^  ^        — — 

— —  1 
a 

for  A's  expectation  when  B  has  but  one  left. 

Hence  A  has  a  chances  for  the  whole  p  +  q,  and  b  chances  for 
the  above  expectation,  .*. 

(p-hq)a'^  X(&~g) 
and  A*s  original  expectation  becomes 


r\ 
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jhttt^ht  ^  vp  ^  y^ 

the  probability  required, 
and  .*.  B's  is 

A  P  :  Q  ::  ^(6'  -  o*) :  (&'-a')6' 


6* 


6^  — tfr  cT 

Hake  6  =  a  +  x 

ThenP:Q::?f!:!f±L:^   : 

::  ^^'^  +  ^^  :  5L 
*'  p«^*  +  xR'   *  '^ 

Let  X  s=  0,  or  a  =  6.] 
and  we  get 

P:Q  ::  j?  :g 

a  yery  remarkable  result,  and  which  shews  most  dearlj  that  a 
f)€r»n  always  flaying  at  garnet  of  chance  for  the  same  stake^  or  at 
games  of  skill  with  antagonists  of  equal  skill  with  himself  must  in 
the  endj  be  utterly  ruined. 

At  the  rouge  et  noir  tables,  for  instance,  even  were  the  play 
fiiir  and  strictly  honourable,  and  the  banker  to  have  no  advantage 
(which  he  always  has),  continual  play  for  the  same  stakes^  must 
leave  the  wealthiest  person  in  the  world  without  a  sou.  It  may  also 
be  remarked,  that  the  safest  play,  is  constantly  to  stake  the  same 
sum  and  adhere  to  the  same  colour. 

When  b  is  very  small  in  respect  to  a 


P:Q::  l  :( A )* nearly.  1 


807.  Since  p  of  them  are  taken  at  once,  and  there  are  hx.t 
p  of  the  balls  specified,  there  is  evidently  but  one  way  of  being  sue* 
cessfnl,  and  there  are  in  all 

VOL.  I.  2  b 
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2.n— 1     n— 2  n— p+1 

2  8.  p 

ways.    Consequentlj  the  probability  required  li 

p= » 

«— 1         n— p+  1 

n.(n— l).(n  — ^.  .  .  .n— p+l 

The  question  may  be  generalized  by  stating  it ;  ^'  required  Ae 
probability  t/tat  in  taking  ^  at  a  time  from  a  bag  containing  n  baUh 
v!  of  which  are  marked  or  spedjied,  ^'  of  the  f  ^all  beof  Ae  sort 
specified.'* 

Combining  the  n'  marked  balls  j/  and  jff  we  haye 

nVp' 
and  also  combining  the  n  —  n'plafal  balisp  —  p*  andp  —  p'  to- 
gether we  get 

(p-OC(p-p') 
for  the  number  of  ways  in  which  they  can  form  variations^  and 

each  of  these  lots  being  added  to  each  of  the  marked  allotm^ts 
make  up  all  the  ways  in  which  p'  of  the  marked  balls  can  appear; 
which  are  the  number  of  cases  fatourable  to  the  erent;  and  the 
whole  number  of  combinations  is 

nCp 
.*•  the  probability  required  is 

nCp 

\.....p'  1.8 ?  —P 

^  12 p  _   ^,(^,_,)^ («'_p'  +  l)X 

n.(n— 1)...,«— p+1 

1.2.....p  -p'  ^.„^  l..;....n-p+l 

This  formula  is  very  extensively  useful.  It  will  determine  the 
probability  of  your  getting,  for  instance,  p'  of  the  n'  priies  in  the 
Slate  Lottery  consisting  of  n  tickets,  if  you  have  purdiased  p 
tickets  therein.  It  will,  moreover,  give  the  chances  of  having  » 
many  certain  cards  trumps,  &c.  &c.  at  vrfaist  or  other  games. 
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808.       By  taking  on«  figure  from  each  6f  the  lines,  and 
adding  them 

1.8.8.4.5.6 
the  number  of  ways  in  which  we  can  make  7  is  8,  and  the  whole 
nnmber  of  combinations  is  6*         ' 

.  p.^    «    -    1 

62  6 

the  probability  of  throwing  7  in  any  one  trial.    Hence  4he  chance 
of  throwing  7  twice  precisely  out  of  three  times  together  in  a 

given  order  is   —  x  — ;  and  there  are  — 1«-  s   8   differetit 

6«         6  2 


orders 


.  ly-    «      1 
8      6< 


is  the  chance  of  throwing  7  twice  exactly  in  three  trials 


809.        That  A,  B  happen  it  is 

that  they  fail  will  be 

respectiTely.        • 
Hence  that  A  happens  and  B  fails 

IS-/—   X   — — 

and  then  that  B  happens  and  A  fails  is 

^     X     ^ 


r  +  s        p+g 
and  then  that  A  happens  and  B  fails  is 

fcc.    &€•    dsc. 
8*9 


628 
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.*•  that  in  dn[trials  A  and  B  happen  alteroatdy  is 

(p  +  qr       (r  +  sT 

the  probability  required. 

810.       The  chance  of  throwing  an  ace  any  three  specified 
throws  and  missing  it  the  other  two  is 

and  there  are  -lli!  ways  of  doing  this. 

.    10X5g   _  2500  ^  1250  _    625 


•  • 


•  • 


6^  7776         S888  1944 

die  probability  required. 

811.       The  probabilities  of  the  events,  happening  and  fail- 
ing are  respectively 

a  h 

a+6     6  +  6 

(JT6y  ^  j^^-  ^y^^V^'^tAMyot  its  happening p 

specified  trials  and  failing  in  the  other  q  trials  \  but  this  can  take 
place 

(p  +  9)Cp 
different  ways 

.^  P  3.  (y+g)'(p+^— !)'"»?+ 1  ^      tf6* 

Again  to  find  the  number  of  trials  necessary  to  make  It  even 
whether  the  event  happens  or  fails, 
let  X  be  the  number  required. 

then    "^      =  ± 

{a+  by         S 

andars  -  ..    '^     .   -        ^« 

la—la +  b       la+it-la 
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812.        Tbe  number  of  ways  of  drawing  1,  Bf  5, 7»  See.  «re 
Ns=n+  2:!iZi.  Ilz2+>cl(to-lor  !i±i  tenns)  those  of 

drawing  8,  4,  6,  8  &c.  are 

=  I  >    .  ■  + , ^  +  &C.1  (to..^i< terms). 

2  8.3.4  2d 

Now  N  =  OL+l)lH!zir  ==  8-^ 

8 

and N'  =  (l  +  O'-O-O'  1  a  a-t  _  1 

2 

/.  N  +  N'  =  2"  -  1 

andN  :  N' ::  2-»  :  2^*  -  l. 

Hence  it  appears  more  probable,  that  an  odd  number  of  balls 
should  be  taken  from  the  bag  than  an  eren  numberi  hj  the 

quantity  -_-„ — 


813.        The  probabilities  of  A,  Vj  C,  D  getting  a  knave  the 
'^rst  card  are 


6?  Sr  60*  49' 
supposing  B/C,  D  to  have  tbe  opportunity.    A,  s  —  is  the  first 

13 

partof  A's  chance  (1).  But  if  this  does  not  succeed,  A's  second 
chance  will  depend  upon  A,  B,  C,  D  each  failingi  the  probability 
of  which  is 

^  6»J  61  J  60  /   ^  49  / 

48.47.46.45    ^       4.9.28.47  g 

52.51.50.49  5.13.17.49 * 

whence  A's  second  chance  is 


As  =  Tr-^i    =7^  ^1    = 


3.23.47 


48      *  12      *  5.13.17.49 


^30  FROBj^IIilTISt). 

Agftin  4ie  proVabilify  tliitl  two  nmndf  will  b^  4eait  withonl 
turniQi;  a  knaTf  is 

g    ^   4i>43. 42.41    _         11.43,41         g 
*         48.47.46.45  5.S.1S.17.7 * 


44       •  7.5.5.13.17 

Again,  that  three  rounds  fail  is 

g       40.39.38.37    _        38.37  g 

*' 44.43.48.41    ^    5.7.7.17  * 


•A    .-^n-v^n.. 


19.87 


40      "       10      "       5.5.7.7,17 
Proceeding  in  like  manner  with  the  other  rounds,  we  g^t 


5.7.  13         ^  '96  5.7.  1» 

«  8.29.31      A     ^u      4    ^       SO.  31 


7.17.13.35      '"         "  32  7.13.17.35' 


®  A     —  B      **    —        .9 


®6  ^  ^  .  ,  - — >  Ay  =  ^e'^rr  = 


7.  17  •  '^  28  7.7.17 


_     «.11.23      A     _Ti      4    _         11.23. 
^         fri3. 17.25       •        ^24  7.13.17.2* 


^_-       3.19         A-P      ^    ^  81« 


5.7.13.7        '  "180  5,5.7.7.|3 

B'  4  AH*  1 


5.17.7  '16  5.7.  17 

«    _         0.11         A     _T>      4  3'.  11 


^7.7.13.17  10         5.7.7,13.17 

**        5.7.17.13      "  6  5.7.13.17 


5.^.13.17.49  *^  5.5.18.17.49 

Heuee 

A    -4-  A     4.  A      -   J^^^^ 

54(4^ 
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and  A's  expectatm  is  woHh 

i?Z5l£,  or  about  4a.  Bid. 


54145 


J,  S,  4,  6,  6,  7,  8,  0,  10,  10,  10,  10.  U  l 
U  3,  4,  5,  6,  7,  8,  9,  10,  10,  10,  10,  U  I      • 


8 14,        The  cards  being  arranged  nninerically  thus 

9i 

2,  3,  4,  6,  6,  7,  8,  9,  10.  10,  10,  10,  U 

i,  8,  4,  «,  6,  7,  8,  9,  10,  10,  10,  IQ,  U  J 
it  is  easily  found  that 
29  =  (11  +  10  +  8)  in  4  x(4  X  4)x  4  different  ways* 

ss  (11  +    9  +  9)  in  4  ><  — 1-i.  different  ways* 

y 

10  .  15 
=  (10  +  10  +  9)  m  4  X    — . t 


2 

:,  the  different  ways  of  making  up  2?  are  in  nuaiber 

256  -f  24  +  480  =  760. 

Again 

19  =  11  +  6  +  8  in  43  different  ways 

=  11  +  6  +  3  in  4» 

=  11  +  4+  4...4^  ;, 

=  10  +  7  +  2  • , .  4* 
=:  10  rf  6  4*  3  . .  .  44> 

=  10  +  5  +  4 . .  •  4* 
—  9  +  8  +  8  . .  •  4« 
--  9  +  7  H-  3  ...  43 
s-  9  +  8  +  4  ...  4' 
=     9  +  5  +  5. ..  4' 


I' 


B=    8  +  8  *h  8  . . .  4,  — -1- 

=  8  +  7  +  4... 43 

^  8  +  6  4-  5 ...  43 

a    4.8 

-.7  +  7  +  5...  4.. 

.  2 

.    4.3 

g?7+  «  +a,.^4...T^ 


^^  PR0BABIUTIB8* 

•%  the  whole  number  of  ways  of  prodocing  19  is 

43.9  +  3.4^  +  8.4.0  3?  II60; 
Agaia 

9  =  5+2+2in4.  i:L  ways 

1=  4  +  3  +2  in  4*  ways 
/•  the  whole  number  of  ways  in  whieh  9  can  be  produced  is 

d4  +  04  cs  88. 
'  Aud  the  whole  number  of  combinations  in  62  things  taken 
three  and  three,  is 

^^'^^'^   =  26  .  17. 50  =  22200. 
1.2.3 

Hence-the  probabilitijes  of  drawing  29, 19, 9  respectivdy,  are 

p  _   760   _   38   _   19 


F  = 


22200    1110    555 
116     58      29 


r  = 


2220     1110     555 

88       22      11 


And  P  +  F  +  F  = 


22200    5550    2775 
251 


2775 

is  the  probability  of  his  getting  29, 19,  or  9. 

•   1  -  -HL  —  ^^^^ 

"*  2775  ^  2775 

is  the  contrary,  and  /.  we  baye  * 

2524  :  251 ::  10  ;  1  nearly  against  him.    ' ' 


» • '  ->  '  ■, 


s        1 


815.  Since  one  bag  contains  more  balls  by  m— n  than  tlie 
other,  supposing  we  first  draw  from  the  former,  the  probability  of 
bitting  upon  a  ball  contained  in  the  latter,  is 

n 

m 

and  this  happening,   the  probability  required  becomes  that  of 
drawing  from  the  bag  with  n  balls  any  specified  one,  or  JL 
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,%  —  X  —  ss  _  is  the  probability  required. 


n         m 

Otbenrise. 

There  are  evidently  but  n  ways  in  which  a,  a ;  ft,  b';  &c.f  can 
come  together,  and  the  ways  in  which  two  sets  of  quantities  con- 
taining m  and  n  can  be  combined  by  taking  one  from  each  is 

mn 
s  —  the  same  as  before. 


mn  m 


816.         Here  P  =  («-pO  C  (p-p')  X  m'Cp'  ,^  ^^. 

mCp 

and  m  s  1 1,  m'  =  5y  p  s  7,  p'  s  8 

,    T>_  6.C.4  X  5.C.3  _  6.5     ^    5.4    ^     1.2.3.4 
11.C.7  2  1,8  U.10.9e8 

—  the  probability  required. 


817,       The  'probability  of  throwing  the  six  faces  in  any 
given  order,  is   — 

and  there  are  6. 5. 4. 3. 2.1  ways  in  which  the  order  can  be 
varied ;  /.  the  probability  is 

6.5.4.3.2.1     _  20  _      5      _      5      _      5 
6«  6*         ^.&*  ^  4.81  824* 


818.        Since  A's  skill  is  double  of  B%  his  chance  of  win- 
ning is 


.     . 


2 

and  the  value  of  his  expectation,  supposing  the  stake  a  guinea,  is 

—  X  2  guineas. 


^  PSDBABILIT1B8. 

Now  sincQ  C  and  A  play  with  equal  skill,  if  x  denote  C*s  sUike 
and  A*8  as  before,  the  probability  of  A's  winning  1  +  «  giiineaa  is 

1 
T 

and  the  value  of  his  expectation  is  •'. 

and  by  the  question  we  get 

±  =  i.  (1  +  jr) 

.'.  J?  =  —  —  1  =  —  of  a  guinea. 

3  S 


819.        Let  — ^  denote  E'fi  ebo^ee  of  wMuMOf  (he  first 
game,  then  the  probability  of  D's  winning  the  first  n  games  is 

\a+x)  2 

by  the  question. 


zsiaQt^-^  1) 


1 


and 


X      _       <i(27  -  1)       _  g"^-! 


the  probability  required. 

820.    ' .  I^t  generally  ptSif^d^ote  the  numl>er  ef  combina-     C 
tions  of  p  things  taken  q  and  q  together;  then  the  number  of  ways 
in  which  A  may  be  thrown  with  m  dice,  is 
N  =  (A  -  1).  C.  (m  -  1) 

—  m.C.  1  x(A— 7).C.(m-:l) 
+  »i.  C.  2  X  (A  -  IS).  C.  (m  -  1) 

-  ?n.  C,  3  X  (A  -  19).  C.  (m  -  1) 
+  5cc. 

see  Parisot's  Calcul  Conjectural,,  f.  8{»;  iMi4  therefore  the  number 
pf  ways  in  which  B  may  be  thrown  i§ 


N'  15:  (B  -  1).  a  (m  -^  I) 

-  w.  C.  1  X  (B  —  7).  C.  (w  -  1) 
+  m.  C.  2  X  (B  —  IS).  C.  (m  —  1) 

-  m.  C.  3  :k  (B  -  19).  C.  («  -  1) 
+  &c. 

•  Also  it  may  easily  be  shewa  that  6"*  is  the  total  number  of  dif- 
ferent throws  of  the  m  4ice.  Consequently  the  probability  of 
throwing  A  the  first  time  is 

N 

6- 

and  that  of  not  throwing  it  once  in  m  throws  is 

6*  J 

and  .*•  the  probability  of  throwing  A  onc^  at  least  in  n  throws  is 

p  =  i-(i-^y (.) 

In  the  same  way  it  is  shevq  tbat  the  chafic^  of  ^iqwing  B  at 
least  once  in  n  throws  is 


F  = 


N' 


Hence  the  probability  of  throwing  both  A  and  B  with  m  dice 
in  n  throws,  at  least  once,  is 


By  way  of  example  let  it  be  required  to  find  the  chance  of  throw*' 
iny  20  and  \Q  at  least  once  with  4  dice  in  6  thr(fw$* 
Here     N  =  19.  C.  3 

,  -  4.  C.  1  X  IS.  C.3 
+  4.  C.  2  X  r.  C.  3 
19.18.17  .     ,     13.12.11      ,4.3     ^    7.6.5  _  „^ 

^  —  4  X  +  ,   X  r  ;;;  35. 


2.3  2.3  2  2.3 

j^j/  _    15  14.13    _  4  ^   9.8.7  ^  _4£^    ^    3.2.1  _  ^^^ 
2.3  2.3  2  2.3 
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and  Fe  I  -  (I  -  i£l  V  =  Sll:±in!2r 
And  BO  on. 

.821.     J^et  the  stake,  each  game,  be  S ;  then  the  probabilitj 
pf  B's  winning  any  specified  game  being 

m 
m  +  I 

his  expectation  is  worth 

f     ^     ^  1)B  =  !1LZ1S; 
V»i  +  1  m  +  l 

and  the  probability  of  his  having  to  play  the  h^  game  being 

\tn+  \  ) 
bis  gain  on  that  game  is  worth 

\m  +  l  } 


■-I 


m+l 

Hence'  the  whole  value  of  his  expectation  is 
m  -  1 

991 


ZLL,S.  {1+  .^^  +  (^-rL.V+&c.oo} 
+  1         *  m+  1  \m+  I  J  * 


which  =  !llLzi-.  S  X  (w  +  1)  =  (m  -  1).  6. 
m+l 


'822.        The  whole  number  of  combinations  is 

8X7X6   _   ^ 


2.3 

out  of  which  we  have 

1  consisting  of  20£  and  two  5£. 

£211  s=  loofasof  and  two  l£. 
2 

5  of  two  fives  and  one  1  £. 

2  X  t^  =  20,  of  one  6£  and  two  l£. 

2 

£=  10  of  three  l£. 


2.3 
and  10ofa20£,  a5£,  andal£. 
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Hence  his  expectations  of  winning  30  £,  ll£»  d£,  26  £,  are 
1      10    ^    ^    10    10 

56'    66     66     ii'    66     66 

respectively ;  and  the  value  of  his  expectation  is  therefore 

30  +  220  +  55  +  140  +  30  +  260  ^ 


56 


735 


£   =  22t£  s=  £13  25.  flrf. 


56  8 


•*^i 
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823.  Thr  Und  whidi  pasfles  tfaroOgh  O  (Fig.  to  enmi- 
ciation)  resting  against  the  wall  and  ground  at  equal  distances 
from  the  bottom  of  the  wall  B,  is  the  length  of  the  largest  ladder 
required ;  for  if  the  longest  were  longer  than  this  ladder,  it  would 
fall  beyond  O  when  in  that  position.  Hence  having  the  co-ordi- 
nates  a,  6,  of  the  point  O  referred  to  A,  we  get  for  the  parts  of  the 

-  ladder  on  each  side  of  O  the  lengths 

and  the  length  required  is  therefore 
(a  +  b)  V«. 

824.  Let  r  be  the  common  ratio  of  the  geometrical  series ; 
then  the  successire  iralues  are 

X,  xr^  xr^y  xr^,  &c.,  ar*,  aT*+i,  &c. 
and  the  general  increment  of  the  ratio  is 

..    .  =  r  —  1 

XT* 

a  constant  quantity. 

825.  The  coefficient  of  (n  +  1)*  term  of  (a  +  xf^  is 
2n.(2n  —  1) n  +  1 

2.3 n 

But 

(a  +  xf  =  a"  +  no^^^x  +  n .  — Z—  a*^  «*  +  &c. 

2 

(a  +  ar)*s=  o«  +  na"-»a:  +  n .  ^Zi  a*-*x*  +  &c. 

I  and  multiplying  them  together  the  coefficient  of  a*  a*  will  be 

!  found  to  be 


MItCBLtANIBB.  ^ 

1  +  n*  +  (n  .  IZl  y  +  &c.  ton+T terms, 

and  the  middle  tenn  of  (a  +  a?)*"  being  the  (n  +  1)*^,  its  coeffi- 
cient  is  followed  by  a*  af, 

:.  1  +  ««  +  (n.5-ll  y  +  *c.  =  that  coefficient 


g»  .  2n  —  1  «+l  n  .  (n^  l) 8  >  1 

""  1.2.3  •....  n  »  .  (h-»1).»...8  .  1 

^    2n  .  (2w  —  2)  ....  4.2X1.8.6  ....  2h  —  1 

(1.2.8  .....  n)« 

,_^  Qn         1.8.5  .....  2*1  —  1 

""  1.«.8 n  4.B.D. 


826.        Leto««6"i:c.    then 
fTixJa  +  mlb  t=i  tc 
and  mia  x  dx  +  nib  x  dz  tsi  0. 

Also  by  the  question 

(mr  +  n)  X  («z  +  »i)  =  max. 
.".  mdx  .  (n«  +  «)  +  ik?« .  (mx  +  n)  ae  0 
,     m  dr   ^    '^   _  mor  +  n 

/.  0--+*  =  fe*^--  Q.  E.  D. 


Otherwise, 

since  iiur  :±  (illi^iL2f ,  we  have 

la 


^^  ""  ^  ^  ^^  +«)(»«  +  »«)  =  max. 


( 

(a  \  la 

/.  n*  «^  z  -f  WW  -—  c=  ---  —  ■  z  +  «*. 

to  M         la  /a 
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Hence 

n  +  mx  SI  (^m  +  m)  — 

la 

and  /.  a**--  =  i-H*. 


827.        Let  «cos.  2  s=  »  +  JL.    Then 


X 


1+wcos.  2=l+^,(a?  +  —^ 

2  X  J 

\  «  »   J  X 


ix  n 


2x  fi  ft 

=-.(x+ !L=V*  +  B) 

2x  l-^l-n«/ 

/.  Z.(l  +ncos.  z)  =  lJiL  +  Z.(l  +  Rr)+/.(l+5.'\ 

=5  «  . +  B«  •-  Z-1.  +  — r.  -  fee. 

2  9  8 


2 


.     B  B«     .  B»         - 

+ +  —  &c. 

X  2x^  Sx^ 

xj      2  ar«  / 


—  ?       »B     .  «ii  2B«        ^    .    2B»  «         . 

=  /  .  -H2PC0S.Z— cos,2«+ COS.  S«  —  fta 

8  2  3 


828.        Lettt  =  ±  +  ±  +  ±  +  ±  +  ....±  be  tbe 

3  5  7  11  w 

_ 

senes  of  the  reciprocals  of  prime  numbers ;  then  by  Legtndre, 
p.  397,  we  have 

«  =  1(^,  (log,  «p  pi^  0.08366)  —  0  .  22U. 
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Again,  ^e  have 


>8  'pS 


A  ^  +  i-  +  iL  +  &c.  =  -  log-  (1  -  x) 

2  8 

and  when  a:  =  1, 

«'=!  +  —  +  —  +  &C.  =  —  log,  0 

=  log.  —  =  log.   QC  • 

Also  when  lo  is  indefinitely  great  or  =:  qd  ,  we  have 

tt  =  log.  (log.  GO  )  =  log.  «' 
/.  tt'  =  e»  =  (2.718,  &c.)« 

and  ill  =  (g'7l9,&c.)«^^ 

u  <» 

^  (1+A)«    ,  1+«xA+J11a«+&c. 
=  A  +  ^  A2  +  -!11  A»  +  &c.  * 

2  2.3 


/  A2 
=  QO    X  (— — 
\    2 


A2  .  A3       •        ,'c,^v 

+    QO   +  KG.) 


2  2.S 

SO  that  u*  is  indefinitely  greater  than  v.  Q.  E.  D. 


829.        Let  P  (draw  the  figure)  be  the  point  within  the  cir-  * 
comference,  aP&,  bPc^  the  equal  angles  subtended  by  the  arcs  a6, 
bCf  aby  being  nearer  to  the  diameter  passing  through  P  than  be  ; 
then  6c  is  >  a6. 

For  let  cP,  6P,  be  produced  to  meet  the  circumference  in  c',  b\ 
and  join  ab\  be' ;  then  since  fb'  is  >  Pc'  and  the  angle  bVc'  = 
the  angle  bTa,  .\  the  Z  6'  is  <  the  angle  c%  or  since  equal  ^ 
are  subtended  by  equal  arcs, 
ab  is  <  be. 


830.        Since  a-  =    ^'  ""  ^^'   and  v  is  ±  J  -  1 

2a  ^ 

VOL,  I.  2  T 
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. .  X  =r  . —  sm. 

/.  dz  =r 


V(l-^^) 


831.        Make 

and  Q  =  a  —  i/  ax 

Then 

dP  a3  -  2^3  3    /  — 

—  —  Y  a^ 


da:  V  (2a^x  —  a:*)  2 

and^  =  -±    /I 

and  these,  ivhen  a?  =r  a,  become 

—  3a^   —  — ,  and 

2  2 

■  =  3a  (2a-  +  1)  when  x  =  a 


dQ 

which  is  the  value  required. 

Again, 

Aja+x  —   jj  a—x  2x 

2dx 


^m  2d .  I  (t^a+x   +   ^^a— x)  — 


X 


=  dx  <i^a+x         Va-x}>  —  -Hrf. 

f  >/a+x  —    j^  a+x  8  > 

=    C?X  < — === = =::i   ■"  —  f 

(aJ a^—x^  X  a/ a+x+  ^  a-^x)  *> 

^  [     —  2x^a«-x«  « 

which  may  be  farther  reduced. 
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832.         B^  the  nature  of  the  series  we  have  (calling  the 
eoefficientg  a^,  a^ a.,  &c.,  and  tlie  scale  of  notation  being 

a,^j  =/,  a,^j  +/«  ff,  +  fn^2 

&C.  &C. 

/.  A  (i,+i  =/,   A  a«  +/3  A  fl^,  +  ..../«  A  a, 
A^a^i  =/i  A2a,  +  /,  A^a^,  +  ..../.  A^a^ 
&c.  =  &c. 
and  A-»a^j  =/i  A*"fl,  +/«  A-<i,+i  +  ..../»  A-a^. 
Let  A*a,^i  =  A*«»  =  &c.  =  O;  then 
/1+/2  +  ••••/«=  '•  Q.E.D. 


833. 


/7?#^,=/4''"-^)"'- 


1  r93  1  17  Q  31 

=:  ~  X  {_  0??  +  JL  0?—  +  2 X— +&c.}+C. 

ai         is  17a7  2.31a»* 

which  conyerges  since  a  is  >  a:. 


834.  Let  ABC  (draw  the  fig.)  be  the  A ;  with  C  as  a 
centre  and  radius  =:  CB,  (CB  being  less  than  CA)  describe  a  circle 
cutting  AC  in  E,  produce  AC  to  D,  join  BD,  BE,  and  draw  EF 
parallel  to  BD ;  then  since 

Z  EBA  ==  Z  CBA  -  Z  CEB  =  A  -  ±±J^ 
A  and  B  denoting  the  angles  at  those  poinlSy  we  iiave 

2T2 


A    I 


fi44  MISCELLANIES. 

ADi:=za+b) :  AE(=:a-6)::DB  :  EF 

: :  EB .  tan.  i±5  :  EB .  tan.  lnJ 

2  2 

,      A+  B     .       A-  B 

::  tan.l— I —  :  tan. 

2  2 


835.         Since      /xLii^L^  s  mimmtan 

V       x— a 

/.  u  =  -^ — : — i^  =  min. 

cte  x— a  (x  -  ay 

/•  Sx  —  Sa  =  J?  +  a 
and  a;  s  2a. 
Hence  the  minimum  value  is 


836.         d  (sin .-» 2y  V 1  -  y*)  =  *^(^»     "/^-y*) 

Vl-V.(l-yO 


«tfy(Vi-y*  - 


y* 


V^-y*)  -  ^.uj     i-gy'  ^ 


=  8rfy. 


837.        Since  ISx  +  14y  =r  sdo,  therefore 

IS  13 

let  LiL.  =  w,  w  being  any  integer.    Then 

y  =z  ISw  +  5 
••.  X  :=:  10  -  I4w. 
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Hence  if  o  be  assumed  s  0,  1,9,  8,  &c.;  the  Talnes  of  y 
will  be 

5, 18,  31,  &c. 

and  the  corresponding  ones  of  a?  will  be 

10,  —  4,  —  18,  &e. 


838.  Let  x^  —  x^  —  8x  +  IS  =  ti.    Then  by  the 

question 

^  =  Sa:«  -  2x  -  8  =  O 
dx 

and  x«  -  £  «  =  1- 


=  l±£  =  2or-±. 

3  3 


839.  d.Jj/fZZV^  ^  dy  [^^1111  - 


(a3-y3)2^a«^jf 


8 


840.        The  several  interests  being n, (»  —  1)  2», 

°  100      100 

''    X  C»  —  2^  33  &c.— I—  »^  and  the  principals 

100  100  *^      "^ 

1,  8%  3»,  &c.,  ?i» 
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the  whol^  amuuBt  at  tHae  end  of  ?( jeftfs  is 

8  =  1  +  -L-.II  +  2X1+  LlEED  +  3Vl+  r.n-gy^ 

&c.  +  w*  (1  +  -I-")   =   1   +   i*  +  3"  +   n' 

100  / 

+  — L-  X  (n  +  2*  .  n-:l  +  3'.n-2  +  &C   +  «0 
100  ^ 

=  (1  +  SP  +  ....  «»)  (1    +  -^^  ^  (a'+8  .3»+S.4«+&c 

« 

«-l  .  n') 

=s  (I  +  J!!LJ)xn^  -snirr.n' 

100  / 

=  (2  +  .fL-^Sn»  -  in* 
^100/ 

100/  4  V  5        4        3      30/ 


3 


Let  n  =  1 ;  then  S  s=  1  +     ^ 


100 


•%   ly  ST  1 T"   —  —  »  ■    T    — —  • 

100  4 

The  farther  reduction  is  left  to  the  student. 


841.         Since  u  ==  ^i^-^  --  max. 

l-aV 

"'(It  l-aV  1-aV  (l-a'jt»)^  ^ 

/.  (1-x^  (1— aV)  -  0^  (1-aV)  +  aV  (l-x^  =  O 
.-.   (l-2a«)  (1-aV)  +  li'x*  (1-^  =:  0. 

Hence  a*x*  —  ga)*  =  —  1 

and  X* ^  x2  =  —  — 
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and  .  =  ±  ±^±Jl^^^^^-^-     ^z/'"'- 


which  gives  the  values  required. 


842.        The  looa£  stock  at  110  =  1100£  steriing  ^  i52. 

S4 

OS 

X   1100  =  _  X  1100  in  the  Threes  at  84.    The  interest  of  this 

SI 

at  the  end  of  six  months  is 

3  25X1100   _   38X25 


200  21  42 

Now  had  the  stock  remained  in  the  Fives,  its  worth  (at  112) 
would  have  been 

1120  +   }~-   X   1000  =1120+23 

40 

=  1145. 
Hence  x  being  the  rate  required,  we  have 
"      X    1100  +  ?i2i££  =  1145 


100 

f\ 

>    * ' 

■         42 

and  /. 

X 

= 

_    25          1145 
14            11 

= 

16030-275  _ 
11X14 

— 

102  — 
54 

15755 

I 

11X14 


843.  d  .1.         ^- =  d  .  a-  -  —d.l{\  +  x^) 

^^  dx  xdx      __         dx 

» 

Also  making 

sin.  0  =  2x  -^  1  —  a"* 
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844.        Let  tt,  u^,  u^ u^  be  the  equidistant  Tallies  of  any 

function,  then  we  know  that  (see  Translation  ofLacroix) 

12 

Hence,  having  all  but  one  of  these  equidistant  values,  that  one  may 
be  determined. 

In  the'problein 

u  =z  I  .  510  ==  2.70757018 
tt^  =  Z  .  511  =  2.70842090 
ttg  =  Z  .  513  =  2.71011737 
u^z=i  I  .  514  =  2.71096312 

and  u,  =   ^(^i+^.)-(^+«4) 

'  6 

=  2.70926996. 


845.  Suppose  two  planes  passing  through  the  lines  i.  to 
any  third  plane,  and  therefore  parallel  to  one  another.  Hence  a 
plane  cuts  two  parallel  planes  at  right  A  and  the  intersections 
(which  are  also  the  projections  of  the  straight  line  in  the  question) 
are  parallel. 


846.         Since  a'  b'  e  =r  min. 
.'.  xla  +  ylh  +  zlc  =  min. 
and  (a;  +  1)  .  (y  +  1)  .  (^  +  1)  =  a (1) 

Hence  (see  Vince^  p.  20) 

dx  ^^        lb  ^^       x+l 
dy  la  y+1 
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Hence 


dx  ^ 

dz 

— 

Ic  _ 
la 

— 

2+1 

dy^ 
dz 

— 

Ic 

— 

y+1 

2+1 

X  — 

lb 
la 

y  = 

lb 

la 

-  1 

x-^z   =:ii-l 
la  la 

^        lb       ^  lb 

Hence,  and  from  equation  (1)  the  relation  required  may  be 
found. 


847.  Let  y  =  A  +  Bo:  +  Ci*  +  Dx^  +  &c.  betheequa- 
tion  to  the  curve.  Then  if  ^  be  the  increment  of  the  ordinate, 
and  h  that  of  the  abscissa  by  Taylor's  Theorem,  we  have 

ds  djr     2 


• . 


dx 


d^y 


+  &c. 

da*       t 


848.        Let  X  be  one  of  the  partly 
X* .  (30  —  x)  =:  max. 
/.  2x  (30  —  x)  =:  x' 
and  X  =  10. 


Then 


849.        Let  X  be  one  part.    Then 
0:2  ^Z 100— a?  ^  max. 
/.  X*  (100  —  x)  =  max, 
and  4^J^  (100  ^  x)  =2  «* 
Hence  x  =  80, 


a 
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850.        Let  0  be  the  arc  requifed,  of  the  circle  ivhose 
is  1.    Then  the  chord  is  2  sin.  -L,  and  we  have,  by  the  question, 

sin.  _  .  COS.  d  =  max. 

2 

.••  _  COS.  0  X  COS.  —  ==  dffl  sin.  0  .  sin.  — 

2  2  2 

/.  tan.  6  .  tan =  — 

2  2 

and 

2tan."i- 


1  ^  tan.'  1         ^ 

2 


Hence 


tan.  —  = 


2  V^ 


.-.  Ian.  d  =5f  -^  -r  =  -^ 

5 

which,  by  means  of  the  tables,  will  give  the  arc  required. 


851.         Since       /^  +^*  =  min. 

a'  +  a:* 
.    I*  T  *   j^  inin.  £=  M 


a+a: 


5i         a+x         (a+a:)* 


/.  2ax  +  a;*  =  a' 


« 


ando;  =  -  a  ±  V^a* 
=  -a(lTV2) 

852.         Since  x  +  y  +  z  sa  a (l) 

and  a:* .  3("  z*"  =  max. 
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or  mix  -^  nfy  +  rlz  SI  max. 
•'.  by  Vince^  p.  20,  we  have 

dx  ^  ^     ^^  ^  n      X 

whence  and  from  eqnat.  (1)  the  values  of  a;,  y,  z^  wl^ich  give  the 
maximmn  will  be  found. 

853.        Let  X  be  the  number.    Then 
a;  <■  >—  X  m   ^  max. 

•  •   —  X  M        :=  —  X  ■ 
in  n  - 


■••'=(t)- 


854.        Let  P  =:  a'  —  6*.    Then 

dx 

z=i  la  -^  lb  zz  I  —  when  «  =  Of 

which  is  the  value  required. 

Again,  let  P  =:  1  —  a:,  Q  =  col.  —y 

Then  *=  -  1,4^  =  Z 


dx  dx  o «;« «  "^   • 


3 


dP     ^^^'"•'t'^^    8 


dQ  ;;; —      «■ 

when  a;  =  1. 

855.        Let  the  coefficients  he  denoted  by  P^,  P4,  P^,  &c., 
P^,&c.    Then  

-  P.=  na,  P^  =  »  .  ^Zl  a\  -  P^  =  ».i»-4  .  n-^S  ^3 

*  8.8 

&c.  &c.,  and  ±  P-»,  =  it(n  -  mT)  (n  -  ri:2)...(ii-g7ri)^. 
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\ 

vhich  law  of  the  coefficients,  howeyer,  is  not  indicated  in  the  enun- 
ciation of  the  prohlem. 

Now  we  know  that 

S,  =  P,  S,  —  2P,  =  -  2P,  =  2na 

S4  =  -  P,  S,  -  4P,  =  «»v  -  a»(»-  3)" 

2 
S«  =  -  PaS*  -  P4S,  -  CP,  =:  6»V  -  n.H£  a'X2«a 

35 

«^     *  6X5X4    ^       - 

2.3 
&C.  =  &C. 


d  . 


jj-y 


856.         rftf  ==  — 


_  idx-dy)  (j+y)  -  (rfar+rfy)  (x-y) 

2ycLr— 2j£fy 
2a-»  +  2y* 

__^  ydx^xdif 


857.        First  we  have 


which,  when  a;  =:  1,  hecomes 


1 
2 


858.        Since  ^  t=  fLtfLJL,  we  have 

dx  a* 

which  admits  being  simplified  by  making 


MISCELLANIES. 


653 


for  thence  we  get 


a^  —  +  2ux  +  tt«  =  0. 
dx 


Again,  by  making 

differentiating  and  substituting,  we  have 

—  2xv  +1=0 

dx 

a  linear  equation.    Let  therefore 

V  :=:  wz 
then 

dx  dx 

and  since  we  are  at  liberty  to  make  a  second  assumption^  let 


.^  \ 


a^kdio 
thence 


i  ""^""^    -  2xt«  =  0 


o*      dw 


2       to 

and  a^wdz 
the  former  of  which  gives 

x^  sz  a^  Iw  +  const,  s:  a^kw 


Hence 


d«=  - 


cfa?  c 


■ 


• 


whose  integral  has  never  yet  been  found  except  between  certain 
limits.  See  Laplace  Mec.  CeL  liv.  X.  art  5.,  and  WheweWs  Z>y- 
ftomics  pp.  15  and  16. 


END  ov  VOL.  I. 


IX)NDON: 
FdBtod  by  WXLUAX  CLOWES. 


A. 


$ 


;3 


I 


^5 

» 


i< 


^ 


X 
-I 


Si 

1^ 


4. 


I 


I 


V 


>^ 


^. 


I 


• 


,  « 

•« 

H 

S 

flQ 

5 


f 

^ 
^ 


I 


ss 


1 


3^ 


t5 


be: 
15 


I- 


'il¥^ 


'i 


CABOT  SCIEMCE  LIBRARY 


3  2044  030  601   298 


the  Library  on  or  before  the  last  date 
stamped  below. 

A  fine  is  incurred  by  retaining  it 
beyond  the  specified  time. 

Please  return  promptly. 


JaK>72H 


